BASIC COMPREHENSIVE EXAM IN ALGEBRA
SYLLABUS
REVISED JULY 2026

The textbook for Math 526 and Math 581 is Abstract Algebra, 3rd Ed, by D. Dummit and R. Foote. The
exam covers Chapters 1, 2, 3 (omit 3.4), 4 (omit 4.6), 7, 8, 9 (omit 9.6), 10 (omit 10.4, 10.5), 12 (omit 12.3),
13 (omit 13.3, 13.6), 14.1, 14.2.

Here is a list of typical homework problems for Math 526 and 581. This is not a list of potential exam
questions.

(1) Let G be a group and let z,g € G. Prove that |x| = |g~'zg| and deduce that |ab| = |ba| for all
a,bed.

(2) Let H be a nonempty finite subset of a group G. Show that H is a subgroup if and only if ab € H
for every a,b € H.

(3) Let G be a group such that (ab)® = a’b’ for three consecutive integers i and all a,b € G. Show that
G is Abelian.

(4) Let G be a finite group and let 2 € G be an element of order n. Prove that if n is odd, then z = (z
for some integer k > 1.

(5) Let Qg = <( 01 ) , ( 0 )> C GL(2;C), where i? = —1. Show that |Qg| = 8 = |D4|, but
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Qs # Dy. (Qs is called the quaternion group)
(6) Prove that if o is the m-cycle (a1 az ... a,), then for all i € {1,2,...,m}, o%(ax) = apr;, where

k + i is replaced by its least positive residue modulo m. Deduce that |o| = m.
(7) Let o be the m-cycle (12...m). Show that o* is also an m-cycle if and only if 4 is relatively prime
to m.
(8) Let G be a finite group of even order. Prove that G contains an element a # e such that a? = e.
(9) Let G, H be two groups and suppose that ¢ : G — H is a group isomorphism. Show that |¢(x)| = ||
for every z € G. Explain how this shows that any two isomorphic groups have the same number of
elements of order n € ZT.
(10) Is (9) true (i.e., |p(z)| = |x| for every x € G) if ¢ is only assumed to be a homomorphism? Prove it
is true or give a counterexample.
(11) Let G be any group. Prove that the map from G to itself defined by g + ¢* is a homomorphism if
and only if G is Abelian.
(12) Prove that if n # m, then S,, and S,, are not isomorphic.
(13) Let G =< ( —01 (1) ),( (1) (1] ) >C GL(2;R). Show that G ~ Dj,.
(14) Let G be a group and let x,y € G with || = n and |y| = m. Suppose that x and y commute, i.e.
xy = yx. Prove that |zy| divides the least common multiple of m and n.
(15) Give an example of commuting elements x,y in a group G such that the order of xy is not equal to
the least common multiple of |z| and |y|.
(16) Let G be an Abelian group. Prove that {g € G | |g] < oo} is a subgroup of G (called the torsion
subgroup of G). Give an explicit example where this set is not a subgroup when G is non-abelian.
(17) Prove that Q x Q is not a cyclic group.
(18) Let H = {0 € S, | 0(n) = n}. Show that H < S,, and H = 5,,_;.
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(19) Let G be an Abelian group of order pq, where ged(p, q) = 1. Assume that there exists a,b € G such
that |a| = p and |b| = ¢. Show that G is cyclic.

(20) Let H and K be subgroups of a group G. Show that H K is a subgroup of G if and only if HK = KH.

(21) Prove that if H and K are finite subgroups of a group G whose orders are relatively prime, then
HnNK = {e}.

(22) Let G be an abelian group and let n be an integer. Show that the set H = {g € G | g" = e} is a
subgroup of G. Give an example to show that H may fail to be a subgroup if G is not abelian.

(23) Let G be a finite group of order n. Let a € G and assume that a* = e for some k < n. Is it true
that &k must divide n? Explain by either proving this or giving a counterexample.

(24) Prove that a group that has only a finite number of subgroups is a finite group.

(25) Prove that the subgroup generated by any two distinct elements of order 2 in S3 is all of Ss.

(26) Let G be a group, let N be a normal subgroup of G and let G = G/N. Prove that Z and 3 commute
in G if and only if 271y~ lay € N. [The element x~ 1y~ 12y is called the commutator of x and y and
it is denoted by [x,y].]

(27) Let G be a group. Prove that N = (z7'y~tay | 2,y € G) is a normal subgroup of G and G/N is
abelian.

(28) Let G be a group such that G/Z(G) is cyclic, where Z(G) = {g € G : gx = xg Va € G} is the center
of G. Show that G is abelian.

(29) Let G be a group with order pq, where p, ¢ are primes (not necessarily distinct). Prove that either
G is Abelian or Z(G) = 1.

(30) Let p be a prime number. Show that every group of order p? is Abelian.

(31) Let G be a finite group, let H be a subgroup of G and let N < G. Prove that if |H| and [G : N] are
relatively prime then H < N.

(32) Prove that if N is a normal subgroup of a finite group G and ged(|N|,[G : N]) = 1 then N is the
unique subgroup of G of order |N]|.

(33) Let G be a group and let a, b be elements of finite order m, n, respectively. If ab = ba and (a) N (b) =
{e}, show that the order of ab is lem(m, n).

(34) Let p be a prime number. Let G be a group of order p™ and let H be a normal subgroup of G with
H # {e}. Show that H N Z(G) # {e}.

(35) Prove that if G is a finite abelian group and p is a prime number such that p divides |G|, then G
has a subgroup of order p. (Hint: Try induction on the order of G. Notice that if H is a proper
nontrivial subgroup of G, then H and G/H are groups of smaller order than G.)

(36) Let p be a prime and let G be a group of order p®m, where p does not divide m. Assume P is a
subgroup of G of order p® and N is a normal subgroup of G of order p’n, where p does not divide
n. Prove that |[P N N| = p® and |PN/N| = p*~°.

(37) Describe the orbit and the stabilizer of a single vertex of the square in the dihedral group D, viewed
as acting on the square.

(38) Let H be a subgroup of a group G with finite index. Show that there exists a normal subgroup N
of G of finite index contained in H.

(39) Let G be a group acting transitively on a finite set S with |S| > 1. Show that there exists a g € G
such that gx # x for every z € S (i.e., g has no fixed point).

(40) Let G be a group of order 105. Prove that G has a normal 5-Sylow subgroup and a normal 7-Sylow
subgroup.

(41) Let G be a group of order 312. Prove that G contains a nontrivial normal subgroup.

(42) Let G be a group of order 231. Prove that Z(G) contains an 11-Sylow subgroup of G and that a
7-Sylow subgroup is normal in G.

(43) Let G be a group of order 351. Prove that G has a normal Sylow p-subgroup for some prime p
dividing 351.



(44) Let G be a finite group.
a) Prove that elements in the same conjugacy class have conjugate centralizers.
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(b) If ¢1,...,¢, are the orders of the centralizers of elements from the distinct conjugacy classes
prove that
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(45) Let H be a proper subgroup of a finite group G. Show that G is not the union of all the conjugates
of H.

(46) Let R be a ring which is finite. Show that R is an integral domain if and only if R is a field.

(47) Let R be a ring and S = M3(R).

(a) Show that there is a one-to-one correspondence between the set of R-ideals I and the set of
S-ideals J given by I — J = {(a;;) | a;; € I}.
(b) Show that if R is a division ring, then 0 and S are the only S-ideals.

(48) Let R be a commutative ring with identity. An element = € R is called nilpotent if ™ = 0 for some
n € ZT. Prove that the set of nilpotent elements, called the nilradical is an ideal in R. This set is
denoted by NV (R).

(49) Let R be a commutative ring with identity and let T be an R-ideal. Define

rad(I) ={r € R|r" € I for some n € Z*},

the radical of I. Prove that rad(I) is an ideal containing I and that (rad(l))/I is the nilradical of
the quotient ring R/I, i.e. (rad(I))/I = N(R/I).
(50) Let R be aring with identity and I, ..., I, be R-ideals. Show that R = I1+...+1, with I;,nY_ I; =0
i#j
for every j if and only if 1 =e; + ...+ e, with I; = Re;, ¢; € Z(R), e? = e;, and eiej = 0 for i # j.
[Z(R) ={a € R|ab=ba for all b € R} ]

(51) Let R be a commutative ring with identity and let I, ..., I,, be R-ideals with I; + I; = R whenever
i#7j. Show that Iy N...N I, =11 -...-I,.

(52) Let R = Z[/d], where d is not 1 and is not divisible by the square of a prime. Define a function
N, called the norm, from R into the nonnegative integers by N(a + bvd) = |a® — db?|. Verify the
following four properties:

(a) N(x) =0 if and only if z = 0;

(b) N(zy) = N(z)N(y) for all z,y € R.

(¢) z is a unit in R if and only if N(z) = 1;

(d) If N(z) is prime, then z is irreducible in R.

(53) Prove that Z[\/—3] is not a PID by finding an element of this ring that is irreducible but not prime.

(54) Show that 21 does not factor uniquely in Z[/—5] as a product of irreducibles.

(55) Factor the following or prove they are irreducible.

(a) X%+ X +1in Zo[X].

(b) X3+ X +1 in Zs[X].

() X*+1in Z5[X].

(d) X? — X in Z,[X], where p is prime.

(e) X6 +30X5° — 15X3 +6X — 120 in Z[X].
(f) X*+4X3+6X%2+2X +1 in Q[X].

(56) Prove that Q(v/2,v/3) = {a+bv2+cv34dV6 : a,b,c,d € Q} = Q(v/2++/3), and find an irreducible
polynomial with coefficients in Q that has v/2++/3 as a root. Be sure to verify that your polynomial
is irreducible.

(57) Find the specified degrees and justify your answer: [Q(2 + v/3) : Q]. and [Q(1 + 21/3 +41/3) : Q).

(58) Let K/F be a field extension, and let o € K. Show that if [F(a) : F] is odd, then F(a) = F(a?).



Prove that if the degree of the field extension K/F is prime, then for every subfield E of K for which
F' is a subfield of F, either K = F or E = F.
Prove that if I is a finite field of characteristic p > 0, then the number of elements in F' is p™ for
some n > 0.
Show that if F/F and K/FE are algebraic extensions, then so is K/F.
For an extension K/F and «, 8 € K algebraic over F:
(a) Prove [F(a,B): F] < [F(a): F][F(B) : F).
(b) Give an example to show that the inequality in (a) can be strict.
Find the minimal polynomial of 1 + i over Q.
Show that if K/F is an algebraic field extension and R is a subring of K such that F' is a subring of
R, then R is a field.
Let f(X) = X?+ X — 1 € Z3[X]. Show that f is irreducible and use f to construct a field with 9
elements. Write down the multiplication table for this field and verify that the nonzero elements of
the field form a cyclic group with respect to multiplication.
Let R be a commutative ring, let I be an ideal of R and let M be an R-module. Prove that
IM = {Zle rim; | k> 0,r; € Rym; € M} is an R-submodule of M.
Let M be an R-module, where M is a commutative ring. Show that M is a cyclic R-module if and
only if M = R/I for some ideal I of R.
Let T be an ideal of the commutative ring R, and let {M,} be a collection of R-modules. For
N = ®oM,, show that @&, M, /IM, is isomorphic to N/IN as R/I-modules.
Let Fi = @ R and F, = @/ R be free R-modules, where R is a commutative ring. Show that
Fy =2 F; if and only if n = m. Hint: Use previous problem and some linear algebra.
Let T : R?2 — R? denote the linear transformation that is the projection onto the line y = 22. List
all F[X]-submodules of R? (where the F[X]-module structure here is that determined by T').
Prove that the constant term of the characteristic polynomial of the n x n matrix A is (—1)" det(A).
Prove that the product of eigenvalues of the n x n matrix A is det(A).
Prove that the sum of eigenvalues of the n x n matrix A is the trace of A.
Show that the F[X]-module V determined by a linear transformation T': V' — V is cyclic if and
only if the characteristic polynomial of T" is the minimal polynomial of 7.
Prove that similar linear transformations of a finite dimensional vector space V have the same
minimal polynomials and the same characteristic polynomials. (Hint: This is easy if you use results
from class.)
Find all possible rational canonical forms of 4 x 4 matrices A over R satisfying A% = I.
Let K be an extension of I’ of degree n.
(a) If & € K define a map T, : K — K by T,(x) = ax. Prove that T, is a linear transformation of
K as an F-vector space.
(b) Fix a basis B = {aq,...,ay} for K over F, and let [T,]p be the matrix for T, in the basis B.
Prove that the map ¢ : K — M,,(F) defined by ¢(«) = [T,] g is an injective ring homomorphism,
so K is isomorphic to a subfield of M, (F).
(c) Show that « is a root of the characteristic polynomial of the matrix [T,]|p. (Hint: explain why
« is an eigenvalue of the linear transformation Ty, )
Leta=1+ 2+ V4 e Q(f/?) Using the basis B = {1, /2, \3/1} for Q(\s/ﬁ) over Q, find the matrix
[Tw]p from the previous problem. Now find the characteristic polynomial of this matrix. This is a
monic polynomial having « as a root, according to the previous problem.
Determine the splitting field and its degree over Q for z* + z2 + 1.
Find all the irreducible polynomials of degrees 1, 2, and 4 over F5 and prove that their product is
16 — .



(81) Prove that d divides n if and only if 2% — 1 divides ™ — 1. [Note that if n = gd + r then 2" — 1 =
(x99+7 — ") + (2" — 1). You may also assume that these are polynomials over C.]
(82) Determine the splitting field and its degree over Q for z* — 2.
(83) Let K; and K> be finite extension of F' contained in the field K and assume that both are splitting
fields over F'.
(a) Prove that their composite K K5 is a splitting field over F.
(b) Prove that K7 N K5 is a splitting field over F.
(84) Let K/F be a field extension.
(a) Show that if a field K is generated over F' by the elements aj, ..., a,, then an automorphism
o of K fixing F is uniquely determined by o(aq),...,0(a,). In particular, show that an
automorphism fixes K if and only if it fixes a set of generators for K.
(b) Let G < Gal(K/F) be a subgroup of the Galois group of the extension K/F and suppose
o1,...,0x are the generators of G. Show that the subfield E/F is fixed by G if and only it is
fixed by the generators o1, ..., 0.
(85) Show that Q(1/2) is not isomorphic to Q(v/3).
(86) Determine the minimal polynomial over Q of the element V2 + /5.
(87) Determine the Galois group of (22 — 2)(x? — 3)(2? — 5). Determine all the subfields of the splitting
field of this polynomial.
(88) Suppose K is a Galois extension of F' of degree p™ for some prime p and some n > 1. Prove that
there are Galois extensions of F' contained in K of degrees p and p"~'.
(89) Suppose M and N are R-modules and ¢ : M — N is an R-module homomorphism. Prove that the
kernel of ¢ is a submodule of M and the image of ¢ is a submodule of N.
(90) Let R be an integral domain and M an R-module.
(a) Prove that Tor(M) is a submodule of M.
(b) If M, N are R-modules and ¢ : M — N is an R-module homomorphism, prove that ¢(Tor(M)) C
Tor(N). If ¢ is an isomorphism show that ¢(Tor(M)) = Tor(N)
(¢) Suppose M = N; @ Ny for R-modules N7 and Ns. If Ny is torsion-free and Ns is torsion, prove
that Tor(M) =2 Ny and M/Tor(M) = Nj.
(91) Let My,..., M, be R-modules and let N; be a submodule of M; for all i =1,...,n. Prove that
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(92) If R is a Noetherian commutative ring with 1 # 0 and I is an ideal of R, prove that R/I is Noetherian.



