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1 Introduction

Little is known about completions of orthomodular lattices (abbreviated OMLs). A
complete modular ortholattice cannot contain an infinite pairwise perspective orthog-
onal set (see Amemiya-Halperin [3]), so the finite or cofinite dimensional subspaces
of an infinite dimensional Hilbert space is a modular ortholattice which cannot be
embedded into a complete modular ortholattice. It remains an open question whether
every OML can be embedded into a complete OML.

It is known that the MacNeille completion of an OML is not necessarily ortho-
modular. The standard example of this, and previously the only one known, is based
on a theorem of Amemiya and Araki [2]. This theorem states that for an inner prod-
uct space V, if we consider the ortholattice L(V, L) = {A CV : A = AL} where A+
is the set of elements orthogonal to A, then £(V, L) is an OML if and only if V' is
complete. Taking the OML L of finite or cofinite dimensional subspaces of an incom-
plete inner product space V', the ortholattice £(V, L) is a MacNeille completion of
L which is not orthomodular. However, L can be embedded into the complete OML
L(V, 1), where V is the completion of the inner product space V.

The only positive results about MacNeille completions of OMLs are given by
Janowitz [14] and Bruns et. al. [7]. Janowitz showed that the MacNeille completion
of an indexed OML is again an indexed OML. Bruns et. al. showed that a variety
generated by a single finite OML is closed under MacNeille completions. There is still
no useful characterization of the OMLs which have orthomodular MacNeille comple-
tions. That there are so few positive results about MacNeille completions of OMLs
is not surprising, the misbehavior of the MacNeille completion has been well docu-
mented for the case of distributive lattices: in [10] Funayama produces a distibutive
lattice whose MacNeille completion is not modular and in [13] I show that any lattice
can be embedded into the MacNeille completion of some distributive lattice.

The contents of this thesis are in large devoted to extending the results of Bruns
et. al.. Specifically, it is shown that a variety generated by a set of OMLs, a chain in
any one having at most n + 1 elements, is closed under MacNeille completions. The

crucial first step is taken in the second section, where it is shown that an OML in



such a variety is directly irreducible if and only if it is simple. The mechanism of this
proof is to provide certain polynomials over the given OML which locally return the
least central upper bound of a given element.

These polynomials allow use to be made of the Pierce sheaf representation of
an OML (a construction almost identical to the creature of the same name in ring
theory). Of course, in the case of a directly irreducible OML this representation is
entirely useless. But, in the setting of this thesis, the directly irreducibles OMLs
considered are simple and of finite height. Therefore, the major drawback of this
sheaf representation does not concern us.

The polynomials mentioned above are used to ensure that most of the stalks of
the Pierce sheaf are well behaved. More precisely, the set of points where the stalks
are directly irreducible and of height at most n contains a dense open set. This allows
us to view the MacNeille completion of such an OML as the set of all sections on
dense open sets modulo equivalence on dense open sets. As I have recently become
aware (thanks in no small part to Prof. B. Mueller) this construction has an analogue
in torsion theories.

In the final section, I have given a method to construct OMLs whose MacNeille
completions are not orthomodular. Using examples constructed this way, it is shown
that the primary result of this thesis cannot be extended to the variety generated by
the finite OMLs (unfortunately negating our hope of proving that the variety of OMLs
is not generated its finite members). These pathological OMLs can be embedded into
complete OMLs via a process not unlike completing the underlying inner product

space in the example described above.



2 Preliminaries

A fairly diverse range of subject material is used in this thesis. Most background
material is briefly covered in this section, and even the reader with a good knowledge
of these matters is advised to skim the following pages as the required notation is

introduced here.

2.1 Ortholattices and orthomodular lattices

An orthocomplementation is a period two anti-isomophism of a bounded lattice
which is also a complementation. An ortholattice (abbreviated: OL) is a pair (L,")
where L is a bounded lattice and ' is an orthocomplementation on L. It follows easily
from this definition that an orthocomplementation satisfies the usual DeMorgan laws.
As is customary, we refer to L as an ortholattice when no confusion is likely.

An orthomodular lattice (abbreviated: OML) is an ortholattice (L,”) which sat-

isfies the following condition called the orthomodular law
foralla<be L, aV(ad ANb) =0, (2.1)
or its equivalent form
foralla<be L, bAd =0 if and only if a = b. (2.2)

Standard examples of OMLs include Boolean algebras and lattices of closed subspaces
of Hilbert spaces, with orthogonality being the orthocomplementation. The standard
reference for OLs and OMLs is [17].

A relation C is defined on an OML L by

aCb if (aVb) A (aVb) =a.

We say that pairs in this relation are pairs of commuting elements. It can be shown
that C contains the partial ordering of L and that aCb if and only if the sub-ortholattice
generated by {a, b} is Boolean. A block of L is defined to be a maximal set of pairwise

commuting elements, or equivalently a maximal Boolean subalgebra of L. C(L), the



centre of L, is defined to be the intersection of the blocks of L. This definition of the
centre of an OML agrees with the usual definition of the centre of a lattice.

There are several interesting and important properties of the congruences of an
OML, all of this information can be found in [17]. For an OML L, the congruences of
L permute, that is to say that for congruences 6, ¢ of L fo¢p = ¢po8 where o ¢ is the
usual relational product. Equivalently, we say that 6 and ¢ permute if (a,b) € 0V ¢
implies that there exists ¢ € L with (a,c) € 6 and (¢,b) € ¢. Also, the congruences
of L are exactly the binary relations which are congruences of the lattice reduct of
L, so the congruence lattice of an OML is distributive as the congruence lattice of
any lattice is distributive. Congruences of an OML share the same pleasant property
exhibited by Boolean algebras, groups, etc., a congruence is completely determined

by one of its equivalence classes. This relationship is given by
abb if and only if ((a V b) A (a’ V 1'))60. (2.3)

Certain congruences will play an important role in this thesis, the factor congru-
ences. A congruence # of an algebra A is called a factor congruence if there exists a
congruence ¢ of A with A cannonically isomorphic to A/ x A/¢. It is easily seen
that a congruence 6 is a factor congruence if and only if there is a congruence ¢ with
ONG=A, 0V ¢ = A% and 0, ¢ permuting. If the congruence lattice of an algebra
A is distributive, then the factor congruences of A form a Boolean sublattice of the
congruence lattice of A. For an OML L, the Boolean algebra of factor congruences of
L is isomorphic to the centre of L. This isomorphism can be described by mapping

the central element ¢ to the factor congruence 6(c), where (c) is given by
0(c) ={(a,b) e L> :ancd =bAcd}={(a,b) € L*: (aVb)A(d V) <c} (24)
The following simple observation will be quite useful
L is directly irreducible if and only if C(L) = {0, 1}. (2.5)

An OML L is said to be of height at most n if every chain in L has at most n + 1

elements, and chain finite if every chain in L is finite. It follows from a result of



Dilworth’s [9], and is proved explicitly in [17], that every congruence of a chain finite

OML is a factor congruence. Therefore,

a chain finite OML is directly irreducible if and only if it is simple. (2.6)

2.2 MacNeille completions

An ideal of a lattice L is the intersection of principal ideals if and only if it is equal
to the set of lower bounds of the set of its upper bounds. Such ideals are called normal
ideals. L, the set of normal ideals of the lattice L, forms a complete lattice under set
inclusion and is called the MacNeille completion [19] of L. It is easily seen that L
can be join and meet densely embedded into L. In fact, these properties determine
the MacNeille completion of L up to isomorphism [5, 21]. That is, if C' is a complete
lattice into which L can be join and meet densely embedded then C' is isomorphic to
L.

Given an ortholattice (L, ), an orthocomplementation | may be defined on L as
follows:

I+ ={x € L: 2 is an upper bound of I}. (2.7)

This orthocomplementation extends that of L and is uniquely determined by this
property [18]. The OL (L, 1) is called the MacNeille completion of the OL L. Tt is
then easily seen that if C' is a complete OL into which L can be join densely embedded
then C' is isomorphic to the MacNeille completion of L.

The following property of OMLs will be quite useful to us. For @ an embedding
of an OML L into an OML M, « is a join dense embedding if

for each 0 #£ m € M there exists 0 # | € L with a(l) < m. (2.8)

2.3 Universal algebra

A class of algebras of the same type is said to be a variety if it is closed under the
formation of products, homomorphic images and subalgebras. Birkhoff has shown
that a class of algebras of the same type is a variety if and only if it is the class

of all models of some set of identities (first order formulas admitting only universal



quantification) over the language of the algebras. Note that the orthomodular law is

equivalent to the identity
sV (@ A(xVy)=xVy

so the class of all OMLs is a variety.

A subdirectly irreducible algebra is one with a least nontrivial congruence. The
notions of directly irreducible and simple should be obvious from classical algebra.
It easily follows that a simple algebra is subdirectly irreducible, and a subdirectly
irreducible algebra is directly irreducible.

A subalgebra of a product of a family of algebras is said to be subdirect if each
projection map is surjective. Birkhoff has also shown that any algebra in a given
variety is isomorphic to a subdirect product of subdirectly irreducible algebras in
that variety.

Given a family of algebras (A;);e; of the same type, and a first order formula

o(x1,...,x,) in the language of these algebras and ay, ..., a, € [ A; define

[o(ar,. . an)] = {i € T+ A = p(ar(i), .., an(i))}.
For U an ultrafilter over the set I the relation © on [] A; defined by
a®b if and only if [a = b] € U

is a congruence on [[ A;. We follow the customary practice of using U and the
associated congruence © interchangeably. The ultraproduct of (A4;); over U is defined
to be ([TA;)/© and is denoted by [T A;/U. A very useful theorem due to Lo$ states
[TA4:/U = olai/U, ... a,/U) if and only if [p(ay,...,a,)] €U. (2.9)

i€l
A variety of algebras is called congruence distributive if the congruence lattice of
each algebra in the variety is distributive. The variety of OMLs is congruence distrib-
utive. The full usefulness of the ultraproduct construction is realized in congruence
distributive varieties. Jénsson [15] has shown that if a set A of algebras of the same
type generates a congruence distributive variety, then the subdirectly irreducible al-
gebras in that variety are homomorphic images of subalgebras of ultraproducts of

families of algebras in A.



A particular application of the above theory will be of importance to us. If V is

a variety generated by a set of OMLs, each having height at most n, then
the subdirectly irreducibles in V have height at most n. (2.10)

The proof of this fact follows easily from the observation that being of height at most
n is a first order property, and that every variety of OMLs is congruence distributive.

All of the above information can be found in [§].

2.4 Boolean algebras and Stone spaces

Given a Boolean algebra B, we define B* to be the set of all maximal proper
ideals of B, and for each ¢ € B define ¢* to be the set of all maximal proper ideals of

B which contain ¢. For ¢,d € B
cUd =(cANd)*,c*Nd* = (cVd)", () =B —c*,0*=B"and 1* =),

so {¢* : ¢ € B} is a basis for a topology on B* and B* with this topology is called
the Stone space of B. It is well known that the Stone space of B is a compact zero-
dimensional (has a basis of sets which are both open and closed) Hausdorff space for
which the sets which are both open and closed (often called clopen) are exactly the

sets ¢* where ¢ € B.

For a bounded chain C, let F be the field of subsets of C'— {1} generated by the
sets A, = {y € C : y < x} where x ranges over C. As every element of F has a

unique representation of the form

n
U (Asy, — Asy, ) where 21 < 29 < ... < 29, € C,
i=1

the set B(C) of all finite, even length chains in C' carries a natural Boolean structure.
For z € B(C) let (x) be half of the length of x and let xy, ..., 2y be the elements
of x in order of increasing size. Then if < and L are the induced partial ordering and

orthocomplementation on B(C') we have for x, y € B(C)

x =y if and only if for each 1 <i <[(x) there exists 1 < j <I(y) (2.11)

such that yp; 1 < @91 < T9 < Yoy,



and that z+ is defined by
rUrT =2U{0,1} and z Nat =z — {0,1}. (2.12)

It is immediately evident that B(C'), with the natural Boolean structure, is generated
by a sub-chain which is isomorphic to C. We call B(C') the Boolean algebra generated
by the chain C'. We will make use of the fact that a Boolean algebra generated by a
chain is complete if and only if it is finite.

For further information on Boolean algebras see [4].

2.5 Kalmbach’s construction

In [16] Kalmbach introduced a method of constructing an OML containing a given
lattice as a sublattice, showing that the variety of OMLs does not satisfy any partic-
ular lattice identities. This construction will be exploited in the final section of this
thesis to produce OMLs whose MacNeille completions are not orthomodular.

For a bounded lattice L, define the set (L) to be the union of the sets B(C)
where C ranges over all 0, 1 sub-chains of L. Define a map L: K(L) — K(L) to be
the union of the complementations on the B(C) and define a relation < on K(L) to
be the union of the partial orderings on the B(C). Then, (K(L), =<, L) is an OML,
which will be referred to simply as KC(L).

Later, we will need certain recursive methods for finding joins and meets in IC(L).
As a description of these methods amounts to a proof that (L) is an OML, a proof

of this is given.
Theorem 2.1 For L a bounded lattice, K(L) is an OML.

Proof.

From (2.11) it follows that =< is a partial ordering and from (2.12) it follows that
1 is indeed a function. For elements z, y of K(L), if x Uy is a chain of L then the
supremum and infinum of these elements in B(x Uy U {0, 1}) are their supremum and
infinum in C(L). Therefore, it follows immediately from (2.11) that IC(L) satisfies
(2.1), so if IC(L) is indeed a lattice, it is an OML.



Claim. For z, y elements of IC(L), if [(x) = 1 then x V y exists.
Proof. The proof is by induction on [(y). Assume that x Uy is not a chain of L,
and therefore that I(y) > 0. It is easily verified that

{z1, 22} V{y1, 2} = {1 Ayr, 22 Vyo} if {z1, 22,41, y2} is not a chain. (2.13)

Setting z; = {y2i_1,y2i} for each 1 < i < I(y) and taking k least such that x U z is
not a chain, by (2.13) = V z; exists and by inductive hypothesis (z V z;) V (y — 2x)
exists, so

xVy=(xVz)V(y— z) (2.14)

It is now easily verified that joins exist in K(L). For x an y nonzero elements of
IC(L), setting w; = {xg;_1,x9;} for each 1 < i < [(x), using the previous claim we
have

rVy=((yVw)Vuw)...)Vuwy). (2.15)

For z and y elements of K(L), to see that the infinum of x and y exists first note
that
{z1Vy,za Ayt i Vi <z Ay

(2.16)

if l(z) =1(y) =1thenz Ay = { 0 otherwise

But, z is a lower bound of {z,y} if and only if for each 1 < k < [(z) there exists
1 <i<l(x),and 1 < j <lI(y) such that zo;_1 V y2j_1 < 2051 < 221, < Tg; A Yaj. S0

e Ay =\ {{z2i1, 22} AMygjo1, 525} 1 <0 <n, 1 <j <m}. (2.17)

If 2 is the result of an operation on elements x, y of (L) then z is a chain in the
sublattice of L generated by x Uy U {0,1}. This follows immediately from (2.12) for
the operation L and by a simple induction using (2.13) through (2.15) for join. Then
(2.15) and (2.17) provide the result for meets. As a corollary of this observation,

if M is a 0,1 sublattice of L then KC(M) is a subalgebra of IC(L). (2.18)
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2.6 Sheaves

The notion of a sheaf of sets has several wildly varying descriptions: as a local homeo-
morphism between two topological spaces, or as a contravarient functor from a frame
to the category of sets satisfying certain conditions. The notion of a sheaf of groups,
rings etc. can be similarly described by requiring that the stalks of the local home-
omorphism each have a group structure compatible with the topology, or by a con-
travarient functor from a frame to the category of groups satisfying certain conditions.

For many applications of sheaves to universal algebra, the simpler notion of a
Boolean product given by Burris and Werner suffices. A different definition of a sheaf
of algebras will be used in this thesis as I believe it makes for a simpler and more
natural presentation. The notion used here might be more appropriately called a
topological product of a family of algebras. The global sections of a sheaf of algebras
are a natural example of such a topological product.

Such matters aside, the only sheaf actually considered in this thesis is the Pierce
sheaf of an algebra, and readers familiar with standard approaches to sheaves will

have no trouble putting our definitions and results into standard terminology.
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Definition 2.2 A sheaf of T-algebras is a triple S = ((Ly)pex,,0) where

i) (Ly)zex is a family of algebras of type T whose underlying sets are pairwise

disjoint,
i) v is a topology on X,
iii) § is a topology on Uyex La,
i) {f € lapex Ls : [ is continuous } is a subalgebra of [,ex La-

The algebra {f € [I,ex L. : f is continuous } is called the global sections of S
and will be denoted by I'S, the union of (L,).cx with its topology 0 is called the
sheaf space of S and will be denoted by S, and the algebra L, is called the stalk of
S at z.

The following result was originally obtained by Pierce (in the setting of rings), but
the presentation here draws largely on results of Burris and Werner for Boolean prod-
ucts [8]. This result will be essential later in the thesis and the notation introduced

here will be used freely.

Theorem 2.3 If the factor congruences of an algebra A are pairwise commuting and

form a Boolean sublattice B of the congruence lattice of A then
i) for each I € B*, UI is a congruence on A,

ii) for each a € A and 0 € B, if we set O(a,0) = {a/UI : 0 € I} we have that
{O(a,0) :a € A,0 € B} is a basis for a topology 6 on Urcg- A/ U,

iii) with ~ the Stone topology on B*, S = ((A/UI)iep~,7,0) is a sheaf of algebras
of the type of A,

w) A is isomorphic to I'S by the map a ~ & where a(I) = a/U1.

Strictly speaking my statement of this theorem is incorrect as there is no guaranty
that the underlying sets of the family (A/ U I);ep+ are pairwise disjoint. However this
difficulty could be easily remedied by considering the family (A/ U I x{I});ep+, where
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{I} is the trivial algebra, but the expense in notation would hardly seem worthwhile
to correct this minor inaccuracy. It is to be assumed throughout that (A/UI)ep- is

a family whose underlying sets are pairwise disjoint.

Proof. The first assertion follows from the fact that I is an updirected subset of
the congruence lattice of A. In fact (7 is just the join of the set I in the congruence
lattice of A.

For the second assertion, for a/UJI € O(by,0;) N O(ba, bs), we will produce ¢ € B
with a/UI € O(a,¢) C O(by,01) N O(bse,03). But if a/UI € O(by,01) N O(by, b5)
then 01,05 € I and a/UI = b/ UI = by/UI, so for some x1,x2 € I, a/x1 = b1/x1
and a/x2 = by/x2. Then for ¢ =60, VO,V x1V x2, ¢ € I soa/UI € O(a, ). But, if
a/UJ € O(a, ¢) then ¢ € Jso 6,0, € Jand a/UJ =b/UJ =by/UJ.

To show that I'S = {f € [I;ep- A/UI : f is continuous } is a subalgebra of
[Tren- A/ U1 we must show that it is closed under the operations of [[;cp- A/ U L.
For nullary operations, we will show more than is necessary by showing that for
each a € A the map @ : B* — S defined by a(/) = a/UI is continuous. To
see this, suppose V is an open neighbourhood of a(I), then as O(a,A) is also an
open neighbourhood of a([), for some ¢ € B, a(I) € O(a,¢) C O(a,A) NV giving
alp*] C V.

For an n-ary operation ¢ of A, with n > 1, and f1,...,f, € I'S, to show that
t(fi,..., fo) € T'S we must show that for a basic open neighbourhood O(a,6) of
t(fi, ..., fo)(I) there is ¢ € I with t(fy,..., fu)l0*] C O(a,0). Say fi(I) = a;/UI
for each 1 < ¢ < n, then as each f; is continuous, for each 1 < i < n there is §; € I
with f;[07] € O(a;,0;). Setting x = 0V /i, 0; we have x € I and if J € x* then
fi(J) € O(a;, 6;) for each 1 < i < n giving

t(fros f)(J) =ta/UJ. .. an/JT) = tar, ... a0) /|

But t(f1,..., fu)({) = a/UI, so for some ¢ € I a/tb = t(a,...a,)/1b. Then for
¢ =x V¢ wehave ¢ € I and t(fy,..., fn)[0*] C O(a,0).

As @ is continuous for each a € A, the map a ~ @ is into I'S. To show this map
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is one to one we will show more, namely, for a,b € A and 0 € B
a and b agree on 0% if and only if (a,b) € 0. (2.19)

Note that if @ = b then (a,b) € A, so a = b. To prove this result suppose (a,b) € 6,
then a/UI = b/UI for each I € 6* so @ and b agree on #*. On the other hand, if
(a,b) & 6 then for ¢ the complement of § in B and F ={x € B: (a,b) € x}, 0 & F
and F' is a proper filter over B. We can extend F' U {¢} to an ultrafilter U over B,
then I = B—U € B*, I € 0* and (a,b) & UI giving a(I) # b(I).

For f € 'S there exists a natural number n and for each 1 < i < n a congruence
0; € B and a; € A so that f[0f] = O(a;,6;) and U, 07 = B*. Indeed, as f is
continuous, for each I € B* there exists a € A and § € B so that [ € 6¢* and
f10*] = O(a,0). The set of such #* forms an open cover of B* which may be reduced
to a finite subcover as B* is compact, giving such a system mentioned above. If n is the
least natural number for which there exists such a system we claim that n = 1 giving
that f[B*] = O(a,A) for some a € A so f = a. To justify this claim, suppose n > 2,
then as f[0; N3] = O(ay, 01V 0s) = Olag, 01V 0s), a1(01V 62)as. But the congruences
in B permute, so for some b € A we have a160,b02a,. Then f[07] = O(aq,0,) = O(b, 61)
and f[03] = O(ag,02) = O(b,6y), so f[(01 A Oy)*] = O(b,0; A ) contradicting the

minimality of n.

The sheaf constructed above is usually called the Pierce sheaf of the algebra A
as Pierce first proved this result for rings. As any OML is congruence distributive,
the factor congruences form a Boolean sublattice of the congruence lattice, and as
all congruences in an OML permute, the factor congruences are pairwise commuting.

The following corollary was first stated by Graves and Selesnick.
Corollary 2.4 An OML is isomorphic to the global sections of its Pierce sheaf.

The following seems to be part of the folklore of the subject.
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Proposition 2.5 If the factor congruences of an algebra A are pairwise commuting
and form a Boolean sublattice B of the congruence lattice of A then for S the Pierce

sheaf of A the following are equivalent
i) for each a,b € A, [a= l;]] is clopen,
ii) for each a,b € A, there is a least congruence in B containing (a,b),

iii) the sheaf space of S is Hausdorff.

Proof. To see that the first condition implies the second, for a,b € A as [a = l;]]
is clopen, [@ = b] = 6* for some § € B. By 2.19 we have (a,b) € 6 and if (a,b) € ¢
for some ¢ € B then a agrees with b on ¢* so ¢* C la = l;]] giving that 6 < ¢. So 0 is
the least congruence in B containing (a, b).

To see that the second condition implies the third, suppose that a/ U and b/ J
are distinct points in S. If I # J then there is 0 € [ with ¢ € J, where ¢ is the
complement of # in B. Then O(a,0) and O(b, ¢) are disjoint open sets separating
a/UI and b/UJ. If I = J then a/UI # b/UI, so for 6 the least element of B
containing (a,b), 0 & I. So ¢ € I where ¢ is the complement of § in B. Thena/ I €
O(a,¢) and b/UI € O(b,¢), but if ¢/ UM € O(a,p)NO(b, ¢) then a/ UM =b/ UM
giving that ¢ € M an impossibility.

To see that the third condition implies the first, suppose a,b € A. As a,b are
continuous maps into a Hausdorff space, [a = b] is closed. But [a = b] = a~'[O(b, A)]

which is open.

As a final remark about the various notions of sheaves briefly discussed at the
start of this section, the definition given here of a sheaf (or topological product) is
the most general. The usual definition of a sheaf is more general than that of a
Boolean product [8], in fact the Pierce sheaf of an algebra is a Boolean product if
and only if the algebra satisfies one of the three equivalent conditions of the previous

proposition.



3 Some polynomials

For L an OML, we will say that M is a partial matrix in L if M is a rectangular
matrix whose entries are elements of L. We do not require that each cell of M has an
entry, but we do require a certain normal form. There must be an entry in each row
and column of M, and the entries of a row must be an initial segment of that row.
We say that a partial matrix M in an OML L is admissible if the following conditions
are satisfied. For each row of M, the entries in that row are pairwise distinct and
form a block of L. If we consider the Northeastern diagonals of M originating in the
first column (these will be referred to simply as diagonals), there is an entry in each
cell of the diagonal. Finally, we require that all of the entries on a given diagonal,
which are not in the first column, are equal and do not commute with the entry in
the first column of that diagonal.

For a partial matrix M, we will refer to the entry in the (7, j) cell of M, if there
is one, by M; ;. Define N(M), the size of M, to be a sequence of natural numbers
<ni,...,n, > where r is the number of rows in M and for each 1 < ¢ < r, n; is
the number of entries in the i** row of M. If two partial matrices, M and P over
the same OML have the same size, we say that M < P if each entry of P dominates
the corresponding entry of M. Finally, let < IN", <;> denote the set of sequences of

positive natural numbers with the lexicographical ordering.

The diagram below may help to visualize a partial matrix and its diagonals.

15
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Lemma 3.1 For KC a set of OMLSs, each of which is directly irreducible and of height
at most n, define a set A by A ={N(R) : R is admissible in some L € K}, then

i) A is a finite set and has a mazimum in < IN*, <p>, say < my,...,my >.

i) If M is admissible in some L € IC and N(M) = < my,...,m, >, then fory € L,
y commutes with all the entries of M if and only if y € {0,1}.

Proof. i) If R is admissible in some L € K, as the entries of a row of L are pairwise
distinct and form a block of L, each row of R has at most 2" entries. As there is
an entry in each cell of a diagonal of R, the number of rows of R cannot exceed the
length of the first row of R. So A is a finite set, and as < IN", <;> is a chain, A has
a maximum in < INT, <;>.

ii) Take M € L as given. Assume that y € L —{0,1} and y commutes with all
the entries of M. As each row of M forms a block of L, y and 0 appear on each
row of L and never on a diagonal of L (except possibly the one element diagonal).
As y & {0,1} there exists z € L which does not commute with y, and a block B
of L with z € B. Form a new partial matrix M’ by adding a row to the bottom of
M, the entries being the elements of B, each listed only once, with z listed first. By
switching at most two entries per row of M’, we may form a new partial matrix M"”
which agrees with M’ on all the diagonals, except possibly the diagonal originating
at z, such that the entries of the diagonals originating at z which are not in the first
column are all equal to y. But M” is admissible, contradicting the maximality of

< Mp,...,Mye >.

In the following, we will assume that K and < my,..., m,; > are as described in
lemma 3.1. T" denotes the term algebra, of the type of ortholattices, over a countably
infinite set S. We will assume that ai,...,a.m, are elements of S, and denote
the vector < ayi,...,aqm, > by d@. For M a partial matrix in an OML L with
N(M) = <my,...,my >, there exists a map ¢ : S — L such that p(a;;) = M, ;
forall 1 <i¢<¢q,1<j <m;, and a homomorphism ® : T — L extending . So, for
t(ad) € T we may define t(M) to be B(t).
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Lemma 3.2 There exists p(a,b) € T such that for any partial matriz M in any
L e with N(M)=<my,...,my, >, we have

i) p(M,0) =0.

i) If M is admissible then for z € L, p(M,z) = 0 if and only if z = 0, and
p(M, z) =1 otherwise.

Proof. Define recursively for each k > 0, p*(@, b) € T as follows:

pPab) =V V [(bVay) AdVa,),

1<i<q 1<j<my

p*(@, b) = p°(@, p*(a, b)) for k > 0.

For z € L, p°(M,2) > z, so p"™\ (M, 2) = p°(M,p*(M, 2)) > pF(M, z), therefore
{p*(M,z) : k > 0} forms a chain in L. If p""1(M,2) = pF(M, 2) then p*t2(M, z) =
Pt (M, 2), so p"(M, z) = p"*1(M, z) since every chain in L has at most n elements.
But, p°(M, z) = z if and only if z commutes with all of the entries of M, so p"(M, z)
commutes with all the entries of M. In particular, if M is admissible then p™(M, z) €
{0,1} (by lemma 3.1). A simple induction shows that p"(M,z) = 0 if and only if
z=0. Set p(@,b) = p"(a,b).

Lemma 3.3 For each 1 < i < g, 1 < j < m, there exists p; j(@) € T such that for
any partial matrizc M, in any L € K, with N(M) = < my,...,m, >, if we define a
partial matriz Q in L, with N(Q) = < mq,...,my >, by setting Q;; = p;j(M) for
all1 <i<q, 1 <5< m;, then

i) The entries of each row of Q are pairwise commuting.

ii) Q < M, and if the entries of each row of M are pairwise commuting then () = M.
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Proof. Define recursively for each k& > 0, pﬁj(ﬁ) € T for each 1 < ¢ < g,
1 <5 < m; as follows:

pﬁjl( a) = p?,j(p’ﬁ(a), - ,p;mq(@)) for k > 0.

For each k > 0 define a partial matrix Q* in L, with N(Q*) = N (M), by setting
o=k (M) for cach 1 <i < ¢, 1 <j < m; Note that Q7" = p?,(Q%), so if
QM = QF, then QM2 — QM+,
For any partial matrix R in L with N(R) = N(M) we have for any 1 < i < g,
1 < j <m; that p);(R) < Ry, and p) ;(R) = R, ; if and only if R;; commutes with
all the entries on the i row of R. By an easy induction we have M > Q% > Q**!
for all £ > 0. As there are at most g2"entries in M, and every chain of L has at most
n+ 1 elements, Q¥ = QV*', where N = (n + 1)¢2". Then, setting p;;(@) = p;";()
for each 1 <i < ¢, 1 <7 <m; we are finished.
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Lemma 3.4 For each 1 < i < ¢, 1 < j < m; there exists v; j(a@) € T such that for
any partial matriz M in any L € K, with N(M) = < my,...,mq >, if we define a
partial matriz V' in L, with N(V) = N(M), by setting V; ; = v; ;(M) for all1 < i <g,
1 <7 <m; then

i) The entries of each row of V' are pairwise commuting and the entries of each

diagonal of V' which are not in the first column, are equal.

i) If M is admissible then V = M.

Proof. Define recursively for each & > 1, vﬁj(é’) € T for each 1 < ¢ < ¢,

1 <5 <m,; as follows:

.3

L@ {/\{ahm:l—i—m:i—l—j,m;&l} if2<j<qg—i+l
a fry

;. j otherwise

U%(C_I:) = pi,j(vfﬁ_l(&’), . v%_l(c_i)) for k£ > 1 (%)

1,J ? 7 q,mgq
vz’;H(J) = vi{j (vikl(c_i), o ,vgﬁnq(o_i)) for k>1

(%) the p; ;(@) are described in lemma 3.3.

For a cell (i,7) on a diagonal and not in the first column, we want v/ ;(M) to be
the meet of all entries of M on that diagonal which are not in the first column, hence
the cryptic definition.

For each k > 1 define a partial matrix V* in L, with N(V*) = N (M), by setting
VZ’“] = vf](M) for each 1 <i < ¢, 1 < j < m,;. Note that fo = pi;(V*1) for k > 1,
and V2 = ol (V) for all k > 0. So, if VT2 = V2 then V2 = V22 If R is
any partial matrix in L with N(R) = N(M), we have p; ;(R) < R; j and v} ;(R) < R
forall 1 <i<gq,1<j<mso V¥ < V2+l < V2 Ag before, V2N+2 = V2V,
where N = (n + 1)¢2". So, the entries on each diagonal of V2" which are not in the
first column are equal, and the entries of each row of V*V are pairwise commuting.
Set v; j(@) = U%V(c?) foreach 1 <i<gq,1<j<m.
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Lemma 3.5 There exists s(a@) € T such that for any partial matriz M in any L € I,
with N(M) = < my,...,my >, if the entries of each row of M are pairwise commuting
and the entries of each diagonal of M which are not in the first column are equal,
then

0 otherwise

S(M) = { 1 if M is admissible

Proof. Using the polynomial p(d,b) from lemma 3.2, define:

f@= A A p(@ ((ai; Vaig) Alag; Voagy,)))

1<i<q 1<j<k<m;

g(@) = N p(@ (a1; A ((ar3 ANaia) V(a1 Aagy))'))

2<i<q

Take a partial matrix M in some L € K, with the entries of each row of M
pairwise commuting and the entries of each diagonal of M which are not in the first
column equal and N(M) = <my,...,m, >. If M is not admissible then at least
one of the following must be true; two entries in the same row are equal, an entry in
the first column of some diagonal commutes with the entry in the first row of that
diagonal, the entries of some row do not form a block. But, if M does not satisfy
the first two conditions and satisfies the third, we can produce an admissible partial
matrix in L of greater size than M, an impossibility. If two entries in some row of M
are equal then by lemma 3.2 i), f(M) = 0. If the entry in the first column of some
diagonal commutes with the entry in the first row of that diagonal then by lemma 3.2
i) g(M) = 0.

Conversely, if M is admissible, then the entries in each row are pairwise distinct.
So (M;;V M) N(M] ;v M) #0forall 1 <i<gq,1<j<k<m,; Also, the entry
in the first column of a diagonal does not commute with the entry in the first row of
that diagonal, so My ; A [(My; A M)V (My; A M;,)) # 0 for each 2 <4 < q. Then,
by lemma 3.2 ii), f(M) = g(M) = 1.
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Lemma 3.6 There exists t(d) € T such that for any partial matriz M in any L € K,
with N(M) = <my,...,mg >

H(M) =

0 otherwise

{ 1 if M is admissible

Proof. Using the polynomials p(a@,b) from lemma 3.2, v; ;(@) from lemma 3.4,

and s(d@) from lemma 3.5, define

t@ = N N\ [pia@),. .., vm, (@), ((ai; Vv (@) A (a;; Vvig(@)))))

1<i<q 1<j<m;
A 5(011(@), . ., Vg, (@)).

Define V' from the v; j(M) as in lemma 3.5. If M is admissible, M = V by
lemma 3.4 ii), giving v; ;(M) = M, ; for each 1 <7 < g, 1 < j <m,. Then

tM)= A A p(d0) As(M),

1<i<q 1<<m;

which by lemma 3.2 i) and lemma 3.5, gives t(M) = 1.

If M is not admissible, then either V' is not admissible, or V' is admissible and
M # V. In the first case, lemma 3.5 gives s(V') = 0, and in the second case, we have
by lemma 3.2 i) that p(V, ((Mi; V Vi) A ((M]; vV V/;))) = 0 for some 1 < i < g,
1<j<m; Sot(M)=0.

Theorem 3.7 If M is a set of OMLs each of height at most n, then for any OML
L in the variety generated by M, L is directly irreducible if and only if it is simple.

Proof. Take M a set of OMLs each of height at most n, and assume that L
is directly irreducible and in the variety generated by M. By Birkhoff’s theorem,
L is isomorphic to an OML L’ which is a subdirect product of a family (L,).ex of
subdirectly irreducibles in the variety generated by M. Let K = {L, : © € X}, then
by (2.10) we have that K is a set of subdirectly irreducible OMLs each having height

at most n, and we may apply the results of this section.
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For A = {N(R) : R is an admissible partial matrix in L,, for some =z € X},
lemma 3.1 gives that A has a maximum in < IN*, <;> say < my,...,m, >. For R
a partial matrix in L', we define for each x € X a partial matrix R(z) in L, of the
same size as R, by setting R(z);; = R;;(x) (this is simply the z*" projection of R).
As L' is a subdirect product of the family (L,).cx, there exists a partial matrix M
in L', with N(M) = <my,...,m, >, such that M(y) is admissible in L, for some
y € X since the maximum of A will be attained in some L, € K.

By lemma 3.6, t(M(x)) € {0,1} for all x € X, and t(M(y)) = 1. But, t(M)(x) =
t(M(zx)) for all x € X, so t(M) is in the centre of L'. We assumed that L' was
irreducible, so its centre is just {0,1}, but ¢(M(y)) = 1, so t(M) = 1. Again by
lemma 3.6, we have that M (z) is admissible in L, for all x € X, so by lemma 3.2
p(M,z) € {0,1} for all z € L.

Assume that L’ has a chain with n 4+ 2 elements, say fi,..., fai2. Chose y € X,
then for some 1 <i < j < n+2we have fi(y) = f;(y). Setting g = (fiV ;) AN(fiV f}),
we have p(M, g)(y) =0, so p(M, g)(x) = p(M(x),g(x)) =0 for all x € X. But M(z)
is admissible in L, for each € X, so by lemma 3.2 ii) g = 0, giving f; = f; a
contradiction.

Then as L’ is of height at most n and directly irreducible, it follows from (2.6)
that L' is simple.

Before we put the technical aspects of these polynomials to rest, we must prove a

Lemma which will be of importance in the next section.

Lemma 3.8 For L an OML in the variety V, there exists an orthogonal subset A of
the centre of L and for each z € A a polynomial p,(a;,x) such that

i) VA=1

ii) For each z € A, a € L, p.(a,,a N\ z) is the least central element of L which

dominates a N z

iii) For any OML M, and any vector m of appropriate length in M, if x is central
in M then p,(m,x) =x
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Proof. As L € V, L is a subdirect product of a family (L;);c; of OMLs, each of
which is subdirectly irreducible and has height at most n. Then for any 0 # z € L

there exists a partial matrix R in L such that
N(R) = max{N(M) : M is admissible in L; for some i € I with x(i) # 0}

and for some j € I with z(j) # 0, R][j] is admissible in L;.

Define C to be the collection of all orthogonal subsets B of the centre of L such
that for each b € B there exists a partial matrix R;, in L with Rp[j] admissible for
each j € b~'[1] and

N(Ry) = max{N (M) : M is admissible in L, for some ¢ € I with b(7) # 0}.

As C is inductive, it has a maximal member, say A. If u is an upper bound of A in
L, we claim that © = 1. Assume that u # 1, then there exists a partial matrix R,/ in
L such that

N(Ry,) = max{N(M) : M is admissible in L; for some i € I with «'(i) # 0}

and for some j € I with «/(j) # 0, R,/[j] is admissible in L;.
Using the terms ¢ from lemma 3.6 (for K = {L; : i € «'![1]}) and p from
lemma 3.2 set v = p(R,,u') At(Ry). Then

(0 1 if Ry[i] is admissible in L; and «'(i) # 0
v(i) =
0 otherwise

As, v/(j) # 0 and R, [j] is admissible in L;, v(j) = 1. But ¢ is an upper bound of A,
since z € A and z(i) = 1 imply «'(i) = 0 and v'(i) = 1. However, we now have that
AU {v} € C. This contradiction implies that w = 1, and so \V A = 1.

For each z € A, set p.(a;,x) to be p(R,,z), where p is the polynomial from
lemma 3.2. As R.[i] is admissible in L; for each i € z71[1], it follows immediately

that A satisfies all necessary conditions.

To conclude this section we will show that the assumption each OML in M has
height at most n cannot be weakened to each OML in M 1is of finite height. Take a
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non-principal ultrafilter over the natural numbers, and use this to form an ultraprod-
uct of the n-dimensional real projective geometries, where n ranges over the natural
numbers. This ultraproduct is an atomic modular ortholattice, and the subalgebra of
this consisting of the elements of finite height and their complements is subdirectly
irreducible but not simple. In fact, its congruence lattice is a three element chain.

For an example which is directly irreducible but not subdirectly irreducible, con-
sider F', the OML in the variety generated by the finite OMLs which is freely generated
by the countably infinite set {z1,xs,...}. If p(xy,...,2,) € {Op, 1} then there are
finite OMLs L, M and ly,...,l, € L, my,...,m, € M so that p(ly,...,l,) # 0 and
p(my,...,my,) # 1. In the horizontal sum of 22 and L x M, p((ly,m1), ..., (ln, my,))
is not central, for convenience assume it does not commute with ¢. The map which
sends x; to (l;,m;) for 1 < i < n and z; to ¢ for i > n extends to a homomorphism,
showing that p(x1,...,z,) does not commute with z,,; and therefore F' is directly
irreducible.

For each natural number n, define a map f, from {z,xs,...} to F by setting
folz;) = x; if i < n and f,(z;) = 0 otherwise. The map f, extends to a homo-
morphism from F' into F', which is the identity on the subalgebra of F' generated by

{z1,...2,}. Therefore F is not subdirectly irreducible.



4 The MacNeille completion of a sheaf of OMLs

The aim of this section is to demonstrate that a variety generated by a set of
OMLs, each having height at most n, is closed under MacNeille completions. The
main tool will be the Pierce sheaf representation of an OML. In the remainder of this
section L is an OML, B is the Boolean algebra of factor congruences of L and S is
the Pierce sheaf of L.

Definition 4.1 Set T'pS to be the set of all functions f : E — S where E is a dense
open subset of B*, f is continuous with respect to the subspace topology on E, and
f(I) e L/UI for each I € E. To emphasize the point, the functions in T'pS do not

all have the same domain, their domains range over all dense open subsets of B*.

Proposition 4.2 With operations defined componentwise on the common domain of
the arguments, TpS is an algebra of the type of ortholattices and T'S is a subalgebra
Of FDS’

Proof. For fi,...,f, € I'pS, using the notation Df; for the domain of f;, we
have N, Df; = E is open and dense in B* since the intersection of a finite number
of dense open sets is dense open. If t is an n-ary operation symbol in the type
of ortholattices, by definition t(fi,..., f,)({) € L/UI for each I € E, so we need
only show that t(f1,...,f.) : E — S is continuous with respect to the subspace
topology of E. Say I € F and f;(I) = a;/UI for each 1 < i < n. If V is an open
neighbourhood of t(a,...,a,)/UI then as {O(a,d) : a € L,0 € B} is a basis for the
topology of S, there exists ¢ € B with t(ay,...,a,)/UI € O(t(ay,...,a,),¢) C V.
But f; : Df; — S is continuous for each 1 < i < n so there exists A; open in D f;
with I € A; and f;[A;] € O(a;, ¢) for each 1 < i <n. Then for A =N}, A is open
in £, I € Aand t(fi,..., fn)[A] € O(t(ay,...,a,),¢) C V.

Note that the algebra T'pS is not necessarily an ortholattice. If E is a proper
dense open subset of B* then for a € L, the restriction of a to £, denoted by ag, is
an element of T'pS but apV(ae) = i\E7 however the nullary operation 1 of 'S has
domain B* # E. So g V (ajg) # 1.

25
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Definition 4.3 The Pierce sheaf S of an OML L will be called weakly Hausdor(f if

any two global sections of S that agree on a dense open subset are equal.

Proposition 4.4 For S the Pierce sheaf of L, the following are equivalent
i) S is weakly Hausdorff,

ii) if F is a filter over B and the meet of F in B exists and is equal to A then
NF=A,

ii1) all existing meets in B agree with those in the congruence lattice of L.

To see that the first condition implies the second, suppose F is a filter over B and
AF = A (this meet is taken in B). Then for E = |J{6* : § € F}, E is dense open. If
(a,b) € NF then ap = IN)‘E so a = b.

To see that the second condition implies the first, if £ is a dense open subset of
B* then for F = {# € B : 0* C E}, F is a filter over B and AF = A (meet taken
in B), so NF = A. For a,b € L if g = b then by 2.19, (a,b) € 0 for all 6 € F so
a =b.

Obviously the third condition implies the second. To see that the second condition
implies the third, take T' C B. If the meet in B of T exists and is 6 then for ¢ the
complement of # in B and F the filter in B generated by T'U {¢}, AF = A (meet
taken in B). So A = NF =NTN¢, but as 6o ¢ = L? and § C NT, we have
(NT)ogp=L?*soNT € Bso NT =NT.
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Proposition 4.5 Defining a relation © on I'pS by setting fOg if f and g agree on
a dense open subset of B*, then if S is weakly Hausdorff

i) © is a congruence on I'pS,

ii) the map a~» /0 is an embedding of L into TS/,
iii) T'pS/O satisfies exactly the same identities as L,
iv) the map a~> a/© is a join dense embedding.

Proof. As the intersection of a finite number of dense open sets is dense open,
it follows that © is an equivalence relation, and as operations in I'pS are defined
componentwise on the common domain of the arguments, © is a congruence.

As the map a ~ a/© is the composition of the homomorphisms a ~ @ and the
natural quotient homomorphism, a ~» @/0 is a homomorphism. That this map is an
embedding is given by the definition of weakly Hausdorff.

As L can be embedded into I'pS /0O, all identities valid in T'pS/© are valid in L.
For an identity ¢(z1,...,2,) = q¢(Y1,- .., Ym) valid in L, t(z1,...,2,) = ¢(Y1,-- -, Ym)
is valid in each stalk of S since each stalk is a homomorphic image of L. Then
for fi,..., fa,1,---.9m € I'pS and E the common domain of these functions, E is
dense open and t(fy,..., f.) agrees with q(g1,...,gm) on E. So I'pS also satisfies
e, ) gy Ym)-

To show that the map a ~ a/© is join dense, we may make use of 2.8 as we
know that I'5S/© is an OML. Suppose f € I'pS and that f/© # 0/, then for some
IeDfanda€ L, f(I)=a/U#0/UI. Then as Df is open, f is continuous and
B* is zero dimensional, there exists a set K clopen in B* with I € K C Df and
fIK] € O(a,A). Setting g = fix UOjp-_k, we have g € I'S and g/© < f/O. As
L=TS, g=bforsomebe Landas g(I)#0/UI b+#0,but b/© < f/O showing

that a ~ a/© is a join dense map.

This construction is reminiscent of a reduced product construction. It is natural
to ask what first order sentences are preserved by this construction, unfortunately I

do not know the answer to this question.
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Proposition 4.6 If S is weakly Hausdorff and there is a dense open subset of B*
where the stalks each have height at most n, then FDS/@ 1s complete and therefore
the MacNeille completion of L.

Proof. From the above discussion, if I'pS /© is complete, then it is the MacNeille
completion of L. If it is shown that for any non-empty subset A of I'pS that {f/© :
f € A} has a least upper bound in I'5S/0 then it follows that I'5S/0 is complete.
We assume that G is a dense open subset of B* where the stalks each have height at
most n.

Given ) # A CTpS, put C = GNU{Df : f € A}. Then C is dense open and as
each stalk of G' has height at most n, we may define a map g : C' — S by setting

gI)=\/{f(I): fe Aand I € Df N G}.

If ¢ is an element of 'S then it follows that ¢/0 is the least upper bound of {f/© :
f € A}. Unfortunately, g may not be continuous, however we will produce a dense
open subset E of C with the restriction of g to £ continuous. Then gz/© is the least
upper bound of {f/© : f € A}.

Specifically, we claim that for any non-empty open set N C B* there exists a
nonempty open set M C N N Dg and a € L with g[M] C O(a,A). Notice that for
such a set M, g is continuous at each point in M by a familiar argument. Setting
E to be the interior of the set of all points at which ¢ is continuous, the claim then
states that E' is dense, which gives gz € I'pS.

To verify the claim, suppose that N is a non-empty open set in B*. Consider a

tower of non-empty open sets N O M; O M, D ... D M, satisfying conditions i) and
i)
i) for each 1 < i < p there exists f; € A and a; € L with M; C Df; N Dg and
[ilM;]) € O(ai, A),

ii) for each I € M,, fi(I), fi(1) V fo(I),...,Vi—q fi() is a strictly increasing
chain in L/U 1.
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As each stalk of G has height at most n, any such tower can be of length at most
n + 1, it is possible then to choose such a tower of maximal length, say N O M; DO
... 2 M,. Note that as A is non-empty and G is dense open, p > 1. We will show
that g[M,] C O(V7_; a;, A) finishing the proof of the proposition.

Arguing by contradiction, if g[M,] € O(Vi_, a;, A) then for some f,1; € A and
some J € M, VP_, fi(J) # V' fi(J). As f,e1 € T'pS and B* is zero dimensional,
there exists a clopen set K and a,; € L with J € K C M, and f,+1[K] C O(apt1, D).
p+1

" a; and d = \P_;a;. Setting k = g U CZ|B*_K, we

For convenience, let ¢ = V/;

have k,d € T'S then as k # d and S is weakly Hausdorff, k/© # d/©. Since
[k = d] = k~'[O(d, A)] is open, it cannot be dense, otherwise k/© = d/©. So there
exists an open set M, with 0 # M, C [k # (ﬂ] C K C My, then N D M; D
... 2 M, O M, is a tower of non-empty open sets satisfying conditions i) and ii),

contradicting the maximality of N O M; O ... D M,

Theorem 4.7 IfV is a variety generated by a set of OMLs, each of which has height
at most n, then for L € V with Pierce sheaf S, FDS/@ s the MacNeille completion
of L and T'pS/© € V.

Proof. In view of the above proposition, it is enough to show that S is weakly
Hausdorff and that {I € B*: L/JI has height at most n} contains a dense open set.
However, by 2.10, the subdirectly irreducibles in )V each have height at most n, and
by Theorem 3.7, the directly irreducibles in V are simple (and therefore subdirectly
irreducible), so it is enough to show that S is weakly Hausdorff and that {I € B* :
L/UI is directly irreducible } contains a dense open set.

By Lemma 3.8, there is a subset A of the centre of L and for each z € A a
polynomial p,(d@,,x) of L so that
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) VA=1,

ii) for each z € A, a € L, p,(d,,a A z) is the least central element of L which

dominates a A z,

iii) for any OML M and any vector m in M of appropriate length, if = is central in

M then p,(m,z) = z for each z € Z.

Recall 2.4 that C(L), the centre of L, is isomorphic to the Boolean algebra B of

factor congruences of L by the map ¢~ 0(c) where
O(c) ={(a,b) e L* :ancd =bA} ={(a,b) € L? : (aVD)A(d V) < c}.

To show that S is weakly Hausdorff, by Proposition 4.4 it is enough to show that if
F is a filter over B and the meet of F in B is A, then NF = A. Suppose F is a filter
over B and the meet of F in B is A, setting T'= {c € C(L) : 6(c) € F} we have the
meet of T"in C(L) is 0. If (a,b) € NF, then for y = (a Vb) A (' VV'), y < ¢ for each
c € T. But for each z € A, p.(d,,y A z) is the least central element of L dominating
YAz, 80 p,(d,, yNz) < cforeach ¢ € T giving p,(d.,yAz) = 0 and therefore yAz =0
for each z € A. Then
y=yAl=yA\/A=\(yrnz)=0
z€A

(we may distribute as {y} U A is contained in a block of L), so by the orthomodular
law 2.1, @ = b. Therefore NF = A, so S is weakly Hausdorff.

Setting D = {6(2') : z € A}, as the join of A in L is 1, the join of A in C(L) is
1, so the meet of D in B is A. So E = {0(2')* : z € A} is a dense open subset of
B*. We claim that L/{J I is directly irreducible for each I € F, which will conclude
the proof of the Theorem. For I € E, by 2.5 it is enough to show that C(L/UI) =
{0/UI,1/UI}. Forye L, z € A, p,(d,,yNz) € C(L) so either O(p,(d,,yAz)) € I or
O(p.(a.,yNz)) € 1. In the first case p,(a,,yAz)/UI =0/UI and in the second case
p.(@.,yNz)/UIl =1/UI. Suppose y/UI € C(L/UI). As I € E, for some w € A,
f(w') € I sow/UI =1/UI. Using this fact and property iii) above in conjunction
with the assumption y/UI € C(L/UI) we have

Pu(uw,y Aw)/ T = puldn/ U1, (y Aw)/UT) = puldn/UTLy/JD) =y/ UL
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But we have seen above that p,, (@, y Aw)/UI € {0/UI,1/UI} giving that L/UJI

is directly irreducible.



5 Kalmbach’s construction and completions

We will make use of the Kalmbach construction described in section 2.5 to give a
method of constructing OMLs whose MacNeille completions are not orthomodular.
In particular, we show that the results of the previous section are reasonably sharp,
and our assumption that the variety is generated by a set of OMLs each of height at
most n can not be weakened to the variety is generated by a set of finite OMLs. A

simple method to complete the examples is also given.

Proposition 5.1 For L a bounded lattice, the MacNeille completion of K(L) is an
OML if and only if the condition (}) holds in L.

If (C)r,(D;); are two families of closed intervals in L such that
(1) 0 #NC; C N Dy, then there exists z,y € N D; such that = < y and

either x is an upper bound of N C; or y is a lower bound of N C;.

Proof. Assume that L is a bounded lattice and the MacNeille completion of /(L)
is an OML. Take two families of non-degenerate closed intervals in L, say ([a;, b;])s
and ([c;,d;])s, and set X = N{[a;,b;] : i € I}, Y = (¢, d;] : j € J}. Assume
that ) # X C Y. For each i € I let A; = [«—,{a;,b;}]xcz) and for each j € J let
B; = [—,{¢j,d;}kw). Set A = N{A; :i € I}, and B = ({B; : j € J}, then
A={reK(L):xCX}and B={ye K(L) :y CY}. As A, is a principal ideal of
IC(L) for each i € I, A is a normal ideal of IC(L), as is B.

But @ # X C Y, so there exist f, g € L such that f € X and g € (Y — X). Then
{fANg,fVg} e B— A, but we assumed the MacNeille completion of (L) was on
OML, so by (2.2) BN At # {0}. Take z € BN A*, such that I(2) # 0. Then by
(2.7), 2+ is an upper bound of A. But X is a convex sublattice of L, so one of {0, 2, },
{z21(2), 1}, or {zak, 2ok41} for some 1 < k < [(z), is an upper bound of A. As z € B,
2z CY, soif {0,2} is an upper bound of A, then z;, z5 respectively serve the roles
of x,y in (). If {2x(.),1} is an upper bound of A, then zy.)_1, 22>) serve the roles
of z,y; and if {29k, z9r+1} is an upper bound of A, then zoy 1, 2ok42 serve the roles of
x,y. So, if the MacNeille completion of (L) is an OML then L satisfies (7).

32
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For the converse, suppose that (1) is satisfied in L and that A, B are normal ideals
of (L) such that ) # A C B. We must show that B N AL # ().
Let U(A),U(B) be the set of upper bounds of A and B in K(L) respectively. Set

F={feNW: 1< f(z)<l(z) for all z € U(A)}

G={ge NP :1< g(zx) <l(z) for all z € U(B)}
and for f € F, g€ G set Xy = ﬂ [Tof(z)—1, Tof()] and Yy = ﬂ [T2g(2)—1, T2g(a)]-
2€U(A) 2cU(B)
Then for z € K(L), as A is a normal ideal, z € A if and only if x < y for all y € U(A)
if and only if for each 1 < ¢ <(z) and each y € U(A) there exists 1 < j < [(y) such
that [x9;_1, 22| C [y2j-1,y2;] if and only if for each 1 < i < [(z) there exists f € F
such that [z9;_1, x2;] C X7.

As A C B, there exists x € (B — A) with [(z) = 1 and therefore ¢ € G with
(21, 12] C Y.

Assume that hjy(p) = g implies that X, = (0 for all h € F. For each z € A with
[(z) = 1 we have [z, 25] € X}, for some h € F. As h(y) # g(y) for some y € U(B)
and 2 = {Yony)-1, Yorw) > T = {Y20()—1: Y24} We have z = 2t So, x < z* for all
z € A, and therefore z € BN AL,

If there exist f, h € F such that ) # X; C Y,, 0 # X, C Y, then for
some y € U(A) = U(B) f(y) # h(y). So, Yy N [yese)-1:¥2r9) 2 Xy # 0 and
Yy N [Yon(y)—1, Yone)] 2 Xin # 0. Assuming that f(y) < h(y), as Y, is convex,
[Y2r)s Yerw+1] € Yy Then {yap(y), Y251} € B, and as {yaf(y), yos) 1} Sy € AT
we have finished.

As () is not an upper bound of A, there exists an f € F such that fiym = g.
By the above discussion we may assume that f is the unique element of F such that
0 # X; CY,. But [x,22] CY,s0o Xy #Y,. Applying () we find a, b € Y, such that
a < b and either a is an upper bound of Xy or b is a lower bound of X;. In either
case, as f is unique such that 0 # X; C Yy, {a,b} € BN A*.

The following result is somewhat surprising in view of the fact that (L) is com-

plete if and only if it is finite.
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Corollary 5.2 If L is a bounded lattice, then IC(L) can be embedded into a complete
OML.

Proof. It is easy to see that (1) is satisfied by any complete lattice. If we let
L denote the MacNeille completion of L, then as L is a sublattice of L, by (2.18)
KC(L) is a sub-OML of K(L). But L is complete, so (L) is an OML and K(L) is a
sub-OML of K(L).

Corollary 5.3 There is a bounded lattice L such that the MacNeille completion of
K(L) is not an OML.

Proof. In the lattice Ly depicted below, where it is to be understood that a, <
Cmy A and b, < dp, for all n,m € IN, the families ([ao, ), v and ([ao, dn),,c v
violate (7).

dy
Co d2
(&1
Co

C3

by
as bl
Q9 bO
ax

AT

Qo

Ly

Proposition 5.4 For a family (L;);er of bounded lattices and an ultrafilter U over
the set I, IC(IT L;/U) can be embedded into T K(L;)/U.
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Proof. Let S be the collection of all subsets of [] L; which have even cardinality.
With 7; being i'* projection of [] L;, define a map p : S — [[K(L;) as follows

m[X] if m[X] € K(M;) and |m[X]|=| X|

0 otherwise

p(X)(@) = {

If 2 € K(ITL:;/U) and aq, ..., axe),b1,...,bue) € T1L; are such that a;/U =
b;/U = z; for each 1 < i < 2[(z) then, as U is closed under finite intersections,
p({a; : 1 <@ <20(2)})/U = p({b; : 1 <i < 2l(2)})/U. Therefore, we may define a
map 5 : K(T1 Li/) — TTK(Lg) /U by

B(z) = p({z1, ..., 2ue)}) /U if z; = x;/U for all 1 < < 20(z).

For z, y € K([1 L;/U) chose ay, ..., as@) € [1L; such that a; /U = x; for each 1 <
i < 2l(x) and chose by, ..., by € [1L; such that b; /U = y; for each 1 < j < 2I(y).
Let ©(p1,...,D2), @, - - - Q2(y)) be the first order formula which says that for each
1 <i <l(x) there exists 1 < j <I(y) such that g2j_1 < pa;i_1 < p2;i < ¢o;. Then using
Lo§’ theorem (2.9) and the fact that a1 < ... < ay@)], [bi < ... < byw] € U we

have

v =<y ifand only if [[L:i/U = (21, .., 22w, v1,-- - Yaw)
if and only if [e(aq,...,aue@), b1, ... baw))] €U
if and only if [¢(a1, ..., @), b1, - baug)] N
[ar < ... <ay] N < ... <byy] €U
if and only if [p({a; : 1 <4 <2i(z)}) 2 p({b; : 1 <j <2(y)})] €U
if and only if 3(z) < B(y).

Therefore (3 is an order embedding. By similar methods we can easily check that 3

is compatible with L.

To put the next result in the proper context, it is shown in [7] that any variety
of OMLs which is generated by a single finite OML, is closed under the formation

of MacNeille completions. It is not unreasonable to hope that the variety which is
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generated by all the finite OMLs would also have this property. This would settle a
basic question about OMLs. Is the variety of OMLs generated by its finite members
? Unfortunately, the following result nullifies this approach.

Corollary 5.5 There is an OML in the variety generated by the finite OMLs whose
MacNeille completion is not an OML.

Proof. For each natural number n, let M,, be the interval [ag, b,] in Ly, and for each
m > 0 define A, By, Cp, Dy € TI M, by An(n) = Gmingmn}s Bm() = bmingmny
Cm(n) = Gmazn-m,0y a0d Dy, (1) = bpazfn—m,0y- Let U be a non-principal ultrafilter
over the natural numbers and define « : Ly — ] M,,/U by setting a(a,,) = A,./U,
a(by) = Bn/U, acy) = Cp /U and o(d,,) = D, /U. 1t is an easy matter to check
that ais a 0, 1 lattice embedding. Then IC(Lg), whose MacNeille completion is not an
OML, can be embedded into K(IT M,,/U) which can be embedded into [T/C(M,)/U.
As KC(M,,) is finite for each choice of n, the proof is finished.
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