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Math 525 Masters Exam Syllabus

Text: Linear Algebra Done Right, Third Edition, by Sheldon Axler
Chapters: 1-3, 5.

Examples of typical homework problems (not an exhaustive list):

Throughout F =R or C and U,V,W are vector spaces over .

. Let U1, U, be subspaces of V. Prove that U; NU> is a subspace of V.
. Let U, U, be subspaces of V. Prove that U; U U, is a subspace of V' if and only if either

U CcUporU, CU.

. Prove or give a counterexample: If Uy,U,, W are subspaces such that V. = U; & W and

V=U,&W,then U = U>.

. Let U be the set of all polynomial functions f of the form f(x) = a4 bx 4 cx?, where

a,b,c € F. Prove that U is a subspace of F[x|.

. Prove that if vy,...,v, are linearly independent in V, then so is the list vi — vy, vy —

V3y..yVn—1—"Vn,Vn.

. LetW = {(a,b,c) € R* | a+2b+3c = 0}. Prove that W is finite-dimensional by finding

a finite spanning set for W.

. Suppose that V is finite-dimensional and U is a subspace of V such that dimV = dimU.

Prove that U = V.

. Prove or disprove: If vi,v>,v3,v4 is a basis of V and U is a subspace of V such that

vi,v2 € U and v3,v4 & U, then vy, v, is a basis of U.

. Suppose that V is finite dimensional. Prove that if Uy,...,U,, are subspaces of V such

thatV =U; ... ® U, thendimV =dimU; + ... +dimU,,.

Suppose that V is finite-dimensional. If U,W are subspaces with dimU 4 dimW >
dimV, prove that U NW # {0}.

Suppose that 7 € L(V,W) and vy,...,v, is alist of vectors in V such that T'(vy),..., T (vin)
is a linearly independent list in W. Prove that vy, ...,v,, is linearly independent.
Suppose that dimV = 1. Show that for any T € L(V,V) there exists A € F such that
T(v)=MAforallveV.

Suppose V is finite-dimensional and let U be a subspace of V and S € L(U,W). Prove
that there exists 7 € L(V,W) such that T'(u) = S(u) forallu € U.

Let S,T € L(V,V) such that range S C null 7. Prove that (ST)? = 0.

Suppose that T is a linear map from V to F. Prove that if u € V is not in null 7, then
V=nullT®{au:a € F}.

Prove that if T € L(V,W) is injective and vy, ...,v, are linearly independent in V, then
T(vy),...,T(vy) are linearly independent in W.

Prove that if T € L(V,W) is surjective and vy,...,v, span V, then T'(vy),...,T(v,) span
W.

Suppose that 7 € £(IF3,F3) such that null T = {(x1,...,x5) € | x; +x, =0 and x4 =
3xs5}. Prove that T is not surjective.

Suppose that S,7 € L(V) are such that ST = T'S. Prove that null S and range S are
invariant under 7'.
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Suppose that 7, S € L(V) and that S is invertible.

(a) Prove that 7 and S~ TS have the same eigenvalues.

(b) What is the relationship between the eigenvectors of 7 and the eigenvectors of
STs?

Suppose that T € L(V) is invertible and A € IF'\ {0}. Prove that A is an eigenvalue of T

if and only if % is an eigenvalue of 7.

Suppose that V is finite-dimensional and S,7 € L(V). Prove that ST and T'S have the
same eigenvalues.

Suppose that S,7 € L(V) and S is invertible. Let f(x) € F[x] be a polynomial. Prove
that f(STS™') = Sf(T)S~ .

Suppose that 7 € £(V) and U is a subspace of V that is invariant under 7. Prove that U
is invariant under f(7) for all f(x) € Fx].

Suppose T € L(V) is diagonalizable. Prove that V = null 7 & range T.

Suppose V is finite-dimensional, T € L(V) has dimV distinct eigenvalues, and S € L(V)
has the same eigenvectors as T (not necessarily with the same eigenvalues). Prove that
ST =T8§.

Suppose T € L(V) has a diagonal matrix A with respect to some basis of V and that
A € F. Prove that A appears on the diagonal of A precisely dimE (A, T') times.

Suppose that T € £(F>) and dimE(8,T) = 4. Prove that T — 2] or T — 6/ is invertible.

1
Suppose that T € L(V) is invertible. Prove that E(A,T) =E (X, T-1) forevery L€ F
with A # 0.



