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Abstract. The only known example of an orthomodular lattice (abbreviated: OML) whose MacNeille
completion is not an OML has been noted independently by several authors, see Adams [1], and is based
on a theorem of Ameniya and Araki [2]. This theorem states that for an inner product space V, if we
consider the ortholattice £ (V, L) ={4 < ¥V: 4 =411} where 4+ is the set of elements orthogonal to
A, then Z(V. 1) is an OML if and only if V is complete. Taking the orthomodular lattice L of finite or
cofinite dimensional subspaces of an incomplete inner product space V, the ortholattice #(V, 1) is a
MacNeille completion of L which is not orthomodular. This does not answer the longstanding question
Can every OML be embedded into a complete OML? as L can be embedded into the complete OML
Z(V, 1), where ¥ is the completion of the inner product space V.

Although the power of the Ameniya—Araki theorem makes the preceding example elegant to present,
the ability to picture the situation is lost. In this paper, I present a simpler method to construct OMLs
whose MacNeille completions are not orthomodular. No use is made of the Ameniya—Araki theorem.
Instead, this method 1s based on a construction introduced by Kalmbach [7] in which the Boolean
algebras generated by the chains of a lattice are giued together to form an OML. A simple method to
complete these OMLs is also given.

The final section of this paper briefly covers some elementary properties of the Kalmbach construc-
tion. I have included this section because I feel that this construction may be quite useful for many
purposes and virtually no literature has been written on it.
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1. Preliminaries

In this section, the elementary facts regarding ortholattices, orthomodular lattices,
MacNeille completions of ortholattices, ultraproducts of algebras and Boolean
algebras generated by chains are reviewed. A fairly detailed description of the
Kalmbach construction is also given. As this construction is encountered through-
out the entire paper, a good understanding of how it works is essential.

An orthocomplementation on a lattice L is a map x —x’ of L which is an
antimonotone complementation of period two. An ortholattice is a pair (L, ) where
L is a lattice and ’ is an orthocomplementation on L. An OML is an ortholattice
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(L, ") which satisfies the orthomodular law:

forala<beL,av(a rb)=b (1.1)
or its equivalent form

forallag<beL,bAra =0Iif and only if a = b. (1.2)

It is customary to refer to an ortholattice (L, ") by L when no confusion is possible.
For further information on ortholattices and OMLs the reader should see [8].

An ideal of a lattice L is the intersection of a collection of principal ideals if and
only if it is the set of lower bounds of its upper bounds. Such ideals are called
normal ideals. L, the set of all normal ideals of L, forms a complete lattice under
set inclusion and is referred to as the completion by cuts or the MacNeille
completion of L (see MacNeille [10]). It follows easily that L contains an isomor-
phic copy of L as a join and meet dense sublattice.

For an ortholattice (L, ’) an orthocomplementation L may be defined on L by

I ={x eL:x’"is an upper bound of I}.

This orthocomplementation extends that of L and is uniquely determined by this
property (see MacLaren [9]). When we refer to the MacNeille completion of an
ortholattice (L, "), we will mean the ortholattice (L, 1).

Given a family of algebras (A4,),.; of the same type, and a first order formula
@(x, ..., x,) in the language of these algebras and a,, ..., a, € Il 4, define

[otar,...,a)]={iel: 4; F o(a,(@), ..., a,()}. (1.3)
For % an ultrafilter over the set I the relation ® on II A4, defined by
a®p if and only if [a=b]e#

is a congruence on IT A,. We follow the customary practice of using % and the
associated congruence @ interchangibly. The ultraproduct of (A4,), over % is defined
to be (I1 4,)/@ and is denoted by Il 4, /%. A very useful theorem due to Lo$ states

114./% ¥ oa,j%, ..., a, %) if and only if [o(a,,...,a,)] € %. (1.4)
el
For further information on ultraproducts and universal algebra see {5].

For a bounded chain C, let # be the field of subsets of C — {1} generated by the
sets A, ={y € C:y <x} where x ranges over C. As every element of # has a
unique representation of the form

U (4., —A4,, ) where x; <x,< "+ <Xxp,€C

=1
the set #(C) of all finite, even length chains in C carries a natural Boolean
structure. For x € #(C) let I(x) be half of the length of x and let x;, ..., xy be
the elements of x in order of increasing size. Then if <X and 1 are the induced



ORTHOMODULAR LATTICES AND THEIR MACNEILLE COMPLETIONS 95
partial ordering and orthocomplementation on %(C) we have for x, y € 4(C)

x Xy if and only if for each 1 <i < I(x) there exists 1 <j <I(y)

such that y, ;| <xp,_, <X <y,
and that x* is defined by
xuxt=xu{0,1} and xnx*=x-{0, 1}. (1.6)

It is immediately evident that #(C), with the natural Boolean structure, is generated
by a sub-chain which is isomorphic to C. We cali 4(C) the Boolean algebra
generated by the chain C. For basic information on Boolean algebras generated by
chains see [3, pages 105-109].

With the above discussion of Boolean algebras generated by chains, it is a simple
matter to describe the Kalmbach construction. For a bounded lattice L, define the
set #°(L) to be the union of the sets #(C) where C ranges over all 0, 1 sub-chains
of L. Define a map L: #(L) - (L) to be the union of the complementations on
the #(C) and define a relation <X on (L) to be the union of the partial orderings
on the #(C). It is shown in [7] (a more accessible reference may be {8, page 230])
that (#°(L), L, <) is an OML. The proof follows by giving a recursive method for
calculating joins and meets in (L) and is outlined below.

From (1.5) it follows that =< is a partial ordering and from (1.6) it follows that
1 is indeed a function. For elements x, y of #'(L), if x Ly is a chain of L then the
supremum and infinum of these elements in #(x vy L {0, 1}) are their supremum
and infinum in #°(L). Therefore, it follows immediately from (1.5) that #7(L)
satisfies (1.1), so if #'(L) is indeed a lattice, it is an OML.

For x, y elements of #°(L), if /(x) = | then x v y exists. The proof is by induction
on /(). Assume that x Uy is not a chain of L, and therefore that /(y) > 0. It is
easily verified that

{x1, %2} v {1, 2} ={x1 Ay, x; v} if {x,, X2, ;. ¥2} is not a chain. (1.7)

Setting z, = {y,_ 1,y for each 1 <i </(y) and taking k least such that x Uz, is
not a chain, by (1.7) x v z; exists and by inductive hypothesis (x v z,) v (y —z;)
exists, so

xvy=(xvI)viy—z) (1.8)
For x an y nonzero elements of X(L), setting w; = {x,,_,,x,} for each
1 <i<(x), we have
xvy=(((y vw) vwy) )V wy. (1.9)
For x and y elements of (L), to see that the infinum of x and y exists first note

that

X, vyLx, Apm) ifx, vy <x Ay,

0 otherwise (1.10)

iflilx)y=iy)=1 thenx/\y:{
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But, z is a lower bound of {x, y} if and only if for each 1 < k <I(z) there exists
1<i<(x), and 1 <j <I(y) such that x,,_ | vV y, 1 <Zy_ | <Zy <X3 A Yy SO

X /\y =\/{{‘x2171’x21} A {J’2j—1,J’2j}3 1 Signa 1 <]<m} (111)

If z is the result of an operation on elements x, y of #°(L) then z is a chain in the
sublattice of L generated by x uy L {0, 1}. This follows immediately from (1.6) for
the operation L and by a simple induction using (1.7) through (1.9) for join. Then
(1.10) and (1.11) provide the result for meets. As a corollary of this observation,

if M is a 0, I sublattice of L then /(M) is a subalgebra of J#'(L). (1.12)

2. Completions of #°(L)

PROPOSITION 2.1. For L a boundzd lattice, the MacNeille completion of # (L) is
an OML if and only if the condition (1) holds in L.

(H) If (C);, (D)), are two families of closed intervals in L such that
@+ () C. < () D, then there exists x, y € [} D, such that x <y and either x
is an upper bound of () C, or y is a lower bound of N C.

Proof. Assume that L is a bounded lattice and the MacNeille completion of
HA°(L) is an OML. Take two families of non-degenerate closed intervals in L, say
([a,. b,]); and ([¢,,d,]),, and set X = (| {[a,.b,]:i €I}, Y =(){lc,,d]:jeJ}. As-
sume that @ # X < Y. For each ie [l let A, =[«, {a,, b}, and for each jeJ
let B =[<,{c,d}yu Set A=(){4,:iel}, and B=[){B,:jeJ}, then
A={xeAH(L):x<X}and B={ye A (L):y < Y}. As 4, is a principal ideal of
A (L) for each i € I, A is a normal ideal of X#'(L), as is B.

But @ # X < Y, so there exist f,g € L such that fe X and g € (Y — X). Then
{fAagfvg}eB— A, but we assumed the MacNeille completion of (L) was on
OML, so by (1.2) Bn A+ # {0}. Take z € Bn A+, such that I(z) #0. Then z* is an
upper bound of 4. But X is a convex sublattice of L, so one of {0, z,}, {zy,, 1},
Of {zo, 2ok 41} for some 1<k <I(z), is an upper bound of 4. Asze B,z S Y, so
if {0, z,} is an upper bound of A4, then z,, z, respectively serve the roles of x, y in
(). If {35, 1} is an upper bound of A4, then z,., |, Z,, serve the roles of x, y:
and if {z,;, 25, , } is an upper bound of A, then z, , ;, 2, . , serve the roles of x, y.
So, if the MacNeille completion of #°(L) is an OML then L satisfies (7).

For the converse, suppose that (1) is satisfied in L and that A4, B are normal ideals
of J#°(L) such that § # A = B. We must show that Bn A+ # 0.
Let U(A), U(B) be the set of upper bounds of 4 and B in (L) respectively. Set
F ={fe NVD: 1 f(x) <I(x) for all x e U(A)}
% ={g e NV [ L g(x) <Ix) for all x € U(B)}
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and for fe #,g €9 set

Xf = mer(A) [x2f(x) ~1s x2f(x)]

and
Yg = ﬂxe UB) [x2g(x)~ 1> ng(x)]-

Then for x e #°(L), as 4 is a normal ideal, x € 4 if and only if x <y for all
y € U(A) if and only if for each 1<i</(x) and each y e U(4) there exists
1 <j<Hy) such that [x,, , x5,] S[y5 -1, ¥,] if and only if for each 1<i</(x)
there exists f € # such that [x,,_, x,] € X}.

As A < B, there exists x € (B — A4) with I(x) =1 and therefore ge ¥ with
[xi, x]e¥,.

Assume that A, = g implies that X, =0 for all h e #. For each z € 4 with
l(z) =1 we have [z,, z,] € X}, for some h e F. As h(y) # g(y) for some y € U(B)
and 2 < {Van(yy 15 Yonio §» X = Wae0 - 1> Vag(yy  WE have x <z+. So, x Xz* for all
z € A, and therefore x e BN A*.

If there exist f,he# such that 0#£X,c Y, ,0#X,<Y, then for some
y € U(4) — U(B) f(y) # h(y). So.

Yo Vo — 15 Yol 2 X, # ]

and
Y, 0oy — 15> Y] 2 X # 9.

Assuming that f(y) <h(y), as Y, is convex, [Vy,)sVary+1] S Y. Then
(Vs> Varon+ 1) € B, and as {¥ary, Vosy 4+ 1) <y~ € A+ we have finished.

As @ is not an upper bound of 4, there exists an f € # such that Jivwy =g By the
above discussion we may assume that f is the unique element of % such that
0 +#X, S Y,. But [x,,x;] € Y, so X, # Y,. Applying () we find a, b € Y, such that
a < b and either a is an upper bound of X, or b is a lower bound of X. In either
case, {a,b} e BnA™ .

The following result is somewhat surprising in view of the fact that ¥ (L) is
complete if and only if it is finite.

COROLLARY 2.1. If L is a bounded lattice, then H# (L) can be embedded into a
complete OML.

Proof. Tt is easy to see that (1) is satisfied by any complete lattice. If we let L
denote the MacNeille completion of L, then as L is a sublattice of L, by (1.12)
H(L) is a sub-OML of #°(L). But L is complete, so #'(L) is an OML and (L)
is a sub-OML of A#'(L).

COROLLARY 2.2. There is a bounded lattice L such that the MacNeille completion
of A (L) is not an OML.
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Proof. In the lattice L, depicted below, where it is to be understood that a, <
Cm» d,, and b, < d,, for all n, m € N, the families ([ag, ¢,]),en and ({ag, d,]).en Violate

(1)

do
di
Co d2
C1 d3
Co
C3 .
. b3
by
asz bl
as bO
ay
Qo

Lo

PROPOSITION 2.2. For a family (L,),c; of bounded lattices and an ultrafilter U
over the set I, A (I1 L, |9} can be embedded into Y1 4 (L,)[%.

Proof. Let S be the collection of all subsets of I1 L, which have even cardinality.
With n, being i projection of II L,, define a map p: S —IT A°(L,) as follows

o fm[X] if n,[X]eH(M,) and |z, [X]| = |X]
PO = {Q) otherwise

If zeX(TTL,/%) and ay, ..., Gy by, ..., by, €Il L, are such that a, /% =
b,/ =z, for each 1<i<2I(z) then, as # is closed under finite intersections,
p{a,: 1<i<2()N/% = p({b,: 1 <i<2l(z)})/%. Therefore, we may define a map
B: A (NLL,jU)->T1 A (L)% by

B =p({xy, ... Xopy /U if z, = x, /U for all 1 <i<2(z).
For x,y e #(I1 L, /%) choose ay, . .., ay, € 1 L, such that a,/% = x, for each
1<i<2(x) and choose b,,.... by, €Il L, such that b /% =y, for each
1<j<2l(y). Let @(py, ...\ Py G1s - - - » Gaiy) be the first order formula which

says that for each 1<i</(x) there exists 1<j</(y) such that ¢, | <
Do 1 <Dy <q,. Then using ¥o§ theorem (1.4) and the fact that
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[a, <+ <ayy], [by <+ <byg, ] €U we have

x=yif and only if [TL /% E @(x1. ..., Xai005 ¥1s -+ - Yariyy)
if and only if [(a,, . .., ayey. b1y - - by | €%
if and only if [@(a,, . . ., @y b1, - - -5 bucy) ]
Na, < <ayy]nbi< - <byy]e¥
if and only if [p({a,: 1 <i<2)})<p({b: 1<j<2U(»)}]e¥
if and only if f(x) < B(»).

Therefore f is an order embedding. By similar methods we can easily check that f
is compatible with L.

To put the next result in the proper context, it is shown in [4] that any variety of
OMVL’s which is generated by a single finite OML, is closed under the formation of
MacNeille completions. It is not unreasonable to hope that the variety which is
generated by all the finite OML’s would also have this property. This would settle
a basic question about OMUL’s. Is the variety of OML’s generated by its finite
members? Unfortunately, the following result nullifies this approach.

COROLLARY 2.3. There is an OML in the variety generated by the finite OMLs
whose MacNeille completion is not an OML.

Proof. For each natural number n, let M, be the interval [q, b,] in L,, and for
each m >0 define 4,,, B,,, C,,, D,, e Il M,, by A4,,(n) = anunimm> Bn(") = bnimny »
Cn(n) = Graxin— moy 804 D,, (1) = bypaxin—moy- Let % be a non-principal ultrafilter
over the natural numbers and define o: L,— I M, /% by setting «(a,,) = A, /%,
ab,,) =B, %, a(c,) =C,, /% and a(d,,) = D,,/%. It is an easy matter to check that
o is a 0,1 lattice embedding. Then #°(L,), whose MacNeille completion is not
an OML, can be embedded into # (Il M, /%) which can be embedded into
T (M,)/%. As #(M,) is finite for each choice of n, the proof is finished.

The fundamental question as to whether every OML can be embedded into a
complete OML is still open, as is the problem of characterizing the OML’s that
have orthomodular MacNeille completions. I hope that the above examples will be
of some help in answering these questions.

3. Properties of the Construction

This section is primarily intended for the reader who may wish to make use of the
Kalmbach construction. Several elementary properties of the OMLs arising from
this construction are given. This is by no means intended to be a thorough
exposition, but it does illustrate some techniques which are useful when working
with the construction.

The reader should see [8] for information on orthostructures, [5] for universal
algebra and [3] for Boolean algebras.
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PROPOSITION 3.1. Applying the Kalmbach construction to a bounded poset pro-
duces an orthomodular poset.
Proof. This is entirely trivial.

PROPOSITION 3.2. Let L, M be bounded lattices,

(i) L is a 0,1 sub-lattice of A (L).

() If L is a 0,1 sub-lattice of M, then A (L) is a sub-OML of A (M).

@iy AL x A M)Y=A(LD®M/O(1,,0,)), where @ is ordinal sum, and
O(x, y) is the congruence generated by {x, y}.

(v) A (L) has a full set of dispersion free states.

(v) For x,y € #(L), x commutes with y if and only if x Uy is a chain in L.
(vi} The blocks of A (L) are exactly the B(C) where C is a maximal chain of L.
(vii) The centre of A (L) is B(D), where D is the set elements of L which are

comparable to all others.
Proof. (i) For 0#x e L, set o(x) ={0,x} and let @(0) =0. Then ¢ is the
required lattice embedding.
(ii) This was already noted in (1.12).
(iii) For x e #'(L), y € # (M) define

B ] -1 b ) - o D]t i o] =01l
v y) = {{[z] izexuy} otherwise

where [x] is the ®(1,,0,,) equivalence class of x. Then y is the required isomor-
phism.
(iv) For each a <1 e L define «,: L —> {0, 1} and B,: H#(L) > {0, 1} by setting

0 ifc<a )
aa(c) - {l OtherWiSC and ﬁa(x) - l;} (aa(XZI) - aa(x2i— 1))
Then {f,:a<1eL} is a full set of dispersion free states.
(v) If x Uy is a chain of L, then x, y € Z(x Uy) and therefore commute. If a € x
is incomparable to b € y, then the commutator of x and y, y(x, y) = {a A b,a v b}.
(vi) and (vii) follow easily from (v).

The following proposition will give a characterization of the congruences on (L)
in terms of the underlying lattice L. The proof is messy, and it may be of help to
first think of the proposition in the case that L is chain finite. In this case, the
p-ideals of A (L) correspond to the intervals [0, ¢] where ¢ is central in J(L).

DEFINITION 3.1. For a bounded lattice L, we say that M < L is a middle set of
L if M is a convex sublattice of L and for all x € L — M either x is an upper bound
of M or x is a lower bound of M. We define a middle system of L to be a set of
pairwise disjoint middle sets of L. For .# a middle system of L, set

Ba=\{M*Med}UA,
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and
P, ={xeA(L):for each 1 <i<I(x), {xy,_,, X5} &M for some M e .#}.

PROPOSITION 3.3. If L is a bounded lattice, then for each middle system # of L,
By is a congruence on L, P, is a p-ideal of # (L) and A (L)/P , = A (L/B ,).
Further, each p-ideal of #'(L) is equal to p_, for some middle system M of L.

CLAIM 1: P, is a p-ideal of J'(L).

Proof. Take x,y e #'(L). If x<Xy and y € P, then for each 1 <i </I(x) there
exists 1<j<I(y) such that y, |, <x,_, <x, <y,; as each M e .# is convex,
x € P,.If x, and y are both in P, then, by a simple inductive argument using (1.7)
through (1.9), x vy e P,. So, P, is an ideal of #°(L).

We must show that for xe P,y A(ytvx)eP,. For Me# let S, =
(xu) M, ay = A\Su by =\/Su, and z =\/{{ay, by }: ay, <by }. Note that
z e P andsincex € P, x X z. Also, z U yis a chain, so zcommutes with y. Therefore

yArv)SyA(ytv=yarzeP,.

CLAIM 2: If I is a p-ideal of (L), there exists a middle system .# of L such
that I = P./[‘
Proof. Given a p-ideal I of £ (L), define a relation 6 on L by

abb if and only if {a Ab,avb}elora=b.

It is clear that @ is reflexive and symmetric. If @, b, ¢ € L are all distinct and afb, bOc
then as

{ancave){anbarcavbvel={anbavbivi{bacbvclel

we have afc. So 0 is an equivalence relation.

Next, suppose that @ < b and afb. If a < ¢ < b, then as {a, ¢} < {a, b} € I, we have
that afc. So each block of 6 is convex. Take b, c € a/f and assume that b is
incomparable to ¢. As 0 is an equivalence relation, bfc, so {b A ¢, b v ¢} € I. But as
a/f is convex, cB(b A ¢), (b v c¢). Therefore, each block of 8 is a convex sublattice
of L.

If |a/8] > 2 and x € L is incomparable to a, then one of the following four cases
must apply. There exists b € a/f with a < b and x A a # 0; there exists b € a/8 with
a <b and x A a =0; there exists b € a/f with a <b and x v a # 1; or there exists
bea/d with b<aand x va=1.

If a<band x A a+#0 then

fanx,x}A({fanx,x}tviabl)={arx,x}An({0,anrxx,1}
A {a, b))
={anx,x} A{0,1}={anrx,x}el
lanx,a}a({anx,altviaax,x})={arx,a} n({0,a Ax, a1}
v {a A x, x})
={anx,a}r{0,1}={anx,a}el
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So{arx,a}vi{anrx,x}={anxavx}elgiving that x € a/f.
If a <band x A a=0 then

{0, x} A ({0, x}5 v {a, b)) = {0, x} A ({x, 1} v {a, b})
={0,x} A {0,1} ={0,x} eI

and by the above argument, {0, a} € I so x € a/6. The remaining cases are identical
to the ones described replacing a A x with a v x.

We have shown that if |a/0| > 2, then a/6 forms a middle set of L. To prove our
claim, set .# ={a/0:a€L,|a/0|>2}. By the above discussion, . is a middle
system of L, but {x,, x,} € P, if and only if {x,,x,} €l So P, =1.

CLAIM 3: If .# is a middle system of L, then X#'(L/f,) is isomorphic to
HAL)/P .,

Proof. By [8, page 76], for x,y € A (L), x/P, <y/P, if and only if there exists
t € [P, such that x <y v z and therefore x/P , < y/P_, if and only if there exists
t € P, such that for each 1 <i </(x), {x5,_, x5, } <y v t. It is not too difficult to
show that x/P , <y/P , if and only if for each 1 < i <I(x) there exists 1 <j </(y)
such that x;, /B4 =x3,/B.4 OF yoy_ /B S X2 1/Btt <%2/Bat < V3 /B.e-

If xe#'(L) and a, b are of minimal length in x/8 ,, say n, then the above
condition shows that ,/8 , =5,/ , for each 1 <i < 2n. It is therefore possible to
define a map «: A (L)/P_, — A (L/B,) by setting

a(x/P ) =1{a,/B,:1<i<2a)} where a is of minimal length in x/P,.

It is obvious that « is onto A#'(L/f ,) and the condition for x/P , to be dominated
by »/P, then exactly says that « is an order embedding. For x e #'(L) if
0/B., € «(x/P ,) then choose y € x/P_, of minimal length such that 0 € y, and do
similarly if 1/, € a(x/P ,). It is then a straightforward application of (1.6) to
verify that a is compatible with the orthocomplementations.

Piecing together the previous chains proves the proposition.

Let K denote the class of all OMLs which are isomorphic to J#'(L) for some bounded
lattice L. To conclude this section, we will make a few remarks about the variety
generated by the class K. A Boolean algebra is in K if and only if it is generated by
a chain, and a Boolean algebra generated by a chain is complete if and only if it is
finite. The class K cannot possibly be closed under arbitrary products as the two
element Boolean algebra is in K, but 2V is not in K. It is also easy to see that K is
not closed under subalgebras. There is a Boolean algebra B generated by an
uncountable chain. If we take B’ to be the subalgebra of B consisting of all elements
of finite height and their complements, then every chain of B’ is countable. But as
B’ is uncountable it could not possibly be generated by one of it’s maximal chains.

Although K is not a variety, we have already seen that it is closed under finite
products and homomorphic images. The variety generated by K is not the variety
of OMLs, since there are identities satisfied by all OMLs with a full set of dispersion
free states that are not satisfied by all OMLs [6].
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