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Abstract: We prove various estimates for the kernels of semigroups generated by
Schr̈odinger operators with magnetic field and potential of polynomial growth. We also
investigate the reduced heat kernels.

1. Introduction

LetM be a connected and complete Riemannian manifold with Riemannian metric〈·, ·〉.
By d we denote the Riemannian distance onM and byH we denote the operator

(Hψ, ψ) =
∫
M

dx
(|grad ψ(x) + iψ(x)Y |2 + V (x)|ψ(x)|2) , (1)

wheredx is a Riemannian measure onM , ψ ∈ C∞
c (M ), Y is a real vector field such

that 〈Y, Y 〉 ∈ L1
loc(M ), V : M → R, V ∈ L1

loc(M ) andV ≥ 0. With some abuse of
notation, we will also denote byH the Friedrichs extension of this operator. For any
bounded Borel functionF : [0, ∞) → C we define the operatorF (H) by the spectral
decomposition and we denote its kernel byKF (H), i.e.

F (H)(ψ)(x) =
∫
M

dy KF (H)(x, y)ψ(y) .

The operatorH is called a Schr̈odinger operator with magnetic field. Various properties
of such operators were studied in many papers, see e.g. [2, 9, 12, 14].

In the sequel we will always assume that the following Nash inequality holds:

‖ψ‖L2 ≤ ε
(‖grad ψ‖2

L2 + γ2‖ψ‖2
L2

)1/2
+ c (γε)−k/2‖ψ‖L1 (2)
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for somec > 0, allε > 0, allγ ∈ (0, 1] and allψ ∈ C∞
c (M ). Note that (2) is equivalent

to the formula
‖ψ‖2+4/k

L2 ≤ c′ (‖grad ψ‖2
L2 + ‖ψ‖2

L2

) ‖ψ‖4/k
L1 (3)

for somec′ > 0 and allψ ∈ C∞
c (M ). The form (2) of the Nash inequality comes

from [7] Corollary 3.7 and [16] (2.22) IV.2. However, it is a variation of inequalities
originally discovered by Nash [13]. The theory of Nash inequalities and their connections
with Sobolev inequalities andL∞ estimates for heat kernels corresponding to Laplace-
Beltrami operators constitute a very broad subject; we refer the readers who are looking
for a rationale of using the assumption (2) (or (3)) to [19, 4 and 16]. However, we want
to point out that (2) holds in many interesting cases, for example for group invariant
operators on Lie groups (see [16]) or for uniformly elliptic operators onRn.

The main aim of this paper is the study of on-diagonal bounds for heat kernels
corresponding to the operatorH under the following assumption of polynomial growth
of the potentialV :

V (x) ≥ σd(0, x)α, (4)

whereα > 0 and 0∈ M is an arbitrary fixed point ofM (see also [6, 4,§4.5]). We also
obtain some off-diagonal estimates as a direct consequence of on-diagonal estimates.
However, if pointsx andy are far apart we do not gain additional information, since in
this case our estimates are weaker than known Gaussian bounds (see Theorem 4.1 [7]
and Theorem 2 below). In this paper, similarly as in [18], we use the connection of heat
and the wave equation which has a long history, see [11].

In the last section, to investigate the sharpness of our estimates, we compare them
with the lower bounds for the kernel of the semigroup generated by the operator

− ∆ + |x|α = −
k∑

j=1

∂2/∂x2
j + |x|α . (5)

The estimates for the heat kernel corresponding to the operator (5) were studied by
Davies and Simon [6, 4,§4.5]. They obtained sharp estimates for large time andα > 2.
For a large time our results give the same kind of behaviour of the heat kernels as Davies
and Simon’s estimates. However, their approach gives also the precise values of the
constants in the estimates (see Theorem 7 below). On the other hand, our estimates are
stronger for small times and work also forα < 2, whereas Davies and Simon’s approach
in this case gives only negative results.

We will apply our result to the kernels, which following ter Elst and Robinson [7] we
call reduced heat kernels, and which can be described as follows. LetU be an irreducible
unitary representation of a nilpotent Lie groupG onL2(Rk) and letU = dU denote the
representation of the Lie algebrag obtained by differentiation. Ifb1, . . . , bn is a basis of
g and we define the operatorH by

H = −
n∑

j=1

U (bj)2 , (6)

thenH generates a continuous semigroupSt, holomorphic in the open right half-plane,
with a kernelκt

(Stψ)(x) =
∫

Rk

dyκt(x, y)ψ(y) .

We will call κt a reduced heat kernel. In [7] ter Elst and Robinson proved that
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|κt(x, y)| ≤ Ce−λ1t exp(−c(|x|α + |y|α)) (7)

for t > 1 and someα > 0, whereλ1 is the smallest eigenvalue of the operatorH and
|x| denote Euclidean norm ofx. Our result applied to the operator (6) yields that

|κt(x, y)| ≤ Ct−k/2 exp(−ct(|x|α + |y|α)) (8)

for t < 1 and someα > 0. Note that our estimates are sufficiently strong to verify the
well known fact thatSt is of trace class. We also give an alternative proof of (7). We do
it by showing that the large time estimate (7) is a direct consequence of the small time
estimate (8).

2. Preliminaries

In what follows we will use the following version of the finite speed propagation property
of solutions of the wave equation for the operatorH.

Theorem 1. Suppose that the operatorH is defined by (1) and thatV ≥ 0. Then for
Ct(λ) = cost

√
λ the following holds:

suppKCt(H) ⊂ {(x, y) ∈ M2 : d(x, y) ≤ t} .

Proof. By virtue of Theorem 4.1 [17] for any vector fieldY such that〈Y, Y 〉 ∈ L1
loc(M )

and any functionV : M → R, V ∈ L1
loc(M ) there exist sequences of smooth vector

fields Yn and smooth positive functionsVn such thatHn = H(Yn, Vn) converges to
H = H(Y, V ) in the strong resolvent sense. Hence by [15, Theorem VIII.20]Ct(Hn)
converges toCt(H) in the strong operator topology. Therefore it is enough to prove
Theorem 1 for a smooth vector fieldY and a smooth functionV . Now the proof of
Theorem 1 relies on the following lemma.

Lemma 1. Suppose that a functionΦ ∈ C∞(M × R) solves the wave equation, i.e.

∂2
t Φ(x, t) = −HΦ(x, t). (9)

Then for everyy ∈ M there exists a constantcy > 0, such that the function

P (t) =
∫

B(cy−t,y)

〈grad Φ + iΦY, grad Φ + iΦY 〉 + V |Φ|2 + |∂tΦ|2 dx,

is nonincreasing for0 < t < cy, whereB(r, y) = {x : d(x, y) ≤ r}.

Proof. To prove Lemma 1 it is enough to show that

∂tP (t) = ∂t

∫
B(cy−t,y)

〈grad Φ + iΦY, grad Φ + iΦY 〉 + V |Φ|2 + |∂tΦ|2 dx ≤ 0.

We choosecy so small that the geodesic exponential map is a diffeomorphism for
x ∈ B(cy, y). Next we note that in that domain any vector tangent to a geodesic is a
normal vector to the sphere, so
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∂t

∫
B(t,y)

φ dx =
∫

∂B(t,y)

φ dσ,

wheredσ is surface measure on∂B. Hence

∂tP (t) = 2Re

[ ∫
B(cy−t,y)

〈grad Φ + iΦY, grad ∂tΦ + i∂tΦY 〉 (10)

+V Φ∂tΦ̄ + ∂2
t Φ∂tΦ̄ dx

]
−

∫
∂B(cy−t,y)

〈grad Φ + iΦY, grad Φ + iΦY 〉 + V |Φ|2 + |∂tΦ|2 dσ.

Now putXt = grad Φ + iΦY . By the definition of gradient

〈Xt, grad ∂tΦ〉 = Xt∂tΦ̄. (11)

On the other hand for anyφ ∈ C∞(M ),

div φX = φ div X + Xφ, (12)

so

〈grad Φ + iΦY, grad ∂tΦ + i∂tΦY 〉 + V Φ∂tΦ̄ + ∂2
t Φ∂tΦ̄ (13)

= Xt∂tΦ̄ + 〈grad Φ + iΦY, iY 〉∂tΦ̄ + V Φ∂tΦ̄ + ∂2
t Φ∂tΦ̄

= div (∂tΦ̄Xt) − ∂tΦ̄div Xt + 〈grad Φ + iΦY, iY 〉∂tΦ̄

+V Φ∂tΦ̄ + ∂2
t Φ∂tΦ̄

= div (∂tΦ̄grad Φ) + (H + ∂2
t )Φ∂tΦ̄

= div (∂tΦ̄grad Φ).

In virtue of (10) and (13),

∂tP (t) = 2Re

[ ∫
B(cy−t,y)

div (∂tΦ̄Xt) dx

]

−
∫

∂B(cy−t,y)

〈grad Φ + iΦY, grad Φ + iΦY 〉 + V |Φ|2 + |∂tΦ|2dσ.

We denote byn a normal vector to the surface∂B(cy − t, y). Then

2Re

[ ∫
B(cy−t,y)

div (∂tΦ̄Xt) dx

]
= 2Re

[ ∫
∂B(cy−t,y)

〈∂tΦ̄Xt, n〉 dσ

]

≤
∫

∂B(cy−t,y)

〈Xt, Xt〉 + |∂tΦ|2 + V |Φ|2 dσ.

This proves Lemma 1. (See also [8,§5, pp. 209–215]).
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Using Lemma 1 we can easily obtain Theorem 1. First we note that ifφ, ψ ∈ C∞
c (M ),

andΨ : M × R 7→ C is defined by

Ψ (x, t) = Ct(
√

H)(φ)(x) + St(
√

H)(ψ)(x), (14)

whereCt(λ) = costλ andSt(λ) = sintλ
λ , then

∂2
t Ψ (x, t) = −HΨ (x, t)

and

Ψ (x, 0) = φ(x),

∂tΨ (x, 0) = ψ(x).

In virtue of Lemma 1 ifcx > t,

suppKCt(
√

H)(x, ·) = suppKCt(
√

H)(·, x) ⊂ B(t, x), (15)

suppKSt(
√

H)(x, ·) = suppKSt(
√

H)(·, x) ⊂ B(t, x). (16)

However operatorsSt(
√

H) andCt(
√

H) as functions oft are continuous in the strong
operator topology. Therefore for a given pointx ∈ M the set of allt such that (15) and
(16) holds is closed. Hence either (15) and (16) are true for allt or we can choose the
biggest numbert1 such that for all 0≤ t ≤ t1, (15) and (16) hold. By the completeness
of the Riemannian metric the ballB(t1 + 1, x) is compact, so there existsc > 0 such
that for anyy ∈ B(t1 + 1, x) we havecy > c, wherecy is the constant from Lemma 1.
By virtue of Lemma 1 if functionsφ, ψ ∈ C∞

c (M ) satisfy

dist{x, suppφ ∪ suppψ} > t1 + t2 (17)

for t2 ≤ c, then

(suppΨ (t2, ·) ∪ supp∂tΨ (t2, ·)) ∩ B(t1, x) = ∅.

However
Ψ (t1 + t2, x) = Ct1(

√
L)Ψ (t2, ·)(x) + St1∂tΨ (t2, ·)(x).

Hence (15) and (16) hold for allt ≤ t1 + c which contradicts the definition oft1. This
proves Theorem 1.

In the sequel we will also need the following Gaussian estimates for the heat kernel
corresponding toH.

Theorem 2. Suppose that(2) holds andkt(x, y) is the heat kernel corresponding to the
operatorH, i.e.,kt(x, y) = Kexp(−tH)(x, y). Then

|kt(x, y)| ≤ C(1 ∧ t)−k/2 exp

(
− d2(x, y)

4(1 +ε)t

)
with a constantC independ cutof the functionV ≥ 0.
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Proof. Assume thatY = 0 andV = 0. Then by Corollary 2.4.7. of [4], (see also [7,
§4.2a]).

|Kexp(−tH(0,0))(x, y)| ≤ Ct−k/2

for t ≤ 1. HoweverH(0, 0) is positive definite so‖ exp(−tH(0, 0))‖L2→L2 ≤ 1 and for
t ≥ 1,

Kexp(−tH(0,0))(x, y) ≤ ‖ exp(−tH(0, 0))‖L1→L∞

≤ ‖ exp(−tH(0, 0)/2))‖2
L2→L∞ ≤ ‖ exp(−H(0, 0)/2))‖2

L2→L∞

= sup
x∈M

‖Kexp(−H(0,0)/2))(x, ·)‖2
L2 = sup

x,y∈M
Kexp(−H(0,0))(x, y) ≤ C.

Thus
Kexp(−tH(0,0))(x, y) ≤ C(1 ∧ t)−k/2

and Theorem 2 follows by Theorem 1 of [18] or [5]. We obtain Theorem 2 for anyV ≥ 0
andY in virtue of the following theorem (we putA = H(0, 0) andB = H(Y, V ), see
also Theorem 2.3 [17]).

Theorem 3. (Theorem 4.2, p. 270 [1])Let (T (t))t≥0 be a positive semigroup with gen-
erator A and (S(t))t≥0 a semigroup with generatorB. The following assertions are
equivalent:
(i) |S(t)ψ| ≤ T (t)|ψ|.
(ii) Re (signψ̄Bψ, φ) ≤ (|ψ|, A′φ) for all ψ ∈ D(B) andφ ∈ D(A′) andφ ≥ 0.

Remark 1.It is also possible to derive the finite speed propagation property of the wave
equation, i.e. Theorem 1, from Gaussian estimates given by Theorem 2 (see Theorem 3
of [18]).

3. Abstract Theorem

The main result of this paper is the following theorem

Theorem 4. Letkt(x, y) be the heat kernel corresponding to the operatorH. Suppose
that, the Nash inequality(2) is satisfied and that(4) holds. Then

|kt(x, x)| ≤ C(1 ∧ t)−k/2
(
exp (−c1td(x, 0)α) + exp (−c2t

−1d(x, 0)2)
)

.

Proof. Fors > 0 we define a functionvs by the formula

vs(x) = σ max{sα − d(x, 0)α, 0}
and an operatorHs by

Hsψ(x) = Hψ(x) + vs(x)ψ(x) ,

i.e.Hs = H(Y, Vs), whereVs = V + vs. Next, if we puts = d(x, 0)/2 in Lemma 2 and
Lemma 3 below we obtain Theorem 4 just by the triangle inequality.
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Lemma 2. For anyx, y ∈ Rk andt > 0

|Kexp(−tHs)(x, y)| ≤ C(1 ∧ t)−k/2e−σ tsα

.

Lemma 3. For anys, t > 0 andx ∈ M ,

|Kexp(−tHs)(x, x) − kt(x, x)| ≤ Cε(1 ∧ t)−k/2 exp

(
−d(x, B(s, 0))2

t(4 + ε)

)
,

for all ε > 0, whereB(s, 0) = {y ∈ Rk ; d(y, 0) ≤ s}.

Proof (of Lemma 2).Let s > 0. Then by (4)

Vs − σsα ≥ 0 .

Hence by Theorem 2 we have

|Kexp(−tH(Y,Vs−σsα))(x, y)| = |Kexp(−t(Hs−σsα))(x, y)|

≤ C(1 ∧ t)−k/2 exp

(
− d2(x, y)

4(1 +ε)t

)
≤ C(1 ∧ t)−k/2 . (18)

However,
Kexp(−t(Hs−σsα))(x, y) = Kexp(−tHs)(x, y)eσ tsα

and Lemma 2 follows from (18).

Proof (of Lemma 3).Let the function (· )+: R → R be defined by

(x)+ =

{
x if x ≥ 0
0 if x < 0 .

Then, forβ > −1,

exp(−x2) =
Γ (β + 1)

2

∫ ∞

0
dr (r2 − x2)β+ r e−r2

.

Hence

1√
4πt

exp

(
−x2

4t

)
=

Γ (β + 1)
2
√

π

(
1
4t

)β+3/2 ∫ ∞

0
dr (r2 − x2)β+ r e− r2

4t .

Taking the Fourier transform on both sides yields

exp(−tλ2) =
Γ (β + 1)

2

(
1
4t

)β+3/2 ∫ ∞

0
dr F β

r (λ)re− r2

4t , (19)

whereF β
r is the Fourier transform ofx ∈ R → π−1/2(r2 − x2)β+ . By (19)

exp(−tL) =
Γ (β + 1)

2

(
1
4t

)β+3/2 ∫ ∞

0
dr F β

r (
√

L)re− r2

4t , (20)

whereL is any positive self-adjoint operator. Next forL = H or L = Hs we have
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suppK(F β
r )(

√
L)(x, ·) ⊂ B(r, x) . (21)

Indeed, iff is an even function then by the Fourier inversion formula

f (λ) =
1

2π

∫ +∞

−∞
dt f̂ (t)cos(tλ) (22)

and in virtue of (22),

f (
√

L) =
1

2π

∫ +∞

−∞
dt f̂ (t)Ct(

√
L) . (23)

Thus by (23)

F β
r (

√
L) =

2√
π

∫ ∞

0
dt (r2 − t2)β+ Ct(

√
L) , (24)

and (21) follows by Theorem 1 and (24). Note thatHs = H onRk − B(s, 0), so by (21)

KF β
r (

√
Hs)(x, ·) = KF β

r (
√

H)(x, ·) (25)

for r ≤ d(x, B(s, 0)).
Now assume that forL = H, or L = Hs, andβ > k − 1,

|KF β
r (

√
L)(x, y)| ≤ C(r2β−k+1 + r2β+1) . (26)

Then by (20) and (25),

|Kexp(−tHs)(x, x) − Kexp(−tH)(x, x)| (27)

≤ Γ (β)
2

(
1
4t

)β+3/2 ∫ ∞

0
dr |KF β

r (
√

Hs)(x, y) − KF β
r (

√
H)(x, y)| r e− r2

4t

=
Γ (β)

2

(
1
4t

)β+3/2 ∫ ∞

d(x,B(s,0))
dr |KF β

r (
√

Hs)(x, x) − KF β
r (

√
H)(x, x)| r e− r2

4t .

Finally by (26) forL = H, or L = Hs,(
1
4t

)β+3/2 ∫ ∞

d(x,B(s,0))
dr |KF β

r (
√

L)(x, y)| r e− r2

4t

≤ C

(
1
4t

)β+3/2 ∫ ∞

d(x,B(s,0))
dr (r2β−k+1 + r2β+1) r e− r2

4t

= C(4t)−k/2
∫ ∞

d(x,B(s,0))√
4t

dr r2β−k+1 r e−r2

+C

∫ ∞

d(x,B(s,0))√
4t

dr r2β+1 r e−r2

(28)

and we obtain Lemma 3 from the elementary inequality∫ ∞

a

dr rb r e−r2 ≤ Cb (1 +a)b exp(−a2) ≤ Cb,ε exp(−a2/(1 + ε)) .
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Proof (of (26)). As above we putL = H or L = Hs. By pt we denote

pt(x, y) = Kexp(−tL)(x, y).

It follows easily from spectral theory that ifL is a self-adjoint, positive-definite operator,
p1(x, ·) ∈ L2 and we define a measureµx by the formula∫ ∞

0
F (λ)dµx(λ) =

∫ ∞

0
(e−λ2

)−2F (λ)2λd(E(λ2)p1(x, · ), p1(x, · )) ,

then

‖KF (
√

L)(x,·)‖2
L2(dx) =

∫ ∞

0
|F (λ)|2 dµx(λ) . (29)

On the other hand, by Theorem 2 forL = H or L = Hs,

‖pt(x, · )‖2
L2(dx) = p2t(x, x) ≤ C(1 ∧ t)−

k
2 .

Hence

µx([0, r)) ≤ e

∫ r

0
dµx(λ) eλ2r−2

≤ e

∫ ∞

0
dµx(λ) eλ2r−2

= e ‖p 1
r2

(x, · )‖2
L2 ≤ C ′ (1 + rk) . (30)

Now, for a functionF , we putG1 = |F |signF andG2 = |F |. Then

|KF (
√

L)(x1, x2)| = |
∫

M

dy KG1(
√

L)(x1, y)KG2(
√

L)(y, x2)|
≤ ‖KG1(

√
L)(x1, · )‖L2‖KG2(

√
L)(x1, · )‖L2

=
( ∫ ∞

0
dµx1(λ) |G1(λ)|2

)1/2( ∫ ∞

0
dµx2(λ) |G2(λ)|2

)1/2

=
( ∫ ∞

0
dµx1(λ) |F (λ)|

)1/2( ∫ ∞

0
dµx2(λ) |F (λ)|

)1/2
,

i.e.,

|KF (
√

L)(x1, x2)| ≤
( ∫ ∞

0
dµx1(λ) |F (λ)|

)1/2( ∫ ∞

0
dµx2(λ) |F (λ)|

)1/2
. (31)

It is not difficult, however, to verify that for some constantCβ independent ofλ andr,

|F β
r (λ)| ≤ Cβ

r2β+1

1 + |rλ|β+1
, (32)

so by (30)
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∫ ∞

0
dµx(λ) |F β

r (λ)| ≤ Cβ

∫ ∞

0
dµx(λ)

r2β+1

1 + |rλ|β+1

= −Cβ

∫ ∞

0
dµx(λ)

∫ ∞

λ

ds
( d

ds

( r2β+1

1 + (rs)β+1

))
= −Cβ

∫ ∞

0
ds µx([0, s))

( d

ds

( r2β+1

1 + (rs)β+1

))
≤ −Cβ

∫ ∞

0
ds

( d

ds

( r2β+1

1 + (rs)β+1

))
C ′(1 + sk)

= r2β−k+1C ′Cβ(β + 1)
∫ ∞

0
ds

sβsk

(1 + sβ+1)2

+ r2β+1C ′Cβ (β + 1)
∫ ∞

0
ds

sβ

(1 + sβ+1)2
,

which in virtue of (31) proves (26).

Remark 2.1. The particular form of the operatorH seems to play very little role in the
proof of Theorem 4 and one could ask whether Theorem 4 could be stated in more general
way, for example for a generator of a semigroup with finite speed propagation property
of the solution of the wave equation. However, if we consider differential operators with
constant coefficients onRn then in virtue of the Paley-Wiener theorem, Theorem 1 holds
only for operators of the form (1). We do not know how to precisely state and prove a
generalisation of the above observation to the case of differential operators with variable
coefficients, but we conjecture that any extension of Theorem 1 is contained in Remark
2.2 below.

2. It is possible to prove a version of Theorem 4 for operators of the following form:

(Hψ, ψ) = −
∫

M

n∑
j=1

|(Xj + iYj(x))ψ(x)|2 + |ψ(x)|2V (x) , (33)

where we assume that the vector fieldsXj satisfy Ḧormander’s condition. We can prove
Theorem 1 for the operator in (33) using Theorem 3 of [18]. However, we have to replace
the Riemannian distance with the sub-Riemannian distance corresponding to the vector
fieldsXj (see§III.4 of [19] or §IV.4b of [16]). The proof of Theorem 4 in this case is
the same.

3. It follows from the proof that for any 0< s < 1 andε > 0 we can putc1 = σ sα

andc2 = (1− s)2/(4 + ε) as constants in Theorem 4.

4. Large Time Lstimates

In virtue of Theorem 4 we can easily obtain large time estimates on the semigroup
kernels.

Theorem 5. If H satisfies the hypotheses of Theorem 4 andkt is the corresponding heat
kernel, then

|kt(x, x)| ≤
{

Ct−k/2exp(−ctd(0, x)α) if t ≤ (1 +d(0, x))1−α/2

Ce−tλ1 exp(−cd(0, x)1+α/2) if t > (1 +d(0, x))1−α/2 ,
(34)

whereλ1 is the smallest eigenvalue ofH.
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Proof. For t ≤ (1 +d(0, x))1−α/2 and some constantsC, c > 0,

C exp (−c td(x, 0)α) ≥ exp (−c2d(x, 0)2t−1) ,

wherec2 is a constant from Theorem 4. Hence estimates (34) follow from Theorem 4.
To prove Theorem 5 fort > (1 +d(0, x))1−α/2 we note first that

‖e−tH‖L2 7→L2 = e−tλ1

and
e−tHks(x, ·) = ks+t(x, ·) .

Next

kt(x, x) = ‖kt/2(x, ·)‖2
L2

= ‖e

(
−t/2+2−1(1+d(x,0))1−α/2

)
Hk2−1(1+d(x,0))1−α/2(x, ·)‖2

L2

≤ e

(
−t+(1+d(x,0))1−α/2

)
λ1‖k2−1(1+d(x,0))1−α/2(x, ·)‖2

L2

= e

(
−t+(1+d(x,0))1−α/2

)
λ1k(1+d(x,0))1−α/2(x, x)

≤ Ce−tλ1

(
1 ∧ (1 +d(x, 0))1−α/2

)−k/2

×
(

exp
(

− c1
d(0, x)α

(1 +d(0, x))α/2−1

)
+ exp

(
− c2

d(0, x)2

(1 +d(0, x))1−α/2

))
×

(
exp

(
(1 +d(x, 0))1−α/2λ1

))
≤ C ′e−tλ1 exp

(
− c′d(0, x)1+α/2 + (1 +d(x, 0))1−α/2λ1

)
≤ C ′′e−tλ1 exp(−c′′d(0, x)1+α/2) .

Corollary 1. Under the assumptions of Theorem 4,

|kt(x, y)| ≤
 Ct−k/2exp

(
− ct(d(0, x)α

′
+ d(0, y)α

′
)
)

if t ≤ 1

Ce−tλ1 exp
(

− c(d(0, x)α
′′

+ d(0, y)α
′′
)
)

if t > 1 ,
(35)

whereλ1 is the smallest eigenvalue ofH andα′ = 2∧ α andα′′ = α ∧ (1 +α/2).

Proof. In virtue of Theorem 5 and Theorem 4 there exist constantsC ′, c′ such that

|kt(x, x)| ≤
{

C ′t−k/2exp(−c′td(0, x)α
′
) if t ≤ 1

C ′e−tλ1 exp(−c′(d(0, x)α
′′
) if t > 1 .

(36)

However

|kt(x, y)| = |
∫

kt/2(x, z)kt/2(z, y)|

≤ ‖kt/2(x, ·)‖L2‖kt/2(y, ·)‖L2 = kt(x, x)1/2kt(y, y)1/2

and forc = c′/2 (35) follows from (36).
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5. Reduced Heat Kernel

We will apply Theorem 4 to the reduced heat kernel on a nilpotent Lie groupG, i.e. to
the semigroup kernel corresponding to the operatorH defined by (6). In the sequel we
will assume that our unitary irreducible representationU is constructed in the same way
as in Theorem 1.1, Theorem 1.8 and Lemma 1.10 of [14]. Any unitary irreducible repre-
sentation is equivalent to some representation constructed in such a way. Alternatively
we can assume that the representationU is the one considered in case 1 in the proof of
Theorem 4.1.1 of [3]. Such a representationU acts onRk and there exists a subalgebra
g′ of codimension one ing and vectorak ∈ g such that

U (a′)(x1, . . . , xk) = U ′(Adexpxkak
a′)(x1, . . . , xk−1) (37)

=
r∑

j=1

xj
k

j!
U ′(ad ak)ja′)(x1, . . . , xk−1)

for all a′ ∈ g′, whereU ′ is an irreducible representation of the subalgebrag′ acting
on Rk−1. In addition by Theorem 1.12 and (1.29) of [14] (or see the proof of Theorem
4.1.1, case 1 of [3]) there existsb ∈ g satisfying

U (b) = ixk, (38)

and by (1.29) of [14] there isb′ ∈ g such that

U (b′) = i. (39)

We can state a version of the condition (4) for the operatorH defined by (6) in the
following way.

Lemma 4. If U is a representation described above,b1, . . . , bn is a linear basis ofg,
then there existα > 0 andC > 0 such that

n∑
j=1

|U (bj)ψ(x)|2 ≥ C(1 + |x|)α|ψ(x)|2 .

Proof. We will prove Lemma 4 by induction on the dimension ofg. For dimg = 1,
Lemma 4 is obvious. Next letb satisfy (38) andb′ satisfy (39). We assume that the set
bj is a base forg, so there exist numbersξj andηj such that

b =
n∑

j=1

ξjbj

and

b′ =
n∑

j=1

ηjbj .

Hence by Ḧolder’s inequality

(1 +x2
k)|ψ(x)|2 = |U (b)ψ(x)|2 + |U (b′)ψ(x)|2 (40)

= |
n∑

j=1

ξjU (bj)|2 + |
n∑

j=1

ηjU (bj)|2 ≤ (‖b‖2 + ‖b′‖2)
n∑

j=1

|U (bj)ψ(x)|2 ,
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where‖ · ‖ is the Euclidean norm ong for which the vectorsbi form an orthonormal
basis. By the induction hypothesis, ifb′

j is a basis ofg′, then

n−1∑
j=1

|U ′(b′
j)ψ(x)|2 ≥ C(1 + |(x1, . . . , xk−1)|)α′ |ψ(x)|2 . (41)

Next by (37),

n−1∑
j=1

|U (b′
j)ψ(x)|2 =

n−1∑
j=1

|U ′(Adexpxkak
b′
j)ψ(·, xk)|2. (42)

Howeverg is nilpotent so there exist polynomialsAmj(xk) such that

b′
m =

n−1∑
j=1

Amj(xk)Adexpxkak
b′
j .

Hence

|U ′(b′
m)ψ(x)|2 ≤ (

n−1∑
j=1

Amj(xk)2)(
n−1∑
j=1

|U ′(Adexpxkak
b′
j)ψ(x)|2) (43)

≤ C(1 + |xk|)r(
n∑

j=1

|U (b′
j)ψ(x)|2) .

Thus by (41), (42) and (43)

n∑
j=1

|U (bj)ψ(x)|2 ≥ C
n−1∑
j=1

|U (b′
j)ψ(x)|2 (44)

≥ C1(1 + |xk|)−r
n−1∑
j=1

|U ′(b′
j)ψ(x)|2 ≥ C

(1 + |(x1, . . . , xk−1)|)α′ |ψ(x)|2
(1 + |xk|)r .

Finally, if p, q > 1 and 1/p + 1/q = 1, in virtue of (44), (40) we have

n∑
i=j

|U (bj)ψ(x)|2 ≥ C

(
(1 + |(x1, . . . , xk−1)|)α′ |ψ(x)|2

(1 + |xk|)r
)1/p

×((1 + |xk|)2|ψ(x)|2)1/q ≥ C(1 + |x|)α

for α′
p = 2

q − r
p = α. This proves Lemma 4.

For anya ∈ g, U (a) is a differential operator acting onRk of the form

U (a) =
k∑

j=1

X◦
j (x, a)

∂

∂xj
+ iY (x, a) ,

whereX◦
j (x, a) = X◦

j (x1, . . . , xj−1, a) andY (x, a) are polynomials inRk (see [7, 14
or 3]). We defineU◦(a) by
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U◦(a) =
k∑

j=1

X◦
j (x, a)

∂

∂xj
.

Next we define the Riemannian metric〈· , ·〉 in such a way that

〈grad ψ(x), grad ψ(x)〉 =
n∑

j=1

|U◦(bj)(x)ψ(x)|2

for anyψ ∈ C∞(Rk). Finally we define a potentialV and a vector fieldA by the formula

〈grad ψ(x) + iψ(x)A, grad ψ(x) + iψ(x)A〉 + V |ψ(x)|2 =
n∑

j=1

|U (bj)(x)ψ(x)|2

for anyψ ∈ C∞(Rk). In virtue of Lemma 4,

V (x) ≥ C(1 + |x|)α.

By d( ·, · ) we denote the Riemannian distance corresponding to the metric〈· , ·〉. Using
standard techniques we can easily prove that

Lemma 5. There existβ > 0 and constantsC, C ′ such that

C|x|β ≤ d(x, 0) ≤ C ′|x| .

Finally, to apply Theorem 4 we need the following lemma

Lemma 6. The systemU◦(b1)(x), . . . , U◦(bn)(x) satisfies the Nash inequality
(condition(2)).

Proof. For a weak Malcev basisa1, . . . , ak satisfying an additional condition (3) [7],
Lemma 6 is stated in Corollary 3.10 of [7]. But in virtue of Lemma 2.3 of [7] if ˜a1, . . . , ãk

is any other weak Malcev basis, then the representationŨ corresponding to this basis is
given by the formula

Ũ = JUJ?,

whereJ is an isomorphism ofLp(Rk) for any 1 ≤ p ≤ ∞. J maps the system
U◦(b1)(x), . . . , U◦(bn)(x) onto the system̃U◦(b1)(x), . . . , Ũ◦(bn)(x). Hence Corollary
3.10 of [7] is true for any weak Malcev basis. This proves Lemma 6.

In virtue of Corollary 1, Lemma 4, Lemma 5 and Lemma 6 we obtain the following
theorem.

Theorem 6. If κt is the reduced heat kernel then there exist constantsC, c, α > 0 such
that

|κt(x, y)| ≤
{

Ct−k/2 exp(−ct(|x|α + |y|α)) for t < 1
Ce−tλ1 exp(−c(|x|α + |y|α)) for t ≥ 1 ,

(45)

whereλ1 is the smallest eigenvalue ofH.
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6. Lower Bounds

In order to verify to what extent the estimates of Theorem 4 and Theorem 5 are sharp we
prove some lower bounds for the heat kernel corresponding to the Schrödinger operator

−∆ + |x|α = −
k∑

j=1

∂2/∂x2
j + |x|α.

Proposition 1. If kt is a kernel of the semigroup generated by the operator−∆ + |x|α,
then there exist constantsc, C > 0 such that
for t ≤ (1 + |x|)1−α/2

C−1t−k/2exp(−ct|x|α) ≥ kt(x, x) ≥ Ct−k/2exp(−c−1t|x|α) (46)

and fort ≥ (1 + |x|)1−α/2

C−1e−tλ1 exp(−c|x|1+α/2) ≥ kt(x, x) ≥ Ce−tλ1 exp(−c−1|x|1+α/2) . (47)

Proof. If we put
Vs(y) = min{sα, |y|α} ,

then in virtue of the Feynman–Kac formula,

Kexp(t(∆−Vs))(y, y′) ≥ Kexp(t(∆−sα))(y, y′)

and
Kexp(t(∆−Vs))(y, y) ≥ Ct−k/2 exp (−tsα). (48)

In the same way as in Lemma 3 we can show that

|Kexp(t(∆−V|2x|)(x, x) − kt(x, x)| ≤ Cεt
−k/2 exp

(
− |x|2

t(4 + ε)

)
and by (48)

kt(x, x) ≥ Ct−k/2 exp (−t|2x|α) − Cεt
−k/2 exp

(
− |x|2

t(4 + ε)

)
. (49)

On the other hand, letλ1 < λ2 ≤ . . . denote the eigenvalues of the operatorH =
−∆ + |x|α, repeated according to multiplicity, and letϕ1, ϕ2, . . . be the corresponding
orthonormal basis of eigenfunctions. By Proposition 1.4.3 [4]λ1 has multiplicity one.
Note that

kt(x, x) =
∞∑
i=1

e−tλi |ϕi(x)|2 ≥ e−tλ1|ϕ1(x)|2 . (50)

Next, by Corollary 4.5.7 of [4] for some constantsC, c

ϕ1(x) ≥ C exp(−c|x|1+α/2) . (51)

and in virtue of of Theorem 4, (49) (50), (51) we obtain Proposition 1.

For α < 2 andt < 1 we can obtain a more precise result. Namely, we can control the
constantc in the estimate (46).
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Proposition 2. If kt is the heat kernel corresponding to the operator−∆ + |x|α and
α < 2 then for anyε > 0 there exist constantsCε andC ′

εsuch that fort ≤ 1,

Cεt
−k/2 exp(−(1 − ε)t|x|α) ≥ kt(x, x) ≥ C ′

εt
−k/2 exp(−(1 + ε)t|x|α).

Proof. It is not difficult to show (see Lemma 4.5.9 of [4]) that

Lemma 7. If kt is the heat kernel corresponding to the operatorH = −∆ + |x|α, then
for some constantsC andT and for all t ≤ T ,

kt(x, x) ≥ Ct−k/2 exp(−t(|x| + 1)α).

However, a careful examination of the constants in Theorem 4 (see the Remark 2.3 at
the end of§3) shows that

kt(x, x) ≤ Ct−k/2
(

exp(−(1 − ε)t|x|α) + exp(−cε|x|2)
)

≤ Cεt
−k/2 exp(−(1 − ε)t|x|α).

Although according to Proposition 1 and Proposition 2 it seems that Theorem 4 and 5
are quite sharp, forα ≥ 2 and larget Davies and Simon have obtained a more precise
result which gives exactly the value of the constantc in Proposition 1. In [6] it is proved
that the Schr̈odinger operator generated by the operator−∆+ |x|α for α > 2 is so called
intrinsic ultracontractive (Theorem 6.3 of [6]) and by Theorem 4.2.5 and Corollary 4.5.8
of [4]

Theorem 7. For anyε > 0 there existsT such that fort > T ,

(1 − ε)e−tλ1ϕ1(x)ϕ1(y) ≤ kt(x, y) ≤ (1 + ε)e−tλ1ϕ1(x)ϕ1(y),

whereϕ1 is a ground state(eigenfunction corresponding to the smallest eigenvalue) of
the operator−∆ + |x|α and

C ′(1 + |x|)(1−k)/2 exp
(

− 2
2 +α

|x|1+α/2
)

≤ ϕ1(x)

≤ C(1 + |x|)(1−k)/2 exp
(

− 2
2 +α

|x|1+α/2
)

.

For α < 2 the Schr̈odinger semigroup is not intrinsically ultracontractive and this
approach does not give any upper bound for the semigroup kernel.
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groupes nilpotents. J. Funct. Anal.113, 65–93 (1993)
13. Nash, J.: Continuity of solutions of parabolic and elliptic equations. Amer. J. Math.81, 931–954 (1958)
14. Nourrigat, J.:L2 inequalities and representations of nilpotent group. Lectures notes C.I.M.P.A. School

of Harmonic Analysis Wuhan (China), 1991
15. Reed, M., Simon, B.:Methods of modern mathematical physics, I, Functional Analysis, self-adjointness,.

New York: Academic press, 1972
16. Robinson D.W.:Elliptic operators and Lie groups. Oxford: Oxford Univ. Press, 1991
17. Simon, B.: Maximal and Minimal Schrödinger forms. J. Operator Theory1, 37–47 (1979)
18. Sikora, A.: Sharp pointwise estimates on heat kernels. Quart. J. Math. Oxford (2)47, 371–382 (1996)
19. Varopoulos, N.Th., Saloff-Coste, L., Coulhon, T.:Analysis and geometry on Groups. Cambridge: Cam-

bridge Univ. Press, 1992

Communicated by H. Araki

This article was processed by the author using the LaTEX style filepljour1 from Springer-Verlag.


