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Solution. The formula for α is
α(n) =

n

2

and the key idea behind the proof is the following fact:

If the divisor of n and k is 1 then the common divisor of n and n− k is also 1.

This means if k is in Sn then so is n − k. Further, when k is in Sn then k cannot equal n − k,
otherwise 1 is not the only common divisor. Thus, the set Sn (for n > 2) consists of r many pairs

Sn = {k1,n− k1} ∪ {k1,n− k1} ∪ · · · ∪ {kr,n− kr}

for some positive integer r and

α(n) =
(k1 + n− k1) + · · ·+ (kr + n− kr)

2r

=

r︷ ︸︸ ︷
n+ · · ·+ n

2r

=
rn

2r

=
n

2
.
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