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Abstract: We prove various estimates for the kernels of semigroups generated by
Schiddinger operators with magnetic field and potential of polynomial growth. We also
investigate the reduced heat kernels.

1. Introduction

Let M be a connected and complete Riemannian manifold with Riemannian fagtric
By d we denote the Riemannian distance/dnand by H we denote the operator

(Y, ) = / dz (|grad (@) + (@)Y 2+ V@)p(@)P) | )
M

wheredz is a Riemannian measure ad, v € C°(M), Y is a real vector field such
that(Y,Y) € L (M), ViM — R,V € L (M) andV > 0. With some abuse of
notation, we will also denote by the Friedrichs extension of this operator. For any
bounded Borel functior#’; [0, c0) — C we define the operatadfr'(H) by the spectral

decomposition and we denote its kernelby: ), i.e.
FEDO@) = [ dy Krante, o)
M

The operatof is called a Schirdinger operator with magnetic field. Various properties
of such operators were studied in many papers, see e.g. [2, 9, 12, 14].
In the sequel we will always assume that the following Nash inequality holds:
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for somec > 0, alle > 0, ally € (0, 1] and ally € C2°(M). Note that (2) is equivalent

to the formula 2tk ik
[l < & (llgrad ]2, + [[0]122) ] % ®3)

for somec’ > 0 and allyy € C(M). The form (2) of the Nash inequality comes
from [7] Corollary 3.7 and [16] (2.22) IV.2. However, it is a variation of inequalities
originally discovered by Nash [13]. The theory of Nash inequalities and their connections
with Sobolev inequalities and>° estimates for heat kernels corresponding to Laplace-
Beltrami operators constitute a very broad subject; we refer the readers who are looking
for a rationale of using the assumption (2) (or (3)) to [19, 4 and 16]. However, we want
to point out that (2) holds in many interesting cases, for example for group invariant
operators on Lie groups (see [16]) or for uniformly elliptic operator®8n

The main aim of this paper is the study of on-diagonal bounds for heat kernels
corresponding to the operatér under the following assumption of polynomial growth
of the potential:

V(z) 2 0d(0, )", 4)

wherea > 0 and Oc M is an arbitrary fixed point oM (see also [6, 454.5]). We also
obtain some off-diagonal estimates as a direct consequence of on-diagonal estimates.
However, if pointse andy are far apart we do not gain additional information, since in
this case our estimates are weaker than known Gaussian bounds (see Theorem 4.1 [7]
and Theorem 2 below). In this paper, similarly as in [18], we use the connection of heat
and the wave equation which has a long history, see [11].

In the last section, to investigate the sharpness of our estimates, we compare them
with the lower bounds for the kernel of the semigroup generated by the operator

k
— A+ z]* == 07/0a% + x| (5)

J=1

The estimates for the heat kernel corresponding to the operator (5) were studied by
Davies and Simon [6, 44.5]. They obtained sharp estimates for large timeand 2.

For a large time our results give the same kind of behaviour of the heat kernels as Davies
and Simon’s estimates. However, their approach gives also the precise values of the
constants in the estimates (see Theorem 7 below). On the other hand, our estimates are
stronger for small times and work also for< 2, whereas Davies and Simon’s approach

in this case gives only negative results.

We will apply our result to the kernels, which following ter Elst and Robinson [7] we
call reduced heat kernels, and which can be described as followg.hestin irreducible
unitary representation of a nilpotent Lie groGpon L?(R¥) and letU = di{ denote the
representation of the Lie algebgabtained by differentiation. by, . .., b, is a basis of
g and we define the operatéf by

H=-Y"U() . (6)
j=1

thenH generates a continuous semigrdiypholomorphic in the open right half-plane,
with a kernelx,

(@)= [ durie)i)

We will call x; a reduced heat kernel. In [7] ter Elst and Robinson proved that
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ke, y)| < Ce™ ™ expl=c(|z|* + |y|*) )

fort > 1 and somex > 0, where); is the smallest eigenvalue of the operatbiand
|z| denote Euclidean norm af Our result applied to the operator (6) yields that

k()| < Ct*/ 2 explct(|z|™ + |y|*)) (8)

for ¢t < 1 and somer > 0. Note that our estimates are sufficiently strong to verify the
well known fact thatS, is of trace class. We also give an alternative proof of (7). We do

it by showing that the large time estimate (7) is a direct consequence of the small time
estimate (8).

2. Preliminaries

Inwhat follows we will use the following version of the finite speed propagation property
of solutions of the wave equation for the operatbr

Theorem 1. Suppose that the operatdf is defined by (1) and that > 0. Then for
Cy(\) = costv/A the following holds:

SUppKc,my C {(z,y) € M?: d(z,y) <t} .

Proof. By virtue of Theorem 4.1 [17] for any vector fieldsuch thaty, Y) € Li (M)

and any function/: M — R, V € L (M) there exist sequences of smooth vector
fields Y,, and smooth positive functionig, such thatH,, = H(Y,, V,,) converges to

H = H(Y,V) in the strong resolvent sense. Hence by [15, Theorem VIII20H,,)
converges ta’;(H) in the strong operator topology. Therefore it is enough to prove
Theorem 1 for a smooth vector field and a smooth functio’. Now the proof of
Theorem 1 relies on the following lemma.

Lemma 1. Suppose that a functich € C*°(M x R) solves the wave equation, i.e.
O*®(x,t) = —HP(x,t). (9)
Then for every € M there exists a constan}, > 0, such that the function
P(t) = / (grad ® +i®Y, grad ® +i®Y) + V|P|? +|0,8|? dx,
B(cy—t,y)
is nonincreasing fob < t < ¢,, whereB(r,y) = {z : d(z,y) < r}.
Proof. To prove Lemma 1 it is enough to show that
oL P(t) = 0, / (grad @ +i®Y, grad d +idY) + V|P|* +0,9|? dz < 0.
B(cy—t,y)

We choosec, so small that the geodesic exponential map is a diffeomorphism for
x € B(cy,y). Next we note that in that domain any vector tangent to a geodesic is a
normal vector to the sphere, so
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) / ¢dr = / ¢ do,

B(t,y) 0B(t,y)

wheredo is surface measure @B. Hence

0y P(t) = 2Re / (grad @ +i®Y, grad 0,P +i0, DY)

B(Cy_tvy)

+V O, D + D20, P da

~ / (grad ® +idY, grad ® +i®Y) + V|®> + |0,8|* do.
0B(cy—t,y)
Now putX; = grad & +i®Y . By the definition of gradient
(Xt, grad 0;P) = X,0,.
On the other hand for any € C°°(M),
div X = ¢ div X + X ¢,
o)

(grad ® +i®Y, grad 8,® +id,®Y ) + VD, d + 0200,
= X,0,® + (grad @ +idY,iY )0, D + VDI, + 07D,

= div (0:2 X)) — 0y Pdiv Xy + (grad @ +idY,iY )0, P
+VB,® + 02D, D

= div (8, Pgrad &) + (H + 82D,

= div (6t§grad D).

In virtue of (10) and (13),

OP(t) = 2Re[ / div (0,X,) dx
B(cy—t,y)
— / (grad ® +i®Y, grad ® +i®Y) + V|P|? +|0,P|*do.
9B(cy—t,y)

We denote by a normal vector to the surfad®3(c, — ¢, y). Then

2Re{ / dw(atq?xt)dx]:zRe / (08X, n) do
B(cy—t,y) 9B(cy—t,y)
< / (Xy, X;) +10,D)% + V|®|? do.
OB(cy—t,y)

This proves Lemma 1. (See also §8, pp. 209-215]).

A. Sikora

(10)

11)

(12)

(13)
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Using Lemma 1 we can easily obtain Theorem 1. First we note thatjifc C°(M),
and¥ : M x R+ C is defined by

U(z,t) = Cy(VH)($)(z) + S{(vVH)(@)(@), (14)
whereC;()) = costA andS;()) = S04 then
oMW (x,t) = —HW(x,t)
and

¥(x,0) = o(),
0¥ (x, 0) = 1p(x).

In virtue of Lemma 1 ife, > ¢,
Supcht(\/ﬁ)(xa )= SuppKCt(\/ﬁ)(-,x) C B(t,z), (15)

suppKSt(\/g)(x, )= suppKSt(\/ﬁ)(-, x) C B(t, ). (16)

However operators, (v H) andC,(v/H) as functions of are continuous in the strong
operator topology. Therefore for a given paint M the set of alk such that (15) and
(16) holds is closed. Hence either (15) and (16) are true far@liwe can choose the
biggest numbet; such that for all 0< ¢ < ¢;, (15) and (16) hold. By the completeness
of the Riemannian metric the balt(¢; + 1, x) is compact, so there exists> 0 such
that for anyy € B(t1 + 1, ) we havec, > ¢, whereg, is the constant from Lemma 1.
By virtue of Lemma 1 if functions, ¢ € C2°(M) satisfy

dist{x,suppeo U suppy} > t; +t, a7)
for t» < ¢, then
(supp¥ (t2, ) U suppd,¥(tz,-)) N B(ty, x) = 0.

However
Uty +ito,x) = Ctl(ﬁ)W(tz, (z) + S, 009 (t2, ) ().

Hence (15) and (16) hold for all< ¢; + ¢ which contradicts the definition a@f. This
proves Theorem 1.

In the sequel we will also need the following Gaussian estimates for the heat kernel
corresponding tdd.

Theorem 2. Suppose thg®) holds andk;(z, ) is the heat kernel corresponding to the
operatorf, i.e., ki (x,y) = Kexptmy(x, y). Then

ke, )| < CAA LM exp <_ d(z, ) )

4(1 +e)t

with a constantC' independ cutof the functior > 0.
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Proof. Assume that” = 0 andV = 0. Then by Corollary 2.4.7. of [4], (see also [7,
84.2a]).

| Kexpi—tr0,0)(, y)| < Ct~F/2
fort < 1. HoweverH (0, 0) is positive definite s§ exp(—tH (0, 0))|| .22 < 1 and for
t>1,
Kexp(ftH(QO))(-Ta y) < || exp(—tH(O, O))||L1—>L°°
< [lexp(-tH(0,0)/2))|| 7o p < [l €xp-H(0,0)/2)72—. 1

= SUP || Kexp— 10.0/2)(@: |72 = SUP Kexp 0,0, y) < C.
zeM z,ycM

Thus
Kexptr0,0)(x, y) < C(AA )~/

and Theorem 2 follows by Theorem 1 of [18] or [5]. We obtain Theorem 2 folany 0
andY in virtue of the following theorem (we pul = H(0,0) andB = H(Y,V), see
also Theorem 2.3 [17]).

Theorem 3. (Theorem 4.2, p. 270 [1])et(T'(¢)):>0 be a positive semigroup with gen-
erator A and (S(t)):>o0 a semigroup with generataB. The following assertions are
equivalent:

() S| <T@)|].
(i) Re(signy By, ¢) < (||, A'¢) forall » € D(B) and¢ € D(A")and¢ > 0.

Remark 1.Itis also possible to derive the finite speed propagation property of the wave
equation, i.e. Theorem 1, from Gaussian estimates given by Theorem 2 (see Theorem 3
of [18]).

3. Abstract Theorem

The main result of this paper is the following theorem

Theorem 4. Letk,(x, y) be the heat kernel corresponding to the operathrSuppose
that, the Nash inequalit{?) is satisfied and tha) holds. Then

ki(z,2)] < CAAL)TF/2 (exp (~eatd(w, 0)*) + exp (cat~d(x, 0)))

Proof. Fors > 0 we define a function, by the formula
vs(z) = o max{s® — d(z,0)*, 0}
and an operataoH ; by
Hoip(x) = Hp(x) +vs(2)(x)

i.e. Hy = H(Y,Vy), whereV, = V +v,. Next, if we puts = d(z,0)/2 in Lemma 2 and
Lemma 3 below we obtain Theorem 4 just by the triangle inequality.
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Lemma 2. For anyz,y € R* andt > 0
| Kexptrr,)(@,y)] < CANE)F et
Lemma 3. For anys,t > 0Oandx € M,

2
Koty (@,2) — ki, a)| < CLLA /2 exp(—‘W‘s’o”) ,

t(4+¢)

for all ¢ > 0, whereB(s,0) = {y € R¥; d(y,0) < s}.

Proof (of Lemma 2)Let s > 0. Then by (4)
Ve—0s*>0.
Hence by Theorem 2 we have

| KexptH(Y,V.—as2) (@, Y)| = [Kexpt(r, — o529 (2, )|

d*(x, y)
4(1 +e)t

< C@ANt)F2exp ( ) < C@ANt)TF?,

However,

Kexp(ft(Hsfosa))(% y) = Kexp(ftHs)(% y)ea ts®
and Lemma 2 follows from (18).
Proof (of Lemma 3) Let the function ¢ ).: R — R be defined by
(@) = rz ifxz>0
=10 ifz<o0
Then, forg > —1,

exp(—z?) = rg+1) /0°° dr (r?> — 228 r e

2

Hence

1 xz F(ﬁ l) 1 B+3/2 2 2 r2
— - | = — d — Pre” .
7 texp( t) 2\/» ; /0 7"(7‘ l‘)+re 7

Taking the Fourier transform on both sides yields

B+3/2 0o 2
exp(-t\?) = [@+1) <1) / dr FP(\re” % |
0

2 4t

whereF? is the Fourier transform of € R — 7~ /2(r2 — 22)?. By (19)

B+3/2 oo )
exp(—tL)= L (5; b (41t> / dr FP(VIyre % |
0

whereL is any positive self-adjoint operator. Next fbr= H or L = H; we have

239

(18)

19)

(20)
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SUPPK sy (2, ) € B(r,z) . (21)

Indeed, iff is an even function then by the Fourier inversion formula

=5 [ : dt f(t)cos) (22)
and in virtue of (22),
D=5 [ aioe @3)
T J—o0
Thus by (23)
Fﬁ(ﬁ):% /O dt (2 — 22 (VT (24)

and (21) follows by Theorem 1 and (24). Note tii&t= H onR* — B(s, 0), so by (21)
KF{’(\/HS)(Iv ) = Kpf(\/ﬁ)(xa ) (25)

for r < d(zx, B(s, 0)).
Now assume thatfok = H,orL = H,, andg > k — 1,

K s (@, 9)] < OG220y (26)

Then by (20) and (25),

| Kexpt1.) (¥, ¥) — Kexptr) (2, )| (27)
Q) (1 B+3/2  poo P
< N <4t) /0 d7‘|KFV@(\/ﬁS)(x,y) _KF,f’(\/ﬁ)(xvy)“’e e
_I(@) (1\"2 e i
o2 \4 /d(x B(5.0) Ar K pp ) (2 2) = Kpp (@, @) r e

Finally by (26) forL. = H, or L = H,,

1\ 532 roc P
(4t> /d dr |K oy (@ y)| re =

(x,B(s,0))
1 B+3/2 0o B
<C <> / dr (P20 4 2040 o~
4t d(w, B(s,0)
o0 2
= C’(4t)7k/2/ dr 2Bkl emr
d(z, B(s,0)
Vat
o0 2
+C drr®P ™t p e (28)
d(xz, B(s,0))
VAt

and we obtain Lemma 3 from the elementary inequality

/ drrtre™ < Cy(1+a)’ exp(-a?) < Gy exp(-a?/(1+2)) .
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Proof (of (26)). As above we puf. = H or L. = H,. By p; we denote

pe(x,y) = Kexp(ftL)(xa Y).

It follows easily from spectral theory thatifis a self-adjoint, positive-definite operator,
pi(z, ) € L? and we define a measupg by the formula

/OOO F()\)d/l’x(A) = Am(e)\Z)ZF()‘)Z)‘d(E(AZ)pl('Tv : )7p1(xa : )) )

then

1K tvmealan = [ IFOOR i (29)
On the other hand, by Theorem 2 fbr= H or L = H,,

||pt(9€,')|\2L2(dm) = pa(, ) < CANE) "2
Hence

1e(0,7) < e /0 e () 7

6/ dpg(N) X’
0
ellps, (@, )3 < C (L +rH) (30)

IN

Now, for a functionF', we putG; = |F|signF’ andG; = |F|. Then

| /M dy KGI(\/E)(J::L) Z/)ng(ﬁ) (y, z2)|

< HKcl(ﬁ)(fl»')”L?HKGZ(\E)(fl»')||L2
o0 N N\ 1/2
(] amaicsr) ([ diyicaor)

([ amniron) ([~ dumoyiron)

|KF(\/Z)(J:17 .’132)|

i.e.,

Kl < ([ auniro) ([ demiron)” . e

Itis not difficult, however, to verify that for some constarj independent ok andr,

) 203+
[E (V)] < Cﬁma (32)

so by (30)
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o0 7ﬂ26+1
dppz(A\) —————

. 00 23+1
= o [ ann [ s (5 ()

26+1

= 0 [N (5 (1)

< -0 [ (5 () 0
S’Bsk

(1 +Sﬁ+1)2

IN

/O dpia (V) [F2(V)|

= T2,87k+lc/0ﬂ(ﬁ + 1)/ ds
0

sP

+ 206+1 ~/ +l/°°
rC'Cy (B )0 d57(1+sﬂ+1)2 ,

which in virtue of (31) proves (26).

Remark 2.1. The particular form of the operatéf seems to play very little role in the
proof of Theorem 4 and one could ask whether Theorem 4 could be stated in more general
way, for example for a generator of a semigroup with finite speed propagation property
of the solution of the wave equation. However, if we consider differential operators with
constant coefficients dR” then in virtue of the Paley-Wiener theorem, Theorem 1 holds
only for operators of the form (1). We do not know how to precisely state and prove a
generalisation of the above observation to the case of differential operators with variable
coefficients, but we conjecture that any extension of Theorem 1 is contained in Remark
2.2 below.

2. Itis possible to prove a version of Theorem 4 for operators of the following form:

()=~ [ 310G+ Vi@ + @V @) (33)

where we assume that the vector fieklssatisfy Hormander’s condition. We can prove
Theorem 1 for the operator in (33) using Theorem 3 of [18]. However, we have to replace
the Riemannian distance with the sub-Riemannian distance corresponding to the vector
fields X; (see§lll.4 of [19] or §IV.4b of [16]). The proof of Theorem 4 in this case is
the same.

3. It follows from the proof that for any & s < 1 ande > 0 we can put; = o s*
andc, = (1 — s)?/(4 +¢) as constants in Theorem 4.

4. Large Time Lstimates

In virtue of Theorem 4 we can easily obtain large time estimates on the semigroup
kernels.

Theorem 5. If H satisfies the hypotheses of Theorem 4/andthe corresponding heat
kernel, then

ooz, )| < Ct="/?exp(=ctd(0, z)*) if ¢ < (1+d(0, z))t~/2
BEH =0 Ce ™ exp(cd(0, )12 if t > (1 +d(0, z))t*/2 |

where); is the smallest eigenvalue #&f.

(34)
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Proof. Fort < (1 +d(0, z))'~*/2 and some constants, ¢ > 0,

Cexp (—ctd(z,0)*) > exp (—cad(z, 0271 |
wherec; is a constant from Theorem 4. Hence estimates (34) follow from Theorem 4.
To prove Theorem 5 far > (1 +d(0, z))*~*/2 we note first that

le=" oo =7

and
e_tHks(xv ) = ks+t(-r7 ) .

Next

ke(z, 2) = |[keja(, )22

_ 1. (/2427 Yasd(z 002
= ||e< t/2+27 (1+d(,0) )H/“32*1(1+d(gc,0))1"*/2(ac’')HZL2

< e(7t+(1+d(m70))1—a/2> A1 ||k2*1(1+d(gc,0))1*“/2(x’ )||2L2

_ —a/
— e( t+(1+d(z,0))! 2) A1 k(l.{_d(x’O))lfa/Z (z,7)

—k/2
< Ceth (1 A +d(z, 0))1*a/2)

d(0, z)* (0, 2)°
% (exp( - ClW) + eXp( - 02(1 +d(0, x))1-/2

)
x (exp (@ +dez, 0/ %))
)

< ClemMexp( — d(0,2)7 2 + (L +d(w, O/

< C"e P exp(-cd(0, z)"*/?) .
Corollary 1. Under the assumptions of Theorem 4,

Ct*k/zexp< — et(d(0, z)* +d(O, y)a’)) ift <1

1" 1" . (35)
Ce—th exp(—c(d(o, 2)*" + d(0, ) )) ift>1,

|k’t(l‘,y)‘ <

where)\; is the smallest eigenvalue &f anda’ =2 A canda” = a A (1 +a/2).

Proof. In virtue of Theorem 5 and Theorem 4 there exist consté@nts’ such that

C't—*/2exp(td(0,z)*) ift<1

Cle ™Mexp(—c (d(0,z)*") ift>1 . (36)

‘kt(xv $)| S {
However
o) =1 [ huate o)

< lkejo(@, M z2llkej2(y, ez = ke (e, ) ke (y, y) M2
and forc = ¢/ /2 (35) follows from (36).
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5. Reduced Heat Kernel

We will apply Theorem 4 to the reduced heat kernel on a nilpotent Lie gfgug. to

the semigroup kernel corresponding to the operatatefined by (6). In the sequel we

will assume that our unitary irreducible representatiols constructed in the same way
asin Theorem 1.1, Theorem 1.8 and Lemma 1.10 of [14]. Any unitary irreducible repre-
sentation is equivalent to some representation constructed in such a way. Alternatively
we can assume that the representatiois the one considered in case 1 in the proof of
Theorem 4.1.1 of [3]. Such a representatidrmcts onR* and there exists a subalgebra

g’ of codimension one ig and vectom;, € g such that

U(a)zq,...,z1) = U'(Adexpxkaka’)(zl, ey Th—1) (37)

i
T .
= Z j—"“U’(ad ar)a)(zy, ..., xp_1)
=1 7’

for all ’ € g’, whereU’ is an irreducible representation of the subalgeracting
onR*~1, In addition by Theorem 1.12 and (1.29) of [14] (or see the proof of Theorem
4.1.1, case 1 of [3]) there exidis= g satisfying

U(b) = ixg, (38)
and by (1.29) of [14] there i§ € g such that
U =i. (39)

We can state a version of the condition (4) for the operafodefined by (6) in the
following way.

Lemma 4. If U is a representation described abowe,. .., b, is a linear basis ofy,
then there existr > 0 andC > 0 such that

STUG)@)? > O +|a)) @)

j=1

Proof. We will prove Lemma 4 by induction on the dimensiongfFor dimg = 1,
Lemma 4 is obvious. Next létsatisfy (38) and’ satisfy (39). We assume that the set
b, is a base fog, so there exist numbegs andn; such that

b= &b
j=1
and .
b/ = Z njbj
j=1
Hence by Hblder’s inequality
L +a) @) = IU(b)w(ﬂc)l2 +[U @ )p(x)|? (40)
= | Z@U(b 2+ ZmU(b D2 < (lIb])? + ||b’||2)Z U))@))

j=1 j=1 j=1
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where]| - || is the Euclidean norm og for which the vector$; form an orthonormal
basis. By the induction hypothesispif is a basis ofy’, then

n—1
DU @) > O+ @, m-2))™ U@ (41)
j=1

Next by (37),
n—1 n—1
ST @) =D U (Adexpaya b0 ¢ 2) 2. (42)
=1 =1

Howeverg is nilpotent so there exist polynomiaf,, ; () such that

n—1

V=D Aj(@r) Adexpr,a, b -
j=1

Hence

n—1 n—1
U @)@ < (3 As@)DO U (Adexpar a4 @)]) (43)

J=1 J=1

< C@+[ap))" O U@ -

J=1

Thus by (41), (42) and (43)

n n—1
DU @)P > CY U@ (44)

=1 =1
n—1 /
S (L + o, o)) @)
> i+ al) Y 0GP = G TG et

J=1

Finally, if p,¢ > 1 and ¥p + 1/q = 1, in virtue of (44), (40) we have

S U@ vE)P = C

=7

@+ o)) @R\
(L + |z ])"

(@ + [P @) P > O+ |z))

!
for & =
p

N

% = «. This proves Lemma 4.

For anya € g, U(a) is a differential operator acting dk* of the form
i 0
U(a) = ; Xj(w,a) 5 +i¥ (@.0)

whereX?(z,a) = X7(z1,...,2;j-1,a) andY (z, a) are polynomials iR* (see [7, 14
or 3]). We defind/°{a) by
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k
o p— o a
U°(a) = Z:Xj(x,a)%j :
7=1
Next we define the Riemannian met(ic -) in such a way that

(grad (z), grad () = Y [U° (b)) (@) ()

J=1

foranyy € C>(RF). Finally we define a potentidf and a vector fieldi by the formula

(grad y(z) + iv(x) A, grad () + ip(@)A) + VI(@)* = Y [U(b;) (@) ()

=1
for any+) € C°°(R¥). In virtue of Lemma 4,
V(z) > C(L+|z[)™.

By d(-, -) we denote the Riemannian distance corresponding to the njetrjc Using
standard techniques we can easily prove that

Lemma 5. There exisf3 > 0 and constant€’, C’ such that
Clz|? < d(z,0) < C'|z| .
Finally, to apply Theorem 4 we need the following lemma

Lemma 6. The systemU°(b1)(z),...,U°(b,)(x) satisfies the Nash inequality
(condition(2)).

Proof. For a weak Malcev basig, . . ., a; satisfying an additional condition (3) [7],
Lemma 6 is stated in Corollary 3.10 of [7]. Butin virtue of Lemma 2.3 of [@Lif.”. . , ax

is any other weak Malcev basis, then the representéafioarresponding to this basis is
given by the formula

U=JuJ,
where J is an isomorphism ofL?(R*) for any 1 < p < oo. J maps the system

U°(b1)(), . .., U°(b,)(x) onto the systent/°(b1)(z), . .., U°(b,)(x). Hence Corollary
3.10 of [7] is true for any weak Malcev basis. This proves Lemma 6.

In virtue of Corollary 1, Lemma 4, Lemma 5 and Lemma 6 we obtain the following
theorem.

Theorem 6. If x, is the reduced heat kernel then there exist constantsa > 0 such
that
Ct=*2exp(=ct(|z|* + |y|*)) fort <1

) < | G i ) Tori o1 “9

where); is the smallest eigenvalue éf.
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6. Lower Bounds

In order to verify to what extent the estimates of Theorem 4 and Theorem 5 are sharp we
prove some lower bounds for the heat kernel corresponding to thé@ober operator

k
A+ x| ==Y 07/0a% +|al”.

=

Proposition 1. If k; is a kernel of the semigroup generated by the operatdr+ |x|<,
then there exist constantsC' > 0 such that
fort < (1 +|z[)t—2/?

C YU 2exp(—ct|z|®) > ki(z, ) > Ct %/ 2exp(—c " t|z|®) (46)
and fort > (1 + |z)t~2/2
Cle ™M exp(—c|z|**?) > ky(x, z) > Ce ™ explcYzF/?) . (47)

Proof. If we put
Vi(y) = min{sa’ |y‘a} )
then in virtue of the Feynman—Kac formula,
Keapa-v)®,y) = Keapa—son¥,y)

and
Kea:p(t(Afvs))(y7 y) > Ct_k/z exp (_tsa) (48)

In the same way as in Lemma 3 we can show that

_ z|?
| Kexpt(a—Vip, (@ @) — ke(z, )| < Cct ’“/zeXp<— il )

t(4 +¢)
and by (48)
2
> (y—k/2 = ay —k/2 _ || )
ki(z,z) > Ct exp (—t|2z|*) — C.t exp( a9 (49)

On the other hand, lex; < A\, < ... denote the eigenvalues of the operatbr=
—A+ |z|*, repeated according to multiplicity, and let, 2, . . . be the corresponding
orthonormal basis of eigenfunctions. By Proposition 1.4.3\[dhas multiplicity one.
Note that

ki(w,x) =Y e Mpi@)? > e Mo ()] (50)
=1

Next, by Corollary 4.5.7 of [4] for some constariisc
p1(r) > Cexp(—clz[*/?) . (51)
and in virtue of of Theorem 4, (49) (50), (51) we obtain Proposition 1.

Fora < 2 andt < 1 we can obtain a more precise result. Namely, we can control the
constant in the estimate (46).
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Proposition 2. If k; is the heat kernel corresponding to the operata + |z|* and
a < 2then for anye > 0 there exist constantS. andC’such that fort < 1,

Ct7* 2 exp(—(1 — e)t|z|®) > ki(x, z) > CLt~ "2 exp(—(1 +e)t|z|*).
Proof. Itis not difficult to show (see Lemma 4.5.9 of [4]) that

Lemma 7. If k. is the heat kernel corresponding to the operakbr= — A + |z|*, then
for some constant§' andT" and for allt < T,

ki(z,x) > Ct~F/2 exp(=t(|z| + 1)%).

However, a careful examination of the constants in Theorem 4 (see the Remark 2.3 at
the end o%3) shows that

(e, 2) < CtH2((expl-(1 - )tfe]") + exp(-c.laf?d)
< Cot 2 exp(—(1 - e)t[x|*).

Although according to Proposition 1 and Proposition 2 it seems that Theorem 4 and 5
are quite sharp, forr > 2 and large Davies and Simon have obtained a more precise
result which gives exactly the value of the constaimt Proposition 1. In [6] it is proved

that the Schidinger operator generated by the operatdy+|z|* for « > 2 is so called
intrinsic ultracontractive (Theorem 6.3 of [6]) and by Theorem 4.2.5 and Corollary 4.5.8
of [4]

Theorem 7. For anye > O there existd’ such that fort > T,

(1 —e)e ™Mp1(@)p1(y) < ke, y) < (L+e)e Mpi(z)pi(y),

wherey; is a ground statéeigenfunction corresponding to the smallest eigenvyabfie
the operator— A + |z|* and

2
/ (1-k)/2 B 1+a/2)
C'(A +]z|) exp( 2+a|x\ ) < p1(x)
2
< (1—k)/2 _ L /)
<O+ 2 exp( - 5o of12)

For o < 2 the Schddinger semigroup is not intrinsically ultracontractive and this
approach does not give any upper bound for the semigroup kernel.

Acknowledgementl would like to thank D.W. Robinson for several stimulating discussions. In fact, some
ideas in this paper are due to him.
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