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Problem 2.

Let n be a natural number such that n+1 is divisible by 24. Prove that the sum of all divisors
of n is also divisible by 24.

Solution.

n+ 1 is divisible by 24 if and only if it is divisible by 3 and 8. Which is equivalent to

n ≡ −1 (mod 3) and n ≡ −1 (mod 8).

The divisors of n can be grouped in pairs a and n
a
, and since no perfect square is congruent to

-1 modulo 3, we must have a 6= n
a
.

From
a
(n
a

)
≡ −1 (mod 3)

we conclude a and n
a
are equal to 1 and 2, in some order, modulo 3. Thus, a+ n

a
is divisible by

3 and then so is the sum of all divisors of n.

From
a
(n
a

)
≡ −1 (mod 8)

we conclude a and n
a
are equal to 1 and 7, or 3 and 5, in some order, modulo 8. Thus, a+ n

a
is

divisible by 8 and then so is the sum of all divisors of n.

Since the sum of all divisors of n is divisible by 3 and 8, it is divisible by 24, concluding the
proof.
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