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Topological Spaces

Definition (Topological Spaces, see Schubert, Topology, §2.3)

A topological space is given by (X,7), where X is a set and X - FilX is a function
assigning to each x € X a filter 1, (called the neighbourhood filter of x) such that:

Ueni=xeU, and
Uenc=@@Ven)(yeV=Uen,).



Spaces internalised

The notion of a space is now seen inside a large number of categories, see Ghosh, “Internal
neighbourhood structures”.



Spaces internalised

A context is a category A with the following properties:

(a) Ais finitely complete

see Ghosh, “Internal neighbourhood structures”, §2, Ghosh, “Internal neighbourhood
structures Il: Closure and Closed Morphisms”, §1
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Spaces internalised

A context is a category A with the following properties:

(a) Ais finitely complete
(b) A has finite coproducts
(c) A has a proper (E, M)-factorisation structure

see Ghosh, “Internal neighbourhood structures”, §2, Ghosh, “Internal neighbourhood
structures Il: Closure and Closed Morphisms”, §1



Spaces internalised

A context is a category A with the following properties:

a) A is finitely complete

c) A has a proper (E, M)-factorisation structure

C)
(b) A has finite coproducts
()
©)

For each object X of A, the (possibly large) set Suby(X) of admissible subobjects of X
is a complete lattice.

see Ghosh, “Internal neighbourhood structures”, §2, Ghosh, “Internal neighbourhood
structures Il: Closure and Closed Morphisms”, §1



Spaces internalised

Example (Contexts abound. . ., see Ghosh, “Internal neighbourhood structures”,
Examples in §3)



Spaces internalised

Example (Contexts abound. . ., see Ghosh, “Internal neighbourhood structures”,
Examples in §3)

(b) (Set, Surjection, Injection)
(c) (Top,Epi,ExtMon)
(d) (Meas,Epi, ExtMon)
(e) (Grp,RegEpi,Mon)
(f) ((£2,=)-Alg, RegEpi,Mon)
(g) (Loc,Epi,RegMon)
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Spaces internalised

Example (Contexts abound. . ., see Ghosh, “Internal neighbourhood structures”,
Examples in §3)

(b) (Set, Surjection, Injection)
(c) (Top,Epi,ExtMon)
(d) (Meas,Epi, ExtMon)
(e) (Grp,RegEpi,Mon)
(f) ((£2,=)-Alg, RegEpi,Mon)
(g) (Loc,Epi,RegMon)

(1) (A,Epi(A),ExtMon(A)), where A is a small complete and small cocomplete well powered
category
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Spaces internalised

Example (Contexts abound. . ., see Ghosh, “Internal neighbourhood structures”,
Examples in §3)

(a) (FinSet, Surjection, Injection)
(b) (Set, Surjection, Injection)
(c) (Top,Epi,ExtMon)

(d) (Meas,Epi, ExtMon)

(e) (Grp,RegEpi,Mon)

(f) ((£2,=)-Alg, RegEpi,Mon)
(g) (Loc,Epi,RegMon)

(1) (A,Epi(A),ExtMon(A)), where A is a small complete and small cocomplete well powered
category

=] F
Partha Pratim Ghosh Frame 3 of 18



Spaces internalised

Example (Contexts abound. . ., see Ghosh, “Internal neighbourhood structures”,
Examples in §3)

(a) (FinSet, Surjection, Injection)

(b) (Set, Surjection, Injection)
(c) (Top,Epi,ExtMon)

(d) (Meas,Epi, ExtMon)

(e) (Grp,RegEpi,Mon)

(f) ((£2,=)-Alg, RegEpi,Mon)
(g) (Loc,Epi,RegMon)

(h) (CRing°?,Epi,RegMon)

(i) any topos

(j) any lextensive category

(1) (A,Epi(A),ExtMon(A)), where A is a small complete and small cocomplete well powered
category
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Spaces internalised

Example (Contexts abound. . ., see Ghosh, “Internal neighbourhood structures”,
Examples in §3)

(a) (FinSet, Surjection, Injection)

Set, Surjection, Injection)

Top, Epi, ExtMon)

Meas, Epi, ExtMon)

(

(

(

(Grp, RegEpi, Mon)
((£2, =)-Alg, RegEpi, Mon)
(Loc,Epi,RegMon)
(CRing°P, Epi, RegMon)

if (A, E, M) be a context then for any object B, then (A4 B),(E] B),(M | B)) is also
a context

(1) (A,Epi(A),ExtMon(A)), where A is a small complete and small cocomplete well powered
category

=] F
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Spaces internalised

Definition (Filters)

Given any object X, a filter F on X is a subset of Suby(X) such that

(a) x>y e F=x€F, and
(b) x,ye F=xAyeF

The set of all filters on X is Fi1X.



Spaces internalised

FilX is a complete algebraic lattice, with compact elements being

Tx = {pGSubM(X) :xgp}.

FilX is distributive if and only if Suby(X) is distributive (see Iberkleid and McGovern, “A
natural equivalence for the category of coherent frames’, Theorem 1.2).



Spaces internalised

The (E, M) factorisation produces the notion of image and preimage of a morphism X Iy

(],)

M——""3 M and FIN—" N
m Hfm fln\[ n
X Y X Y
(E, M) factorisation of fem pullback of n along f

9.m image of munder f | f 'n preimage of n under f
9.M  image of M under f | f~'N preimage of N under f

(f] ) restriction of f to m f,  corestriction of f to n
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Spaces internalised

The image and preimage assignments for a morphism X ' Y constitute an adjunction
Hf

SubM(X) 1 Subm(Y) .
f'fl



Spaces internalised
Definition (Neighbourhoods, see Ghosh, “Internal neighbourhood structures”,

Definition 3.1)
Let X be an object of A.



Spaces internalised
Definition (Neighbourhoods, see Ghosh, “Internal neighbourhood structures”,

Definition 3.1)
Let X be an object of A.

(a) A preneighbourhood system on X is an order preserving function Suby(X)® & FilX
such that for each x € Suby(X)

p € pu(x) = x<p.

The pair (X, ) is called an internal preneighbourhood space of A.
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Spaces internalised
Definition (Neighbourhoods, see Ghosh, “Internal neighbourhood structures”,

Definition 3.1)
Let X be an object of A.

(a) A preneighbourhood system on X is an order preserving function Suby(X)® & FilX
such that for each x € Suby(X)

p € pu(x) = x<p.

The pair (X, ) is called an internal preneighbourhood space of A.
(b) A preneighbourhood system o on X is a weak neighbourhood system if

p € p(x) = (3q € u(x)(p € 1(q))-

The pair (X, p) is called an internal weak neighbourhood space of A.
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Spaces internalised
Definition (Neighbourhoods, see Ghosh, “Internal neighbourhood structures”,

Definition 3.1)
Let X be an object of A.

(a) A preneighbourhood system on X is an order preserving function Suby(X)® & FilX
such that for each x € Suby(X)

p € pu(x) = x<p.

The pair (X, ) is called an internal preneighbourhood space of A.
(b) A preneighbourhood system o on X is a weak neighbourhood system if

p € p(x) = (3q € u(x)(p € 1(q))-

The pair (X, p) is called an internal weak neighbourhood space of A.
(c) A weak neighbourhood system 1 on X is a neighbourhood system on X if

u(\/ pf) = () u(pi)-
icl icl
The pair (X, p) is called an internal neighbourhood space of A.
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Spaces internalised

Definition (Morphisms of Neighbourhoods, see Ghosh, “Internal neighbourhood

structures’, Definition 3.39)
Let (X, ), (Y, ) be internal preneighbourhood spaces of A and X " Y bea morphism of

A.



Spaces internalised

Definition (Morphisms of Neighbourhoods, see Ghosh, “Internal neighbourhood

structures’, Definition 3.39)
Let (X, ), (Y, ) be internal preneighbourhood spaces of A and X " Y bea morphism of

A.
(a) The morphism f is a preneighbourhood morphism, written (X, 1) LR (Y, ¢), if for each

y e SubM(Y)
peo(y)=flpeu(fty).



Spaces internalised

Definition (Morphisms of Neighbourhoods, see Ghosh, “Internal neighbourhood

structures’, Definition 3.39)
Let (X, ), (Y, ) be internal preneighbourhood spaces of A and X " Y bea morphism of
A.

(a) The morphism f is a preneighbourhood morphism, written (X, 1) LR (Y, ¢), if for each

y € Subpu(Y)
pe(y)=frpepn(fly).

(b) If (X, ) and (Y, ¢) are internal neighbourhoods of A then a preneighbourhood morphism
(X, p) &R (Y, ) is a neighbourhood morphism if for any family (y; : i € I) of admissible
subobjects of Y

:el )/l \/ f- 1)/1

iel



Spaces internalised

Definition (Categories of Neighbourhoods, see Ghosh, “Internal neighbourhood
structures’, Definition 4.1)

(a) pNbd[A] is the category of all internal preneighbourhood spaces of A and preneighbourhood
morphisms.



Spaces internalised

Definition (Categories of Neighbourhoods, see Ghosh, “Internal neighbourhood

structures’, Definition 4.1)

(a) pNbd[A] is the category of all internal preneighbourhood spaces of A and preneighbourhood
morphisms.

(b) wNbd[A] is the category of all internal weak neighbourhood spaces of A and preneighbour-
hood morphisms.



Spaces internalised

Definition (Categories of Neighbourhoods, see Ghosh, “Internal neighbourhood
structures’, Definition 4.1)

(a) pNbd[A] is the category of all internal preneighbourhood spaces of A and preneighbourhood
morphisms.

(b) wNbd[A] is the category of all internal weak neighbourhood spaces of A and preneighbour-
hood morphisms.

(c) Nbd[A] is the category of all internal neighbourhood spaces of A and neighbourhood
morphisms.



Spaces internalised

Theorem (Topologicity, see Ghosh, “Internal neighbourhood structures”,
Theorem 4.8)
The categories pNbd[A] and wNbd[A] are topological over A.



Spaces internalised

Theorem (Topologicity, see Ghosh, “Internal neighbourhood structures”,
Theorem 4.8)
The categories pNbd[A] and wNbd[A] are topological over A.

The category Nbd[A] is topological over A provided preimage for every morphism preserve
joins.



Closure et al...

Definition (Definition of closure, closed subobject and closed morphism, see
Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”,
definitions in §3)
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Closure et al...

Definition (Definition of closure, closed subobject and closed morphism, see
Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”,
definitions in §3)

Let (X, i) be an internal preneighbourhood space and p € Suby(X). The admissible
subobject:

(:lﬂp—\/{ueSubM(X)#1 :xEu(u):>X/\p7é(fX} (1)

is called the yi-closure of p.
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Closure et al...

Definition (Definition of closure, closed subobject and closed morphism, see
Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”,
definitions in §3)

Let (X, i) be an internal preneighbourhood space and p € Suby(X). The admissible
subobject:

(:lﬂp—\/{ueSubM(X)#1 :xEu(u):>X/\p7é(fX} (1)

is called the yi-closure of p.
The subobject p is ji-closed if cl,p = p.
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Closure et al...

Definition (Definition of closure, closed subobject and closed morphism, see
Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”,
definitions in §3)

Let (X, i) be an internal preneighbourhood space and p € Suby(X). The admissible
subobject:

(:lﬂp—\/{ueSubM(X)#1 :xEu(u):>X/\p7é(fX} (1)

is called the yi-closure of p.
The subobject p is ji-closed if cl,p = p.
For any internal preneighbourhood space (X, u), €, = {p € Suby(X):p= clpp}.
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Closure et al...

Definition (Definition of closure, closed subobject and closed morphism, see
Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”,
definitions in §3)

Let (X, i) be an internal preneighbourhood space and p € Suby(X). The admissible
subobject:

(:lﬂp—\/{ueSubM(X)#1 :xEu(u):>X/\p7é(7X} (1)

is called the yi-closure of p.

The subobject p is ji-closed if cl,p = p.

For any internal preneighbourhood space (X, 11), €, = {p € Suby(X) : p = cl,p}.

Given the internal preneighbourhood spaces (X, i) and (Y, ¢), a morphism X Ly v is said
to be yi-¢ closed or simply closed if it preserves closed subobjects, i.e., p € €, = J.p € €.
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Closure et al...

Definition (Definition of closure, closed subobject and closed morphism, see
Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”,
definitions in §3)

Let (X, i) be an internal preneighbourhood space and p € Suby(X). The admissible
subobject:

(:lﬂp—\/{ueSubM(X)#1 :xEu(u):>X/\p7é(7X} (1)

is called the yi-closure of p.

The subobject p is ji-closed if cl,p = p.

For any internal preneighbourhood space (X, u), €, = {p € Suby(X):p= clpp}.

Given the internal preneighbourhood spaces (X, i) and (Y, ¢), a morphism X Ly v is said
to be yi-¢ closed or simply closed if it preserves closed subobjects, i.e., p € €, = J.p € €.
A, is the (possibly large) set of all closed morphisms of A.
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Properties of the closure operator

Definition (Closure Operation)
An order preserving function P < P on a partially ordered set P is said to be a closure
operation if it satisfies the conditions

x < c(x) (Extensionality)

and

coc = ¢ (ldempotence)



Properties of the closure operator

Definition (Closure Operation)

An order preserving function P < P on a partially ordered set P is said to be a closure
operation if it satisfies the conditions

x < c(x) (Extensionality)
and
coc = ¢ (ldempotence)
If it further satisfies
c(x Vy)=c(x)Vc(y) (Additivity)

then it is called a Kuratowksi closure operation.



Properties of the closure operator

Theorem (Properties of Closure, see Ghosh, “Internal neighbourhood structures
II: Closure and Closed Morphisms”, Theorem 3.1)

cl
Given any internal preneighbourhood space (X, 1), the function Suby(X) —= Subm(X)
defines a closure operation on Subpm(X) such that cl,ox = oy.



Properties of the closure operator

Theorem (Properties of Closure, see Ghosh, “Internal neighbourhood structures
II: Closure and Closed Morphisms”, Theorem 3.1)
cl
Given any internal preneighbourhood space (X, 1), the function Suby(X) —= Subm(X)
defines a closure operation on Subpm(X) such that cl,ox = oy.

If (X, 1) SR (Y, ¢) is a preneighbourhood morphism reflecting zero then it is ji-¢
continuous, i.e., for any p € Suby(X):

d,cl,p <cly3,p (2)



Properties of the closure operator

Definition (Reflecting Zero)
A morphism X Lo v is said to reflect zero if f-loy = 0.



Properties of the closure operator

The following three statements are equivalent for any morphism X Ly

(a) f reflects zero

(b) For each x € Suby(X), 3,x =0y = x = 0x

(c) For each x € Suby(X) and y € Suby(Y), y Ad.x =0y = xAfly =0

see Ghosh, “Internal neighbourhood structures II: Closure and Closed Morphisms”, Theorem
9.2

=] F
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Properties of the closure operator

In any context if every morphism reflects zero then the initial object () is strict.

Conversely, if the initial object () is strict and the unique morphism () — 1 is an admissible
monomorphism then every morphism reflects zero.

see Ghosh, “Internal neighbourhood structures II: Closure and Closed Morphisms”, Theorem

9.2

&

=]
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Properties of the closure operator

A category is said to be quasi-pointed ( see Bourn, “3 x 3 lemma and protomodularity”, §1,
and see Goswami and Janelidze, “On the structure of zero morphisms in a quasi-pointed
category”) if the unique morphism () — 1 is a monomorphism.
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Properties of the closure operator

A category is said to be quasi-pointed ( see Bourn, “3 x 3 lemma and protomodularity”, §1,
and see Goswami and Janelidze, “On the structure of zero morphisms in a quasi-pointed
category”) if the unique morphism () — 1 is a monomorphism.

A context shall be called admissibly quasi-pointed if the unique morphism () — 1 is an
admissible monomorphism.
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Properties of the closure operator

A category is said to be quasi-pointed ( see Bourn, “3 x 3 lemma and protomodularity”, §1,
and see Goswami and Janelidze, “On the structure of zero morphisms in a quasi-pointed
category”) if the unique morphism () — 1 is a monomorphism.

A context shall be called admissibly quasi-pointed if the unique morphism () — 1 is an
admissible monomorphism.

Several contexts are admissibly quasi-pointed — e.g., sets and functions, topological spaces
and continuous maps, locales and localic maps, where this unique morphism is a regular
monomorphism and hence admissible; however the context of rings and their
homomorphisms is quasi-pointed even.



Properties of the closure operator

The following three statements are equivalent for any morphism X Ly

(a) f reflects zero

(b) For each x € Suby(X), 3,x =0y = x = 0x

(c) For each x € Suby(X) and y € Subu(Y), y AT, x =0y = xAfly =0x

see Ghosh, “Internal neighbourhood structures II: Closure and Closed Morphisms”, Theorem
9.2

In any context if every morphism reflects zero then the initial object () is strict.

Conversely, if the initial object () is strict and the unique morphism () — 1 is an admissible

monomorphism then every morphism reflects zero.
see ibid., Theorem 9.2

Thus: in admissibly quasi-pointed contexts, the initial object is strict if and only if every
morphism reflects zero.

=] F
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Properties of the closure operator

Theorem (Properties of Closure, see Ghosh, “Internal neighbourhood structures
II: Closure and Closed Morphisms”, Theorem 3.1)

If every filter of Subm(X) is contained in a prime filter then cl,, is additive, i.e., for each
X,y € Subpm(X):
cl,(x Vy) =clux Vecly. (2)



Properties of the closure operator

Even in the presence of Axiom of Choice the presence of a prime filter in a complete
non-distributive lattice is not guaranteed.




Properties of the closure operator

Even in the presence of Axiom of Choice the presence of a prime filter in a complete
non-distributive lattice is not guaranteed.

Absence of distributivity in the lattice does not even ensure a maximal filter to be prime.
See Erné, "Prime and maximal ideals of partially ordered sets” for details.




Properties of the closure operator

Theorem (Properties of Closure, see Ghosh, “Internal neighbourhood structures
II: Closure and Closed Morphisms”, Theorem 3.1)

cl
Given any internal preneighbourhood space (X, 1), the function Suby(X) —= Subm(X)
defines a closure operation on Subpm(X) such that cl,ox = oy.

If (X, 1) SR (Y, ¢) is a preneighbourhood morphism reflecting zero then it is ji-¢
continuous, i.e., for any p € Suby(X):

d,cl,p <cly3,p (2)

If every filter of Subyw(X) is contained in a prime filter then cl, is additive, i.e., for each
X,y € Subpm(X):
cly(x Vy) =clyxVely. (3)

The closure operation is hereditary, i.e., given A>"> M>="> X,

Cl(Mm)a = m~*(cl,(mea));

hence a and m closed imply mea closed.



Proper Morphisms

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and

Closed Morphisms”, Definition 6.1)
A preneighbourhood morphism (X, ) LN (Y, ) is proper if for every preneighbourhood

morphism (Z,4) £ (Y, ¢) and pullback X xy 7.7 , the morphism

«| lg

X Y

(X Xy Z,pu xg) &, (Z,%) is a closed morphism.
The set A, is the (possibly large) set of all proper morphisms.



Proper Morphisms

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and
Closed Morphisms”, Definition 6.1)
A preneighbourhood morphism (X, ) LN (Y, ) is proper if for every preneighbourhood

morphism (Z,4) £ (Y, ¢) and pullback X xy 7.7 , the morphism

«| lg

X Y

(X Xy Z,pu xg) &, (Z,%) is a closed morphism.
The set A, is the (possibly large) set of all proper morphisms.

Examples

(Set, Sur, Inj)
(Top, Epi, ExtMon)
(Loc,Epi,RegMon)




Proper Morphisms

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and
Closed Morphisms”, Definition 6.1)
A preneighbourhood morphism (X, ) LN (Y, ) is proper if for every preneighbourhood

morphism (Z,4) £ (Y, ¢) and pullback X xy 7.7 , the morphism

«| lg

X Y

(X Xy Z,pu xg) &, (Z,%) is a closed morphism.
The set A, is the (possibly large) set of all proper morphisms.

Examples

(Set, Sur, Inj) for internal neighbourhood spaces, usual proper maps of topological
spaces

(Top, Epi, ExtMon) for internal neighbourhood spaces, usual proper maps between the
second topology

(Loc,Epi,RegMon) for locales with T-neighbourhood systems, usual proper maps of

locales




Proper Morphisms

The T-neighbourhood system was investigated in the papers Dube and Ighedo, “More on
locales in which every open sublocale is z-embedded”; Dube and Ighedo, “Characterising
points which make P-frames”, christened in Ghosh, “Internal neighbourhood structures II:
Closure and Closed Morphisms™ and for any locale X, it is the order preserving map
Subgegion(X)*” 2% FilX defined by:

ox(S) = {T € Subgeguon(X) : (a2 € X)(S C Ola] C T)}

It is a neighbourhood system on X, and the functor with object function X — (X, 0x) is

right inverse to the forgetful functor pNbd[Loc]| Y Loc (see Ghosh, “Internal neighbourhood
structures”, Theorem 3.38)
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Proper Morphisms

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and
Closed Morphisms”, Definition 6.1)
A preneighbourhood morphism (X, ) LN (Y, ) is proper if for every preneighbourhood

morphism (Z,4) £ (Y, ¢) and pullback X xy 7.7 , the morphism

«| lg

X Y

(X Xy Z,pu xg) &, (Z,%) is a closed morphism.
The set A, is the (possibly large) set of all proper morphisms.

Examples

(Set, Sur, Inj) for internal neighbourhood spaces, usual proper maps of topological
spaces

(Top, Epi, ExtMon) for internal neighbourhood spaces, usual proper maps between the
second topology

(Loc,Epi,RegMon) for locales with T-neighbourhood systems, usual proper maps of

locales




Proper Morphisms

Theorem (Alternative characaterisation of proper morphisms, see Ghosh,
“Internal neighbourhood structures Il: Closure and Closed Morphisms’,

Theorem 6.1(a))

A preneighbourhood morphism (X, 1) LN (Y, @) is proper if and only if for every
preneighbourhood space (Z,1)), every corestriction of

(X X Z,pux 1) % (Y x Z,¢ x ) is a closed morphism.
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Separated Morphisms

Lemma (see Ghosh, “Internal neighbourhood structures Il: Closure and Closed

Morphisms”, Lemma 7.1)
If (X, ) 4 (Y, ) is a preneighbourhood morphism, kerp f —2._ X be its kernel pair,

a| Lf

X Y
df':(].X7 1x) . . .
X —————"% kerpf be the diagonal morphism, then p = ((1n x4 )|, ) and dy is an
embedding.

=] F
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Separated Morphisms

Lemma (see Ghosh, “Internal neighbourhood structures Il: Closure and Closed
Morphisms”, Lemma 7.1)

If (X, ) RN (Y, ) is a preneighbourhood morphism, kerp f —P2_ X be its kernel pair,
Pll Lf
f

kerp f be the diagonal morphism, then ju = ((ju x4 11)| ) and df is an

=(1x,1
X dr ( X X)
embedding.
Definition (see ibid., Definition 7.1)
A preneighbourhood morphism (X, ) LN (Y, @) is separated if dr is a proper morphism.
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Separated Morphisms

Lemma (see Ghosh, “Internal neighbourhood structures Il: Closure and Closed
Morphisms”, Lemma 7.1)
If (X, ) RN (Y, ) is a preneighbourhood morphism, kerp f —P2_ X be its kernel pair,

a| Lf

X Y
df':(].X7 1x) . . .
X —————"% kerpf be the diagonal morphism, then p = ((1n x4 )|, ) and dy is an
embedding.

Definition (see ibid., Definition 7.1)
A preneighbourhood morphism (X, ) LN (Y, @) is separated if dr is a proper morphism.

If every preneighbourhood morphism is continuous then f is separated if and only if d is a
closed embedding — compare with the notion of separated morphisms in Clementino, Giuli,
and Tholen, “A functional approach to general topology”.
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Separated Morphisms

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and
Closed Morphisms”, Definition 7.1)
A preneighbourhood morphism (X, ) LN (Y, ) is separated if dr is a proper morphism.

Examples

(Set, Sur, Inj)
(Top, Epi, ExtMon)




Separated Morphisms

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and
Closed Morphisms”, Definition 7.1)
A preneighbourhood morphism (X, ) LN (Y, ) is separated if dr is a proper morphism.

Examples

(Set, Sur, Inj) for internal neighbourhood spaces, continuous maps in whose fibres
distinct points have disjoint neighbourhoods

(Top, Epi, ExtMon) for internal neighbourhood spaces, separated maps between the sec-

ond topology




Properties of closed, proper and separated morphisms

Summary of properties of closed/proper/separated morphisms, given the preneighbourhood
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Summary of properties of closed/proper/separated morphisms, given the preneighbourhood
morphisms (X, 1) = (Y, ¢) £ (Z,v)

| Ad | Aw |

contain isomorphisms

contain closed embeddings
in a reflecting zero context

closed under compositions

closed under compositions

gof is closed, f is a contin-
uous formal surjection imply
g is closed

gef is proper, f is continu-
ously stably in E imply g is
proper

gof is proper, g is a
monomorphism imply f is
proper

if m e &, then f is continu-
ous implies f*m € €, f is
closed and continuous imply
f., is closed

pullback stable




Properties of closed, proper and separated morphisms

Summary of properties of closed/proper/separated morphisms, given the preneighbourhood

morphisms (X, ;1) 4 (Y.0) &

(Z,4)

| Aq

| Ao

‘ Asep

contain isomorphisms

contain closed embeddings
in a reflecting zero context

contain all monomorphisms

closed under compositions

closed under compositions

closed under compositions

gof is closed, f is a contin-
uous formal surjection imply
g is closed

gef is proper, f is continu-
ously stably in E imply g is
proper

gof is separated, f is proper
and continuously stably in E
imply g is separated

gof is proper, g is a
monomorphism imply f is
proper

geof is separated imply f is
separated

if m e &, then f is continu-
ous implies f*m € €, f is
closed and continuous imply
f., is closed

pullback stable

pullback stable




Properties of closed, proper and separated morphisms

Summary of properties of closed/proper/separated morphisms, given the preneighbourhood

morphisms (X, ;1) 4 (Y.0) & (Z,9)

| | |

geof is closed, f is a contin-
uous formal surjection imply
g is closed

A morphism X L Yis a formal surjection if y € Subpm(Y) = (Ix € Subm(X))(y
equivalently, for each y € Subu(Y), f, € E.




Properties of closed, proper and separated morphisms

Summary of properties of cIosed/proper/separated morphisms, given the preneighbourhood
morphisms (X, 1) = (Y, ¢) £ (Z,¢)

| | |

geof is proper, f is continu- | gof is separated, f is proper
ously stably in E imply g is | and continuously stably in E
proper imply g is separated

A preneighbourhood morphism (X, ,u) LN (Y, ¢) is continuously stably in E if for every

preneighbourhood morphism (Z, ) £ (Y, ¢), the pullback fy of f along g is
(( x ), 1)-continuous and is in E.



Properties of closed, proper and separated morphisms

Summary of properties of closed/proper/separated morphisms, given the preneighbourhood

morphisms (X, ;1) 4 (Y.0) &

(Z,4)

| Aq

| Ao

‘ Asep

contain isomorphisms

contain closed embeddings
in a reflecting zero context

contain all monomorphisms

closed under compositions

closed under compositions

closed under compositions

gof is closed, f is a contin-
uous formal surjection imply
g is closed

gef is proper, f is continu-
ously stably in E imply g is
proper

gof is separated, f is proper
and continuously stably in E
imply g is separated

gof is proper, g is a
monomorphism imply f is
proper

geof is separated imply f is
separated

if m e &, then f is continu-
ous implies f*m € €, f is
closed and continuous imply
f., is closed

pullback stable

pullback stable

Compare the properties for similar morphisms in Clementino, Giuli, and Tholen, “A functional
approach to general topology”, where continuous condition is automatic.




Hausdorff preneighbourhood spaces
The smallest preneighbourhood system on an object X is Suby(X)® VX, Fi1X, where:
Subm(X), ifp:(fx

VX(/D) = .
{1X}r pr?éO-X
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Hausdorff preneighbourhood spaces

The smallest preneighbourhood system on an object X is Suby(X)® Y, FilX, where:

Subm(X)‘, ifp:(TX
VX(P): .
{1X}r pr#O-X

The largest preneighbourhood system on an object X is Suby(X)™ X, Fi1X, where:

Tx (p) =71 p = {x € Subm(X) : p < x}.

The terminal object 1 being the empty product is considered as an internal
preneighbourhood space with its smallest preneighbourhood system V.



Hausdorff preneighbourhood spaces

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and

Closed Morphisms”, §7.2)
An internal preneighbourhood space (X, i) is said to be Hausdorff if the unique morphism

(X, ) tx, (1, V1) is separated.



Hausdorff preneighbourhood spaces

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and

Closed Morphisms”, §7.2)
An internal preneighbourhood space (X, i) is said to be Hausdorff if the unique morphism

(X, ) tx, (1, V1) is separated.

Since every isomorphism is separated, (1, V1) is always Hausdorff.
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Hausdorff preneighbourhood spaces

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and

Closed Morphisms”, §7.2)
An internal preneighbourhood space (X, i) is said to be Hausdorff if the unique morphism

t .
(X, 1) =5 (1, V) is separated.
Since every isomorphism is separated, (1, V1) is always Hausdorff.

In (Set,Surjection, Injection) the terminal object is singleton, V1 =11 .
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Hausdorff preneighbourhood spaces

Definition (see Ghosh, “Internal neighbourhood structures II: Closure and
Closed Morphisms”, §7.2)
An internal preneighbourhood space (X, i) is said to be Hausdorff if the unique morphism

t .
(X, 1) =5 (1, V) is separated.
Since every isomorphism is separated, (1, V1) is always Hausdorff.
In (Set,Surjection, Injection) the terminal object is singleton, V1 =11 .

However, in (CRing?, Epi, RegMon) the terminal object is Z and V{ <1.
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Examples of Hausdorff preneighbourhood spaces

(Set,Sur,Inj)  Hausdorff neighbourhood spaces are usual Hausdorff topological spaces
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Examples of Hausdorff preneighbourhood spaces

(Set,Sur,Inj)  Hausdorff neighbourhood spaces are usual Hausdorff topological spaces
(Top, Epi, ExtMon) Hausdorff neighbourhood spaces are bitopological spaces with the
second topology Hausdorff
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Examples of Hausdorff preneighbourhood spaces

(Set,Sur,Inj)  Hausdorff neighbourhood spaces are usual Hausdorff topological spaces

(Top, Epi, ExtMon) Hausdorff neighbourhood spaces are bitopological spaces with the
second topology Hausdorff

(Grp, RegEpi, Mon) every Hausdorff topological group is a Hausdorff neighbourhood space
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Examples of Hausdorff preneighbourhood spaces

(Set,Sur,Inj)  Hausdorff neighbourhood spaces are usual Hausdorff topological spaces

(Top, Epi, ExtMon) Hausdorff neighbourhood spaces are bitopological spaces with the
second topology Hausdorff

(Grp, RegEpi, Mon) every Hausdorff topological group is a Hausdorff neighbourhood space

(Loc,Epi,RegMon) every Hausdorff locale is a Hausdorff preneighbourhood space with its
functorial T-neighbourhood system

=] F
Partha Pratim Ghosh Frame 10 of 18



Alternative characterisation of Hausdorff preneighbourhood spaces

Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)

The following are equivalent for any internal preneighbourhood space (X, p):
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Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)
The following are equivalent for any internal preneighbourhood space (X, p):

(X, i) is Hausdorft.
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Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)
The following are equivalent for any internal preneighbourhood space (X, p):

(X, i) is Hausdorft.

dx=(1x,1
The diagonal morphism (X, 1) M (X x X, x ) is a proper morphism.
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Alternative characterisation of Hausdorff preneighbourhood spaces

Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)

The following are equivalent for any internal preneighbourhood space (X, p):
(X, i) is Hausdorft.

The diagonal morphism (X, 1) x={Lx, 1x)

—————5 (X x X, u x ) is a proper morphism.
Every preneighbourhood morphism with (X, 11) as domain is separated.

There exists a separated preneighbourhood morphism with domain (X, ;1) and codomain a
Hausdorff preneighbourhood space (Y, ¢).
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Alternative characterisation of Hausdorff preneighbourhood spaces

Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)

The following are equivalent for any internal preneighbourhood space (X, p):
(X, i) is Hausdorft.

The diagonal morphism (X, 1) x={Lx, 1x)

—————5 (X x X, u x ) is a proper morphism.
Every preneighbourhood morphism with (X, 11) as domain is separated.

There exists a separated preneighbourhood morphism with domain (X, ;1) and codomain a
Hausdorff preneighbourhood space (Y, ¢).

If (X, p) LN (Y, ¢) is a proper morphism stably continuously in E then (Y, ¢) is Hausdorff.
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Alternative characterisation of Hausdorff preneighbourhood spaces

Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)

The following are equivalent for any internal preneighbourhood space (X, p):
(X, i) is Hausdorft.

The diagonal morphism (X, 1) x={Lx, 1x)

—————5 (X x X, u x ) is a proper morphism.
Every preneighbourhood morphism with (X, 11) as domain is separated.

There exists a separated preneighbourhood morphism with domain (X, ;1) and codomain a
Hausdorff preneighbourhood space (Y, ¢).

If (X, p) LN (Y, ¢) is a proper morphism stably continuously in E then (Y, ¢) is Hausdorff.
IF(X <Y, ux¢) B (Y,¢) is the product projection then p, is separated.
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Alternative characterisation of Hausdorff preneighbourhood spaces

Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)

The following are equivalent for any internal preneighbourhood space (X, p):
(X, i) is Hausdorft.

dx=(1x,1
The diagonal morphism (X, 1) M (X x X, x ) is a proper morphism.

Every preneighbourhood morphism with (X, 11) as domain is separated.
There exists a separated preneighbourhood morphism with domain (X, ;1) and codomain a
Hausdorff preneighbourhood space (Y, ¢).

If (X, p) LN (Y, ¢) is a proper morphism stably continuously in E then (Y, ¢) is Hausdorff.
IF(X <Y, ux¢) B (Y,¢) is the product projection then p, is separated.

The product internal preneighbourhood space (X x Y, X ¢) is Hausdorff whenever
(Y, ¢) is Hausdorff.
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Alternative characterisation of Hausdorff preneighbourhood spaces

Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)

The following are equivalent for any internal preneighbourhood space (X, p):
(X, i) is Hausdorft.
ax=(1x, 1x)

The diagonal morphism (X, u) ———————= (X x X, pu X p) is a proper morphism.

Every preneighbourhood morphism with (X, 11) as domain is separated.

There exists a separated preneighbourhood morphism with domain (X, ;1) and codomain a
Hausdorff preneighbourhood space (Y, ¢).

If (X, p) LN (Y, ¢) is a proper morphism stably continuously in E then (Y, ¢) is Hausdorff.

IF(X <Y, ux¢) B (Y,¢) is the product projection then p, is separated.

The product internal preneighbourhood space (X x Y, X ¢) is Hausdorff whenever
(Y, ¢) is Hausdorff.

( @b‘ ) V4 zb) (X, ) is an equaliser diagram then e is a proper

morphism.
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Alternative characterisation of Hausdorff preneighbourhood spaces

Theorem (see Ghosh, “Internal neighbourhood structures II: Closure and Closed
Morphisms”, Theorem 7.3)

The following are equivalent for any internal preneighbourhood space (X, p):

(X, i) is Hausdorft.
dx=(1x,1
The diagonal morphism (X, 1) M (X x X, x ) is a proper morphism.
Every preneighbourhood morphism with (X, 11) as domain is separated.
There exists a separated preneighbourhood morphism with domain (X, ;1) and codomain a
Hausdorff preneighbourhood space (Y, ¢).

If (X, p) LN (Y, ¢) is a proper morphism stably continuously in E then (Y, ¢) is Hausdorff.
IF(X <Y, ux¢) B (Y,¢) is the product projection then p, is separated.

The product internal preneighbourhood space (X x Y, X ¢) is Hausdorff whenever
(Y, ¢) is Hausdorff.

( @b‘ ) V4 @D) (X, ) is an equaliser diagram then e is a proper

morphism.

Compare similar characterisations of Hausdorffness Clementino, Giuli, and Tholen, “A
functional approach to general topology”, especially where continuous condition is
automatic.
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The category of Hausdorff preneighbourhood spaces

Haus[A] is the full subcategory of Hausdorff preneighbourhood spaces.



The category of Hausdorff preneighbourhood spaces

Haus[A] is finitely complete, closed under subobjects and images of morphisms stably
continuously in E.
see Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”, Corollary
7.4



The category of Hausdorff preneighbourhood spaces

Haus[A] is finitely complete, closed under subobjects and images of morphisms stably
continuously in E.
see Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”, Corollary
7.4

In an extensive context with finite sum of closed morphisms closed, Haus[A] is closed under
finite sums if and only if (1 +1,V4 + V) is Hausdorff.
see Ghosh, “Internal neighbourhood structures Ill: Finite sum of subobjects”, Theorem 10.1



The category of Hausdorff preneighbourhood spaces

A category with finite sums is extensive if the sum functor
(Al A)x (A} B) 55 (A A+ B)is an equivalence of categories (see Carboni, Lack, and
Walters, “Introduction to extensive and distributive categories”, for details...).
In short, these are precisely categories where sums behave well with pullbacks.



The category of Hausdorff preneighbourhood spaces

A category with finite sums is extensive if the sum functor
(Al A)x (A} B) 55 (A A+ B)is an equivalence of categories (see Carboni, Lack, and
Walters, “Introduction to extensive and distributive categories”, for details...).

In short, these are precisely categories where sums behave well with pullbacks.

In an extensive context, a finite sum of admissible subobjects is an admissible subobject if
and only if the monomorphisms in E between finite sums are stable under pullbacks along
coproduct injections.
see Ghosh, “Internal neighbourhood structures Ill: Finite sum of subobjects”, Theorem 4.1
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The category of Hausdorff preneighbourhood spaces

A category with finite sums is extensive if the sum functor
(Al A)x (A} B) 55 (A A+ B)is an equivalence of categories (see Carboni, Lack, and
Walters, “Introduction to extensive and distributive categories”, for details...).

In short, these are precisely categories where sums behave well with pullbacks.

In an extensive context, a finite sum of admissible subobjects is an admissible subobject if
and only if the monomorphisms in E between finite sums are stable under pullbacks along
coproduct injections.
see Ghosh, “Internal neighbourhood structures Ill: Finite sum of subobjects”, Theorem 4.1

In an extensive context the following statements are equivalent:

(a) Every finite sum of closed embeddings is a closed embedding.

(b) Every finite sum of admissible subobjects is an admissible subobject and each coproduct
injection is a closed embedding.

(c) Each dense morphism between finite sums is stable under pullbacks along coproduct
injections.

In particular, in an extensive context in which finite sum of admissible subobjects is

admissible, a finite sum of closed embeddings is a closed embedding if and only if the

coproduct injections are closed.
see ibid., Theorem 5.1, Corollary 5.2
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The category of Hausdorff preneighbourhood spaces

Haus[A] is the full subcategory of Hausdorff preneighbourhood spaces.

Haus[A] is finitely complete, closed under subobjects and images of morphisms stably
continuously in E.
see Ghosh, “Internal neighbourhood structures Il: Closure and Closed Morphisms”, Corollary
7.4

In an extensive context with finite sum of closed morphisms closed, Haus[A] is closed under
finite sums if and only if (1 + 1,V 4+ V) is Hausdorff.
see Ghosh, “Internal neighbourhood structures Ill: Finite sum of subobjects”, Theorem 10.1



Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.
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Sketch of proof.
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

Sketch of proof.
Let (X, i) be an internal preneighbourhood space, d = cl,,, dx and define:
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures IV: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

Sketch of proof.
Let (X, i) be an internal preneighbourhood space, d = cl,,, dx and define:

(r1; f2) = \/{(U1, U2) c SubM(X X X) D foup = fou27

whenever (X, 1) 5 (Y, ¢) with (Y, ) Hausdorff}.
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures IV: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

Sketch of proof.
Let (X, i) be an internal preneighbourhood space, d = cl,,, dx and define:

(r1; r2) = \/{(U1, U2) c SubM(X X X) D foup = fou27

whenever (X, ) LN (Y, o) with (Y, ¢) Hausdorff}.

Let X l [%} be the coequaliser of the pair Ri;X .

rz
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures IV: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus([A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

Sketch of proof.
Let (X, i) be an internal preneighbourhood space, d = cl,,, dx and define:

(r17 r2) = \/{(Ul, U2) < SubM(X X X) D foup = fou27

whenever (X, i) LN (Y, o) with (Y, ¢) Hausdorff}.

Let X l [%} be the coequaliser of the pair RiiX . Take the largest
r2

preneighbourhood system gy on [%] such that b is a preneighbourhood morphism.
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures IV: Internal Hausdorff
Spaces’, Theorem 3.2)

Hausl[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

Sketch of proof.
Let (X, i) be an internal preneighbourhood space, d = cl,,, dx and define:

(r17 r2) = \/{(Ul, U2) < SubM(X X X) D foup = fou27

whenever (X, i) LN (Y, o) with (Y, ¢) Hausdorff}.

b

Let X — [%] be the coequaliser of the pair RiiX . Take the largest
r2

preneighbourhood system gy on [%] such that b is a preneighbourhood morphism.

Then: ([%] : uh) is a Hausdorff preneighbourhood space, (X, i) l ([%},;zw the required

reflection.

=] F
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

Remarks on the proof:
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.
Remarks on the proof:

Assumption of every morphism reflecting zero simplifies the description of Hausdorffness
— it is enough to check dx is closed.
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

(I’l, r2) = \/{(Ul, U2) c SubM(X X X) D fou = fOUQ,

whenever (X, 1) LN (Y, ) with (Y, o) HausdorfF}.

Remarks on the proof:

Assumption of every morphism reflecting zero simplifies the description of Hausdorffness
— it is enough to check dx is closed.

The subobject lattice Subpm(X) is /arge, and hence has /arge meets/joins. Extending the
set theoretic universe accommodating conglomerates as in Adamek, Herrlich, and Strecker,
Abstract and concrete categories explains the (possibly large) join for the subobject (r1, r2).
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Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 3.2)

Haus[A] is (regular epi)-reflective subcategory of pNbd[A], provided the product projections
are in E and every morphism reflects zero.

Remarks on the proof:

Assumption of every morphism reflecting zero simplifies the description of Hausdorffness
— it is enough to check dx is closed.

The subobject lattice Subpm(X) is /arge, and hence has /arge meets/joins. Extending the
set theoretic universe accommodating conglomerates as in Adamek, Herrlich, and Strecker,
Abstract and concrete categories explains the (possibly large) join for the subobject (r1, r2).

f)
Since pNbd[A] _L~Haus[A] and pNbd[A] is topological over A, Haus[A] is as

1nc1

(co)complete as the category A.

=] F
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Hausdorff reflection

In what follows the Hausdorff reflection functor is:

h: pNbd[A] — Haus[A] )

(X7ﬂ’) S <thMh>
f[ﬁ—>tf)f

(Y, 0)— (bY.0) |




Hausdorff reflection

In what follows the Hausdorff reflection functor is:

h: pNbd[A] — Haus[A] )

(X7ﬂ’) — <thMh>
f[ﬁ—>tf)f

(Y, 0)— (bY.0) |

where (hX,,uh> th (h Y, (bf)) is the unique preneighbourhood morphism such that the

diagram:
X hx X
Y - hY

commutes.



Hausdorff reflection

where (hX,uh> hﬁf (h Y, (bh) is the unique preneighbourhood morphism such that the

diagram:
hx 1 h
kerp hx X X hX
hx 2
f by
hy 1 v
kerp hy Y P hY
hy 2 Y
commutes.

Since hy is a regular epimorphism it is the coequaliser of its kernel pair as shown on the left.



Hausdorff reflection

where (hX,uh> hﬁf (h Y, (bh) is the unique preneighbourhood morphism such that the

diagram:
hx 1 h
kerp hx X X hX
| hx 2
| :
7 f br
| z
Y hy 1 e
kerp hy Y p hY
hy 2 Y
commutes.

Since hy is a regular epimorphism it is the coequaliser of its kernel pair as shown on the left.
Since hyofohx 1 = hyofohyx », there exists the unique morphism f such that the squares on
the left reasonably commutes, i.e., fohx; = hy jof, i =1,2.



Transfinite construction of Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 4.1)

In a reflecting zero context with each finite product projection in E, if (X, ) 4 (Y,0)is a
preneighbourhood morphism with codomain a Hausdorff preneighbourhood space then
kerp f is closed in (X x X, u x p).

In particular, for the Hausdorff reflection (X, ) Ix, (hX , Mf])’ kerp hx is the smallest

internal equivalence relation on X such that its quotient preneighbourhood space is
Hausdorff.
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Transfinite construction of Hausdorff reflection

- kerp (gof)----=-- ~kerpg
lu_ — -
g i gofn| |(gof) & |8
/ g fi
kerp f X - Y
f
g
V4

Evidently, kerpg < dy < g1 = g2 = u € Iso(A).

If v is an epimorphism then u € Iso(A) = kerpg < dy.
Proof:

giov = fofiou™ = fofyou™! = grov completes the proof.



Transfinite construction of Hausdorff reflection

Transfinite Construction:
Let (X, i) be an internal preneighbourhood space.




Transfinite construction of Hausdorff reflection
Step 1:

Take gg = 1x.
Then: kerp gy = dx < kerp hx.
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

qap,1

kerp gs X
95,2

s

=] F
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Transfinite construction of Hausdorff reflection

Step 2:

Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

qp,1

kerp s

48,2

Take: ps quotient preneighbourhood system on Y, Ds—=Ys = cl,,dy,.

Partha Pratim Ghosh
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

Ds
sz | |dsa
9.1 0
kerp g3 . X Ys
5,2
vs
Ys

=] F
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

I
Dy - kerp yj
dgo| |dsa Yo.2
as,1
kerp qg . X i Ys e
5,2
iz
Ys
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

Is
kerp (yz°q;3) Dy kerp ys
ksz| |ksa ds2| |dsa Vi
45,1
kerp gs : X as Y,B YB.1
5,2
yp
/
Y3
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

Is
kerp (ys°qs) Dy kerp yg
kso| |ksa dsa| |dsa Voo
45,1
kerp gs : X as Y,B YB.1
5,2
Ao yB
Y. Y
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

Is
kerp (ys°qp) Dg kerp ys

kga| |kga dsa| |dsa
qap,1
as

kerp qp X Ys
qap,2

do yﬁ
qa,1

kerp g, G2 Y, Y
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

vg

kerp (ys°qs)
kaz| |ksa
kerp qg X i
5.2
Ga,1 e e
kerp g, G2 Y. Y

=] F
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

vg

kerp (ys°qps)
kg2
kerp qs
95,2
B, o1
kerp g do2

=] F
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

kerp hx kerp (ysoqp)

\ hX71

qp,1

kerp gz

qap,2

Since kerp qg < kerp hx there exists the morphism wjs such that hx = wgeqp.

=] F
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Transfinite construction of Hausdorff reflection
Step 2:

Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

qp,1

kerp s

95,2

hX hYs

Since hX is Hausdorff, ws factors through the Hausdorff reflection hy,.

=] F
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

Ys
yB
Y, &%
wg

hX hYs

qp,1

kerp s

95,2

Since (dg,1, ds2) < kerp hy,, hy, factors through the coequaliser y;.

=] F
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

kerp hx kerp (ysoqp)

\ hX71

qp,1 as
kerp g3 X Ys

95,2

do,1 e e

qa,2 / hYB
kerp q, o Y, h | Y/B
8
Wq
hX bYs

Since wp factors through yg, hxeoks1 = wgoqgeks1 = wgoqgeks o = hxoksg,.

=] F
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Transfinite construction of Hausdorff reflection

Step 2:
Assume « is a non-limit ordinal, « = 8+ 1 and for each v < f3, g, is defined,
kerp g, < kerp hx and v < ' < § = kerpq, < kerp g,,. Consider the diagram:

kerp qg

kerp qq

Hence kerp q, < kerp hx.

=] F
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Transfinite construction of Hausdorff reflection

Step 3:
Assume « is a limit ordinal and for each 8 < «, qp is defined, kerp qs < kerp hx and
v <7 < a= kerpq, < kerpq,. Consider the diagram:

qap,1

kerp gs X
qa,2

s

=] F
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Transfinite construction of Hausdorff reflection

Step 3:

Assume « is a limit ordinal and for each 8 < «, qp is defined, kerp qs < kerp hx and

v <7 < a= kerpq, < kerpq,. Consider the diagram:

Ka
ka,Z ka 1
qp,1 as
kerp g3 X Ys
93,2
da
Ya

ka,l

Take K, /=X = \/B<a kerp qg, g, is the coequaliser of the pair (k. 1, ka2), fla is the

ka,2

quotient preneighbourhood system on Y.

Partha Pratim Ghosh
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Transfinite construction of Hausdorff reflection

Step 3:
Assume « is a limit ordinal and for each 8 < «, qp is defined, kerp qs < kerp hx and
v <7 < a= kerpq, < kerpq,. Consider the diagram:

as

kerp g3 X

da

Ya

Since kerp qg < K, there exists the morphism u, such that qg; = k, jou, for each 8 < a.

=] F
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Transfinite construction of Hausdorff reflection

Step 3:
Assume « is a limit ordinal and for each 8 < «, qp is defined, kerp qs < kerp hx and
v <7 < a= kerpq, < kerpq,. Consider the diagram:

kerp s

SB,a

kerp q,

Hence there exists the unique morphism sg,, and ts, such that gz ; = ga,°Sg,. and
Jo = tg.acqp for each f < aand i =1,2.

=] F
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Transfinite construction of Hausdorff reflection

Step 3:
Assume « is a limit ordinal and for each 8 < «, qp is defined, kerp qs < kerp hx and
v <7 < a= kerpq, < kerpq,. Consider the diagram:

kerp hx K.

shxg
hx,2§;kayz ka1

ap,1 as
kerp gz X Ys
qp,2
da,1 9o hX e
kerp q, o2 Y, s hX

Since kerp qg < kerp hx there exists the morphism wjs such that hx = wsoqs. Hence
(ka1 ka2) = Voo kerp qs < kerp hx.

=] F
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Transfinite construction of Hausdorff reflection

Step 3:
Assume « is a limit ordinal and for each 8 < «, qp is defined, kerp qs < kerp hx and
v <7 < a= kerpq, < kerpq,. Consider the diagram:

kerp hx\
\ hx 1
hX,2 \
qﬁx s
kerp gg X Ys
qB,2
qa,1 9o hX e
kerp q, o2 Y, e hX

Hence kerp q, < kerp hx.

=] F
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Transfinite construction of Hausdorff reflection

Transfinite Construction:
Let (X, ut) be an internal preneighbourhood space

There exists a transfinite sequence { (X, yt) —= (Ya,/ta) : a is an ordinal) such that:

(a) pia is the largest preneighbourhood system on Y, such that g, is a preneighbourhood
morphism, and

(b) 0 < 8 < o= kerpqs < kerp q, < kerp hx.



Transfinite construction of Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 4.2)
In every reflecting zero context with finite product projections in E and stable regular

epimorphisms, there exists a transfinite construction of the Hausdorff reflection of an internal
preneighbourhood space (X, i) for which Suby(X x X) is a small set.
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Hausdortf Preneighbourhood Spaces

Transfinite construction of Hausdorff reflection

Sketch of proof:

Take the transfinite sequence ( (X, 1) — (Yo, fte) v is an ordinal).
Since Subpm (X x X) is a small set, there exists an ordinal § such that kerp gs = kerp gs.1.
Hence ug is an isomorphism.
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Hausdortf Preneighbourhood Spaces

Transfinite construction of Hausdorff reflection

Sketch of proof:
Take the transfinite sequence ( (X, 1) —> (Y4, fta) : o is an ordinal).

Since Suby (X x X) is a small set, there exists an ordinal 8 such that kerp qs = kerp gs;1.
Hence us is an isomorphism.
Since (kg.1, ks2) is the pullback of (ys.1,ys2) along gs, regularity implies vj is an

epimorphism.
Vs
: kerp (y5°qs) Dy kerp yg
7
kﬁ,zl lkﬂ’l dﬂ,zl lj/j‘_,l/
. qp,1 as
erp gs X Vs V31
95,2 i
iz
/
Ys

Hence y31 = yg2, implying (ds.1, ds2) = cl,,dy, <kerpys < dy,, i.e, (Y3, up) is
Hausdorff.
Hence kerp hx < kerp qg < kerp hx implying (Y3, 13) = (hX,ub>.

Hausdorff Reflection Partha Pratim Ghosh Frame 14 ofD18.'. .ﬁ]



Transfinite construction of Hausdorff reflection

Theorem (see Ghosh, “Internal neighbourhood structures 1V: Internal Hausdorff
Spaces’, Theorem 4.2)

In every reflecting zero context with finite product projections in E and stable regular
epimorphisms, there exists a transfinite construction of the Hausdorff reflection of an internal
preneighbourhood space (X, i) for which Suby(X x X) is a small set.

This reminds us of a similar proof of the Hausdorff reflection of topological spaces, see, for
example Munster, “Hausdorffization and homotopy”; Munster, “The Hausdorff Quotient”
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Hausdortt Preneighbourhood Spaces

Wi

shroudsd path moander. .

Thank you. ..
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