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o We shall present a one-to-one correspondence
1N a constructive manner
between the class of all

odd or even involutive FL.-chains
and the class of

bunches of layer groups
(certain direct systems of abelian o-groups)



Residuated lattices, FL—-—aIg@bas

An algebra A = (A,A,V,-,\,/,t,1) is called a full Lambek algebra or
an FL-algebra, it

e (A, N,V) is a lattice (i.e., A, V are commutative, associative and mu-
tually absorptive),

e (A, [)is a monoid (i.e., - is associative, with unit element T ),

o r-y<ziffy<zx\ziff x < z/y, for all z,y, 2z € A,

e | is an arbitrary element of A.

Residuated lattices are exactly the +-free reducts of FL-algebras. So, for
an FL-algebra A = (A, A,V, -\, /,t,}), the algebra A, = (4,A,V, -\, /,T)
is a residuated lattice and | is an arbitrary element of A. The maps \ and
/ are called the left and right division.

* commutative: x > 4



® Fle-algebra: - is commutative

e Fl...chain : <is a linear order
e involutive : X’ =xwherex =x > f
e odd s =1

e even - X<t=x<f



o  MV-algebras - divisibility = IMTL-algebras

® e
integrality => t is in one of its extremal positions
odd or even => t is in the other extremal
position

o IMTL-algebras are semilinear (IMTL-chains)

e Qur class is the non-integral analogue of IMTL-
chains



Direct Sgstems

In mathematics, a directed set (or a directed preorder or a filtered set) is a nonempty set A together with
a reflexive and transitive binary relation < (that is, a preorder), with the additional property that every pair of

elements has an upper bound.['! In other words, for any a and bin A there must exist cin Awith a<cand b
< ¢. A directed set's preorder is called a direction.

Let (I, <) be a directed partially ordered set (note that not all authors require I to be directed). Let
A. = (4;); e 1 be a family of objects indexed by I and f;;: A; — A, be a homomorphism for all ¢ < j with
the following properties:

1. fi; is the identity of A; , and
2. Compatibility condition: f;;, = f;; o f;; forall 1 < j < k; thatis,
fij Fik ik
A — A; — A isequalto A; — Aj.

Then the pair (A,, f;;) is called a direct system over I. The maps f; are called the bonding,
connecting, transition, or linking maps/morphisms of the system. If the bonding maps are understood or
if there is no need to assign them symbols (e.g. as in the statements of some theorems) then the bonding
maps will often be omitted (i.e. not written); for this reason it is common to see statements such as "let A,
be a direct system."



A bunch of Iager groups

<Gu7 Hu; gu—>v> (Q,T,0,<x)



A bunch of Iager groups

<Gu7 Hu; gu—>v> (Q,T,0,<.)
t



A bunch of lager groups



Bunches of lager groups

<Gu7 Hu; gu—>v> (Q2V¥,0,<,)

Y/
it}
0
0




Bunches of lager groups

<Gu7 Hu; gu—>v> (Q2V¥,0,<,)

o 0

Y/
it}
0
0




Bunches of lager groups

<Gu7 Hu; gu—>v> (QW,0,<x)

for u € ¥, G, is discrete,



Bunches of lager groups

<Gu7 Hu; gu—>f0> (QW,0,<x)

for u € ¥, G, is discrete, for u € U, ¢y (u) = Su—v(uy, )



Bunches of lager groups

<Gu7 Hu; gu—>v> (QT,0,<x)

foru e ©, H, < Gy



Bunches of lager groups

<GU7 Hu; gu—>v> (QT,0,<x)

forueo, H, < G, forveEeO, ¢ maps into H,



A bunch of Iager groups

<Gu7 Hu; gu—>v> (Q,T,0,<x)



One~to~-one corresponclences

the class of odd or even
involutive FL.-chains

the class of bunches of
layer algebras
(certain direct systems
of more specific odd or -
even involutive FL.-
chains)

the class of bunches of
layer groups
(certain direct systems -
of abelian o-groups)

<Gu, Hu, gu—>'U> (Q2,0,0,<.)

Lemma 5.2. The following statements hold true.

(1) Given an odd or an even involutive FL,-chain X = (X, <,e, 4,1, f) with residual com-

plement operation ', Ax = (X, p" ") q,v,0,<,) @ a bunch of layer algebras, called the
bunch of layer algebras of X, where 7(z) = 2—4z, £ = {7(z) : x € X}, <, =< N (K XK),
k1 ={u € k\ {t}:u is idempotent}, k; = {u € x\ {t} : v’ is not idempotent}, Q, ¥, ©
are defined by

Q v [E]

{t} KJ Kr X is odd

0 ks U{t) | K1 X is even and J is not idempotent

0 Ky KU {t} X is even and f is idempotent
foruer,

X = (Xuy S0 e ),
where X, = {z € X : 7(z) = u}, <u=<N (Xu X Xu), @0 = 8|X, x X o = —6|XuxXur
forze X, 2 = T4, and for u,v € K, u <, v, p*7V: X, > X, is given by

PY(z) =ver.

Lemma 7.2. The following statements hold true.
(1) Given a bunch of layer algebras A = (Xy, pu—sv)r with & = (Q,¥,0,<,),

(72)

(73)

(7.4)

Ga = (Gu, Hy,Susv) i is bunch of layer groups, where
o(Xy) ifuef

. (xuf) fuel |
Um(X.) ifuec®

Gy = (Gus Zuyus ~yu) =

forue®,
Hy = (Hyy Sy 1) = U(ma(X)),

Kk =QUYUBO, and for u,v € k such that u <, v, Suyp : Gy = Gy is

defined by
Su—sv = Pu—sv|G,-

Call G4 the bunch of layer groups derived from A.

(2) Given a bunch of layer algebras A = (Xo, 0" ") 0,w.0,<,)» Xu = (Xu, Suy 00, e, u,u’ )

1)

(5.8)

(5.9)

(5.10)

with &/ = & =4, v/, X4 = (X,<,0,a,t,t) is an involutive FL.-chain, called the
involutive FL,-chain derived from A, where

x=U,. X
forv ek, p,: X - X is defined by

[ @) fu<evandzeX,
po(@) =1 fu>evandze X,

by denoting for u,v € k, uv = max,(u,v) for short, for x € X, and y € X,,
u=vandz <,y
z<yiff { u<evandp(z) <oy ,
u >, v and & <y pu(y)

T ey = pu(z) Suv Puv(y),

Ty =(zey'),

and t is the least element of k. X4 is odd if t € Q, even with a non-idempotent falsum if
t € ¥, and even with an idempotent falsum if t € ©.

(3) For a bunch of layer algebras A, Ax.,) = A, and for an odd or even involutive FL,-chain

(75)

(7.6)

X, Xay = X.

(2) Given a bunch of layer groups G = (Gy, Hy,Su—sv)r with & = (Q,¥,0, <),

Ag = (Xu, pusv)w is bunch of layer algebras, called the bunch of layer
algebras derived from G, where

) U Gu) ifueQ
Xu = (Xur S wr st ) = {0 1o(Gu)y fuew
Sp(U(Gu),u(H,)), fuc®

£ =QUWUBO, and for u,v € K such that u <, v, pusv : Xu — X, is

defined by
Su—sv ifu¢©
Pusv =4 Susvohy ifv>ue®
idx, ifv=ueO

where h, is the canonical homomorphism of X,,.



LN !

Lemma 5.2. The following statements hold true. e n CCS

(1) Given an odd or an even involutive FL.-chain X = (X, <,e,—,,t, f) with residual com-
plement operation ', Ax = (X, p" ") q,v.0,<,) i a bunch of layer algebras, called the
bunch of layer algebras of X, where 7(x) = z—ez, k = {7(z) : x € X}, <, =< N (kX K),
kr = {u € k\ {t} : v is idempotent}, k; = {u € K\ {t} : v’ is not idempotent}, 2, ¥, ©
are defined by

(2) Given a bunch of layer algebras A = (Xu, p"~*) (0,9.,0,<.)) Xu = (Xus Suy us ety o)

{t} K. K1 ZfX 18 odd
0 kg U{t} | k1 if X is even and f is not idempotent i 1 i dot s s e e

(5.5) X =, X

y . . . f s po: X = X is defined b
0 KJ ky U{t} | if X is even and f is idempotent e
: P =9 2 ffu>,vandzeX, ’
by denoting for u,v € = max,(u,v) for short, for x € X, dy € X,
u=vandz <,y
(5.7) z<yiff { u<xvand py(z) <oy
u >, v and T <, pu(y)
(5.8) Y= Pun(Z) ®uv pun(y),
for u € K, o

(5.10) z ey =(zey),

( 5 3) ( < $ u u;‘ ) and t is the least element of k. X4 is odd if t € Q, even with a non-idempotent falsum if
x et X —) t €U, and even with an idempotent falsum if t € ©.
.
u u) —ur» "w) B, ) ) (8) For a bunch of layer algebras A, Ajx,y = A, and for an odd or even involutive FL,-chain
X, Xay = X.

where Xy = {z € X : 7(x) = u}, <y =<N (XuXXu), 84 = @ X, xXu) e, = o|XuxXus
/

forxz e X, " =z, u , and for u,v € kK, u <, v, p*7v: X, = X, is given by

(5.4) p' 7Y (r) =veuwx.

Chalns Lemma 7.2. The following statements hold true. (2) Given a bunch of layer groups G = (G, Hy,Su—sv)x with & = (Q,¥,0,<,),
(1) Given a bunch of layer algebras A = (Xy, pu—sv)s with & = (Q,¥,0,<,), Ag = <xu»(7u4u>~ is bunch of layer algebras, called the bunch of layer
Ga = (Gu, Hy,Susv) i is bunch of layer groups, where algebras derived from G, where
©Xu) ifueQ 5) Xom (us " ngu; z:;u € g
_ ) = - : = X Sur =’ ) = o(Ga)y fuev
@ Gu=(Guun M=y (X)) uey Sp(&), (), Fuc©
€
UmX) fu £ =QUWUBO, and for u,v € K such that u <, v, pusv : Xu — X, is
Jorue®, defined by
(7.3) Hy = (Hyy Sy 1) = U(ma(X)), Susv fug¢g©
Kk =QUWUBO, and for u,v € k such that u <. v, Sy_p : Gy = G, is (7.6) Pusv =14 Suswohy fv>u€®
idx, ifv=u€O

the class of bunches of L
layer groups (Gu, Hy, usw)(@w,0,<y 700

(certain direct systems §$’

of abelian o-groups)




One~to~-one correspondences

the class of odd or even
involutive FL.-chains

Lemma 5.2. The following statements hold true.

(1) Given an odd or an even involutive FL.-chain X = (X,<, e, e, f) with residual com-
plement operation ', Ax = (Xu, p"7")(qw.0,<,.) 8 a bunch of layer algebras, called the
bunch of layer algebras of X, where 7(z) = 24z, £ = {7(z) : x € X}, <, =< N (kK XK),
kr={u € k\{t}: v is idempotent}, k; = {u € k\ {t} : «' is not idempotent}, Q, ¥, ©
are defined by

Q v |e
[} [ % K1 ['if X is odd
0 ks UL} | m1 if X is even and J is not idempotent
0 | &y | w1 U{t} | if X is even and f is idempotent
the class of bunCheS of foruee,
f—— ar Vas (53) Xy = (Xuy Sur s e u0),

Lemma 7.2. The following statements hold true.

(1) Given a bunch of layer algebras A = (X, pu—v)x With & = (Q, ¥, 0, <),
Ga=(Gy, Hy,,Gu_v)x s bunch of layer groups, where

[ 1(X,,) if u € Q)
L X“T ifuev |
\ [’(ﬂ-l(XU)) qu €0

(72) Gu — (G'LL7 jua K73 _1u7u) —

N\

for u € O,
(73) Hu — (Hu7 jua K73) _1u7u) — L(WQ(XU))7

k=QUWYU®O, and for u,v € k such that u <, v, Syup : Gy — G, 18
defined by

(74) Su—v — pu—>v|Gu .
Call G 4 the bunch of layer groups derived from A.

(2) Given a bunch of layer algebras A = (Xu, p*") (0,0.0,<.)> Xu = (Xus Sus 00y oty )
with 2”" = z 5., v/, X4 = (X,<,0,—e,t,t') is an involutive FL.-chain, called the
involutive FL,-chain derived from A, where

5.5 -
(5.5) X = U“ekxu.,
forv e, py: X = X is defined by

[ p@)  ifu<cvandzEX,
(5.6) po(z) = { = ffu>,vandzeX, ’

by denoting for u,v € k, uv = max,(u,v) for short, for x € X, and y € X,,

u=vandz<,y
(5.7) z<yiff § u<xcvandp(z) <,y ,
u>, v and z <, p(y)
(5.8) T ey = pu(z) Suv Puv(y),
(5.9) 2 =2,
(5.10) z—ey=(zey),

and t is the least element of k. X4 is odd if t € Q, even with a non-idempotent falsum if
t € ¥, and even with an idempotent falsum if t € ©.

(3) For a bunch of layer algebras A, A(x,) = A, and for an odd or even involutive FL.-chain
X, Xy = X.

(2) Given a bunch of layer groups G = ( Gy, Hy,Su—v)r withk = (Q, 9,0, <,),
Ag = (Xu, pusv)r s bunch of layer algebras, called the bunch of layer
algebras derived from G, where

. U Gy) ifueQ
(75)  Xu=(XuySuruswwt’ ) = UG, fuel |
Sp((Gu), (Hy)), ifu€®
Kk =QUUTUBO, and for u,v € k such that u <, v, pyu—sy : Xu — Xy is
defined by
Su—v ifu¢©
(7.6) Pusv =12 Suspohy fv>uUEBO |
idx, ifv=ueO

where h, is the canonical homomorphism of X,,.



One~to~-one correspondences

the class of odd or even
involutive FL.-chains

(2) Given a bunch of layer groups G = (G, Hu,gu_W) with K — (Q \I! @ < >
Ag = (Xy, pusv)k 18 bunch of layer algebras, called the bunch of layer
algebras derived from G, where

=l
oI
N

) L(Gy) if u € )
(75) XU — (X’tM Su; “uy —)u,’LL,’U,/ ) — L(Gu),[, qu c W )
Sp(L(Gy), (Hy)), ifue®

k=QUWYU®O, and for u,v € Kk such that u <, v, Py—y : Xy — Xy 18

defined by
Su—v qu ¢ S
(7.6) Pusv =% SumsvOhy ifv>ued |
1dx,, ifv=u€ 0B

where h,, is the canonical homomorphism of X,



(2) Given a bunch of layer algebras A = (X, p* ") (0, w,0,<,.)» Xu = (Xu, Suy ®us e, U, u’ )
O with ¢ = z —e., u;L, Xao = (X, <,8,—,,t,t') is an involutive FL.-chain, called the
involutive FL.-chain derived from A, where

(5.5) X = . X,
forv € kK, p, : X = X 1s defined by
1 U—rv y
V() fu<,vandz € X,
(5.6) pv(:c)—{ x ifu>,vandx € X, ’

by denoting for u,v € Kk, uv = maxy(u,v) for short, for x € X,, and y € X,,

u=vand r <,y
(5.7) r<yiff ¢ u<ovandp,(x) <,y |,
u>. v and <, pu(y)

(58) rey= Puv(w) B v puv(y)a
(5.9) o =1,
(5.10) T ey =(zey),

and t is the least element of k. X4 is odd if t € §2, even with a non-idempotent falsum if
t € ¥, and even with an idempotent falsum if t € ©.

(3) For a bunch of layer algebras A, Ax,) = A, and for an odd or even involutive FL-chain
X, X4 = X.

\LCL Lldlll U111l by OLCILILD &

of abelian o-groups)



One~to~-one corresponclences

the class of odd or even
involutive FL.-chains

(1)

the class of bunches of
layer algebras

Definition 5.1. Let (k,<,) be a totally ordered set with least element ¢, and let an ordered £
triple (K1, k7, {t}) be a partition of x, where k; and k; can also be empty. Define Q, ¥, and © =
by one of the rows of D

<X'u7 pu’_>v> <Q,‘I/,@,§,€>

(5.4)

Q \4 €]

{t} K K1

C 0 [rsu{t} Kr r -
0 K £ U{t}

Let X, = (Xu, <u,®u, ﬁ.“,u,u") be a family of involutive FL.-chains indexed by elements of x

(denote ” the respective residual complement operations), such that X, is

cancellative and odd ifueQ
(5.1) discretely ordered, cancellative and even® ifue® |
even with an idempotent falsum satisfying z e, 2/ =v/ ifuc®

and such that for u,v € k, u <, v, there exist a
(5.2)
from the residuated lattice reduct of X, to the residuated lattice reduct of X, satisfying

(A1) p?7%Wo pt7Y = puw (direct system property),

homomorphism p*~*

(A2) for u ¢ Q, p"~(u) = p*=o(u"). )
Call A = (X, p“ ") q,w,0,<,) & bunch of layer algebras. Call the X,’s the layer algebras, call :
(K, <x) the skeleton, call (Q, ¥, ©) the partition of the skeleton, and call (X, pu—v)x the direct
system of layer algebras over £. Note that & can be recovered from its partition, (and ultimately,
from A) via k=QUT UO. 73)
8 Hence with a non-idempotent falsum.
the class of bunCheS of 7

G, . H,. ¢ )

y Iy y Su—v/(Q,0,0,<.)
layer groups o
Definition 2.3. [4, Definition 6.1] Call X = (Gu, Hu,Su—v)(0,v,0,<,) & bunch of layer groups, where

(%, <x) is a totally ordered set with least element ¢, the ordered triple ({t}, ks, 1) is a partition of k, ~
where £; and £ can also be empty, 2, ¥, and © are defined by one of the rows of D —

Q v ©
{t} KJ K1
0 | ksU{t} K1
[ KJ K1 U{t}
G = (GuyZuy-u, ', u) is a family of abelian o-groups indexed by elements of x, and
H, = (Hy,Zu,u, ~'*,u) is a family of abelian o-groups indexed by elements of ©, such that

for u € ¥, G, is discrete,
for u € ©, Hy < Gu,
and such that for every u,v € K, u <, v, there exists a homomorphism g, : Gy = G, satisfying
(G1) Svsw ©Susv = Su—sw (direct system property),
(G2) for v € ©, Gu—v maps into H,.
(G3) for u € W, guso(u) = Su—soluy,),
Call the G.’s and the H,’s the layer groups and layer subgroups of X, respectively, call (k,<.) the
skeleton of X, call (2, ¥,0) the partition of the skeleton, and call (Gu,Su—v)x the direct system of X.
Note that  can be recovered from its partition, (and ultimately, from X) via k = QU T UO.

Lemma 5.2. The following statements hold true.

Given an odd or an even involutive FL,-chain X = (X, <,e,~+s,t, f) with residual com-
plement operation ', Ax = (Xu, p"7")(qw.0,<,.) 8 a bunch of layer algebras, called the
bunch of layer algebras of X, where 7(z) = 2—4z, £ = {7(z) : x € X}, <, =< N (K XK),
k1 ={u € k\ {t}:u is idempotent}, k; = {u € x\ {t} : v’ is not idempotent}, Q, ¥, ©
are defined by

Q v [E]
{t} Ky K1 if X is odd
0 ks U{t} | w1 if X is even and [ is not idempotent
0 KJ kU {t} | if X is even and f is idempotent
foru €k,
X = (Xuy S0 e ),

Tou = e |XuxXu

where X, = {z € X : 7(z) = u}, <u=<N (XuxXy), o4 = |x,x
forze X, 2 = T4, and for u,v € K, u <, v, p*7V: X, > X, is given by

P) =0

Lemma 7.2. The following statements hold true.
(1) Given a bunch of layer algebras A = (Xy, pu—sv)r

with & = (Q,¥,0,<,),
Ga = (Gu, Hy,Susv) i is bunch of layer groups, where

o(Xy) ifuef
Gy = (Gu, Zuyuy, ™u)={ 1 (Xuf) ifuev |
Ym (X)) ifue®

forue®,
Hy = (Hyy, Zuyuy 1) = o(m2(X0)),
Kk =QUWYUBO, and for u,v € Kk such that u <, v, Gusy : Gy = G, 18
defined by
Su—sv = Pu—sv|G,-

Call G4 the bunch of layer groups derived from A.

(2)

(5.6)

1)

(5.8)
(5.9)

(5.10)

Given a bunch of layer algebras A = (X, p* ") 0,w.0,<,), Xu = (Xu, Su 00, e, 00" )
with 2”" = z 5., v/, X4 = (X,<,0,—e,t,t') is an involutive FL.-chain, called the
involutive FL,-chain derived from A, where

x=U,. X

forv ek, py: X — X is defined by
L p(@) ifu<,vandzeX,
po(@) =1 fu>evandze X,
by denoting for u,v € k, uv = max,(u,v) for short, for x € X, and y € X,,
u=vandz <,y
u<xv and py(z) <oy
u >, v and & <y pu(y)

z <y iff {
T oY = pu(T) Suv Puv(¥),
zoey=(zey’),

and t is the least element of k. X4 is odd if t € Q, even with a non-idempotent falsum if
t € ¥, and even with an idempotent falsum if t € ©.

(3) For a bunch of layer algebras A, Ax.,) = A, and for an odd or even involutive FL,-chain

X, Xay = X.

(2) Given a bunch of layer groups G = (Gy, Hy,Su—sv)r with & = (Q,¥,0, <),

(75)

(7.6)

Ag = (Xu, pusv)w is bunch of layer algebras, called the bunch of layer
algebras derived from G, where

. «(Gu) ifue
Xu = (Xur S wr st ) = {0 1o(Gu)y fuew
Sp(u(Gy),(Hy)), ifue®

£ =QUWUBO, and for u,v € K such that u <, v, pusv : Xu — X, is
defined by

Su—sv ifu¢©
Pusv =194 Susvohy fv>u€cO |
idx, ifv=ueO

where h, is the canonical homomorphism of X,,.



Definition 5.1. Let (k,<,) be a totally ordered set with least element ¢, and let an ordered
triple (k, k7, {t}) be a partition of K, where k; and k; can also be empty. Define €2, ¥, and ©
] by one of the rows of . S

4

Q 1 ©
{t} KJ K
0 | ksU {t} K
0 KJ kr U {t}

tl

- Let Xy = (Xu, <u, &4, e, U, v ) be a family of involutive FL.-chains indexed by elements of

(denote " the respective residual complement operations), such that X, is S
cancellative and odd if u € 0

(5.1) discretely ordered, cancellative and even® ifueVv | R
even with an idempotent falsum satisfying z e, ¢ =u" ifuecO i

and such that for u,v € k, u <, v, there exist a ettt i

1 odd or even involutive FL.-chain

U—v

( (5.2) homomorphism p

C from the residuated lattice reduct of X, to the residuated lattice reduct of X, satisfying
(A1) p?7%W o pt7 = p¥ W (direct system property),
(A2) for u & Q, p* 7Y (u) = p*Y(u ). = 0.9,0,50,

18, called the bunch of layer

Call A = (X, p"7") 0, v,0,<,) & bunch of layer algebras. Call the X,’s the layer algebras, call s
(k,<,) the skeleton, call (Q, ¥, ©) the partition of the skeleton, and call (X, pu_ss ). the direct === nx"xs
system of layer algebras over k. Note that k can be recovered from its partition, (and ultimately, -

from A) viak =QU T U O.
\ MUy 22U DSU—V/(VL,W,09,< k)

8 . .

Hence with a non-idempotent falsum.
Definition 2.3. [4, Definition 6.1] Call X = (Gu, Hu,susu)(0,0,0,<,) & bunch of layer groups, where N
(k,<x) is a totally ordered set with least element ¢, the ordered triple ({t},,,%1) is a partition of 3

Ky
where k7 and £, can also be empty, 2, ¥, and © are defined by one of the rows of _—a < -
Q v E]
{t} KJ K1
0 | ksU{t}
K

Kr
0 KrU{t}

= (Gu, Zu,u, ~'*,u) is a family of abelian o-groups indexed by elements of x, and
= ~!v,u) is a family of abelian o-groups indexed by elements of ©, such that

for u € U, G, is discrete,

and such that for every u,v € k, u <, v, there exists a homomorphism ¢, : G — G satisfying

(G1) Susw © Susv = Su—sw (direct system property),

(G2) for v € ©, Gusu s into H,,.

(G3) foru €V, guyy (uy,
Call the Gu’s and the H.’s the layer groups and layer subgroups of X, respectively, call {k, <x) the
skeleton of X, call (Q, ¥, ©) the partition of the skeleton, and call (Gu,su—v)x the direct system of X.
Note that & can be recovered from its partition, (and ultimately, from X) via k = QU W U®.




One~to~-one corresponclences

d Gu, Hu, g’UJ—)’U <Q,\Ij,@7<ﬁ',>

Definition 2.3. [4, Definition 6.1] Call X = (Gu, Hu, Su—v)(,v,0,<,) & bunch of layer groups, where
(k,<k) is a totally ordered set with least element ¢, the ordered triple ({t}, s, kr) is a partition of k,
where k7 and ks can also be empty, €2, ¥, and © are defined by one of the rows of

t
Q 1 ©
{t} KJ KT

( 0 | kyU{t} K1

C 0 KJ k1 U {t}

(Gu,y Ruy u, ~lu u) is a family of abelian o-groups indexed by elements of x, and
H, = (Hy,=u,w, ', u) is a family of abelian o-groups indexed by elements of ©, such that

for u € ¥, G, is discrete,
foru e ©, H, < G,

and such that for every u,v € k, u <, v, there exists a homomorphism ¢,—,, : G, — G, satisfying

(G1) Svow © Susv = Su—w (direct system property),

(G2) for v € O, ¢y, maps into H,.

(G3) for u € U, ¢uyo(u) = Susw(uy,),
Call the G,’s and the H,’s the layer groups and layer subgroups of X, respectively, call (k,<.) the
skeleton of X, call (2, ¥, ©) the partition of the skeleton, and call { Gy, <u—v)x the direct system of X.
Note that k can be recovered from its partition, (and ultimately, from X) via k = QU ¥ U ©.



One~to~-one corresponclences

the class of odd or even
involutive FL.-chains

the class of bunches of
layer algebras
(certain direct systems
of more specific odd or
even involutive FL.-
chains)

the class of bunches of
layer groups
certain direct systems
of abelian o-groups)

(5.4)

Lemma 5.2. The following statements hold true.
(1) Given an odd or an even involutive FL,-chain X = (X, <,e, 54,1, f) with residual com-

plement operation ', Ax = (Xu, p"7")(qw.0,<,.) 8 a bunch of layer algebras, called the
bunch of layer algebras of X, where 7(z) e, k= {7(z) 1z € X}, <, =< N (KXK),
k1 ={u € k\ {t}:u is idempotent}, k; = {u € x\ {t} : v’ is not idempotent}, Q, ¥, ©
are defined by

Q v [E]

{t} Ky K1 if X is odd

0 ks U{t} | w1 if X is even and [ is not idempotent

0 KJ kU {t} | if X is even and f is idempotent
foruer,

X = (Xuy S0 e ),
where X, = {z € X : () = u}, <u=<N (XuxXu), 00 = €)X, xX,s —ou = o[XuxXus
forze X, 2 = T4, and for u,v € K, u <, v, p*7V: X, > X, is given by

PY(z) =ver.

Lemma 7.2. The following statements hold true.
(1) Given a bunch of layer algebras A = (Xy, pu—sv)r with & = (Q,¥,0,<,),

(7.2)

(73)

(7.4)

Ga = (Gu, Hy,Susv) i is bunch of layer groups, where
o(Xy) ifuef

. (xuf) fuel |
(m (X)) fueo

Gy = (Gus Zuyus ~yu) =

forue®,
Hy = (Hyy, Zuyuy 1) = o(m2(X0)),

Kk =QUYUBO, and for u,v € k such that u <, v, Suyp : Gy = Gy is

defined by
Su—sv = Pu—sv|G,-

Call G4 the bunch of layer groups derived from A.

Gfu,, H’U,) Su—v <Q,\Ij,@,§/<,>

(2) Given a bunch of layer algebras A = (Xo, 0" ") 0,w.0,<,)» Xu = (Xu, Suy 00, e, u,u’ )

(5.6)

1)

(5.8)

(5.9)

(5.10)

with 2”" = z 5., v/, X4 = (X,<,0,—e,t,t') is an involutive FL.-chain, called the
involutive FL,-chain derived from A, where
x=U,. X

forv €k, py: X — X is defined by

@) = P (z) fu<.vandz € X,

P =9 2 ffu>,vandzeX, ’

by denoting for u,v € k, uv = max,(u,v) for short, for x € X, and y € X,,
u=vandz <,y

z<yiff § u<xcvandp(z) <,y ,
u >, v and T <y pu(y)

T ey = pu(z) Suv Puv(y),

Ty =(zey'),

and t is the least element of k. X4 is odd if t € Q, even with a non-idempotent falsum if
t € ¥, and even with an idempotent falsum if t € ©.

(3) For a bunch of layer algebras A, Ax.,) = A, and for an odd or even involutive FL,-chain

(75)

(7.6)

X, Xay = X.

(2) Given a bunch of layer groups G = (Gy, Hy,Su—sv)r with & = (Q,¥,0, <),

Ag = (Xu, pusv)w is bunch of layer algebras, called the bunch of layer
algebras derived from G, where
. U Gu) ifueQ
Xu = (Xur S wr st ) = {0 1o(Gu)y fuew
Sp(u(Gy),u(H,)), ifuec®
£ =QUWUBO, and for u,v € K such that u <, v, pusv : Xu — X, is
defined by

Su—sv ifu¢©
Pusv =194 Susvohy fv>u€cO |
idx, ifv=ueO

where h, is the canonical homomorphism of X,,.



The (direct) Rel:)resentation Theorem

(A) Given an odd or an even involutive FL.-chain X = (X, <,-,—,t, f) with residual com- forv €k, p, : X = X is defined by

. /
plement operation ', Susso(Z)  ifz € Gy, andu <, v,

Xx = (Gu, Hy, Suso) (0,9,0,<,.) po(z) = x ifx € Gy and u >, v,
is bunch of layer groups, called the bunch of layer groups of X, where o Sumv(z) ifxz® € HY and © 5> u <, v,
pv(z') - ° ; o °
T ifx®* € HY and © > u >, v,

k={z—z:xz€ X} ={u>t:u is idempotent} is ordered by <,
by denoting for u,v € Kk, wv = max,(u,v), for x € X, and y € X,

kr ={u € k\ {t}:u is idempotent},
! { \{ } P } x <y iff Puv(l') <uw puv(y) except if u >, v and puv(m) = puv(y)lla

ky={u€ r\{t}: v is not idempotent}, foru€®, hy: X, —G
) u * u us

Q, ¥, O are defined by

v ©
{t} KJ Kr if X is odd for z,y € X,
0 K1 if X is even and f is not idempotent { (R () -u ha(1))®

0 KJ krU{t} | if X is even and f is idempotent Ty =19 hu(®) wha(y)
Ty
forz e X, andy € X,,
Gu = (Gua S, Yy _1,21,) Zf'u' € K, Y = puv(m) ‘uv puv(y)a
Hu = (HuaS"a _1’u) if“‘E@’ fOT‘.’IIEX,

whereXu={x€X:x—>x=u},Hu={x€Xu:xu’<x},P.Iu={xu’:eru}, (z*) - ifue® and z* € H,

foru € K,

X, ifuég®© ifue® and x € H,
Gu:{xu\H; ifue® ifue® andz e G, \ H,
ifu€eQand x e Gy ’
zt=2—u, ifueVYandz e G,

forz,ye X,

and for u,v € Kk such that u < v, Gy, : G, = G, is defined by

z—y=(zvy),

gu—ru(x) = vx. ' ' ' Y ( Y )
— 18 the residual operation of -,

1 t is the least element of k,

Given a bunch of layer groups X = (G, H,, Cu_m><9,\p’9,gn> with Gy, = (Guy Sy uy 4, u)

Xy =(X,<,-, =, t,t) f 1is the residual complement of t,

is an involutive FL.-chain with residual complement’, called the involutive FL.-chain of and is given by T o
X, where k = QUYUO, foru € kK, (t_l) z.fue

. t ifue
(8.4) X, = { Gu ifug®, t=1,  ifue U

G., U Hy ifu€®, In addition,
(where H? = {h® : h € H,} is a copy of H, which is disjoint from G,,), (8.15) pv(x) =vr forvek andx € X,

(8.5) X = U Xu, Xx is odd if t € Q, even with a non-idempotent falsum if t € ¥, and even with an
uek idempotent falsum if t € ©.

if u & © then <, ==y, if u € © then <, extends <X, to X, by letting
¢ “ w “ “ “ 1 Alternatively, one may write the ordering on X in a lexicographic fashion by z < v iff puw(z) <uww puv(y) or

(8.6) a® <, b* andx <y a® <,y ifa,b€e Hy, x,y € Gy, a <y b, x <y, a 3, v, puv () = puv(y) and u <, v.




The clenselg ordered case

If X is densely ordered then for u € (2
H, — U §5—>U( Gs)
KoS<gU

and hence the representation of X by layer groups can be written in a simpler
form:

<Gm gu_w)(ﬂ,\I!,@,gR)-



Examples

e If G is a totally ordered abelian group then G = X4, where
g — <G7 ®7 ®><{t},@,@,§n> )

Denote by 1 the trivial (one-element) group.

e Totally ordered even Sugihara monoids are exactly the algebras X4, where
G = (Lus Ly * 7" (0,0,m,<,)-

e Totally ordered odd Sugihara monoids are exactly the algebras X 4, where
G = (Luy Lu, " 7% (0a),0,m\ (1}, <.)-

e Finite partial sublex products of totally ordered abelian groups have been
shown in [24] to be exactly those odd involutive FL.-chains which have
finitely many positive idempotent elements. These are exactly the algebras
X 4;, where k is finite in

g — <GU7 Hu7 gu_)v><{t},”‘3J,’€I,Sm>'

[24] S. Jenei, The Hahn embedding theorem for a class of residuated semigroups, Studia Logica
(2020) 108: 1161-1206

e Algebras which can be constructed by the involutive ordinal sum construc-
tion of [22] are exactly the algebras X4, where
G = (Gus Lus "7 )(13,0,m\ (1, <)

[22] S. Jenei, Co-rotation, co-rotation-annihilation, and involutive ordinal sum constructions of
residuated semigroups, Proceedings of the 19*! International Conference on Logic for Pro-
gramming, Artificial Intelligence and Reasoning, 2013, Stellenbosch, South Africa, paper 73



o A representation theorem (via a one-to-one correspondence) has been
presented in a constructive manner
for the class of all

odd or even involutive FL.-chains
by means of

bunches of layer algebras
(certain direct systems of more specific odd or even involutive FLe-chains)
and the class of

bunches of layer groups
(certain direct systems of abelian o-groups)



o The ArXiv link of the related paper along with the link to a more
detailed talk on the very same subject are in the abstract

o https:/ / sites.google.com / view / nonclassicallogicwebinar / talks

——

1 » Nonclassical Logic Webinar, February 5, 2021 !







