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It is often of interest to know when the fundamental operations of an ordered
structure A can be extended to operations of the MacNeille completion of 4,
subject to certain constraints. As an important example, the MacNeille completion
of a Boolean algebra B carries the structure of a Boolean algebra, which is the
injective hull of B [10]. Other examples naturally occur; the MacNeille completion
of a Heyting algebra H can be given a Heyting algebra structure extending that
of H ([2], p. 238), the MacNeille completion of an ortholattice L can be given
an ortholattice structure extending that of L [18], and of course, the MacNeille
completion of a lattice L can be given a lattice structure extending that of L [19].
For a variety V' of algebras whose members carry a natural partial ordering, we say
that V is closed under MacNeille completions if the operations of an algebra A in
V can be extended to the MacNeille completion of A so that the resultant belongs
in V. So that the examples given above do not mislead anyone, it is shown in [13]
that the only varieties of lattices which are closed under MacNeille completions
are the trivial variety and the variety of all lattices.

In [4], it was shown that any variety of orthomodular lattices which is generated
by a single finite orthomodular lattice is closed under MacNeille completions, in
contrast to the fact that the variety of all orthomodular lattices is not closed under
MacNeille completions [1, 11]. In this paper we extend the results of [4] to show
that any variety of orthomodular lattices which is generated by a set of orthomod-
ular lattices having a finite uniform upper bound on the lengths of their chains is
closed under MacNeille completions. A natural example of such a variety is one
generated by a set of n-dimensional orthocomplemented projective geometries.
Our approach has the added advantage of constructing the MacNeille completion
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of an algebra A in such a variety as a subalgebra of a reduced product of quotients
of A.

The methods used here seem to be of some independent interest. For any algebra
A whose complemented congruences form a Boolean sublattice of the congruence
lattice of A, we construct an algebra SR A which lies in the variety generated by A.
For adistributive lattice D, D is the injective hull of D. Forrings, this construction
is equivalent to taking the quotient ring with respect to a certain torsion theory,
and has been investigated by Carson in [6]. In the special case of Boolean rings,
RR is the maximal ring of quotients of R (the analogue to Boolean rings of the
MacNeille completion).

The paper has been divided into three sections. Section 1 gives the background
on Pierce sheaves we require. In Section 2 we define the algebra R A and discuss its
properties in a general setting, and in Section 3 we apply our results to orthomodular
lattices. For typographical reasons, the lattice operations of join and meet are written
as + and - respectively.

1. The Pierce Sheaf

The basis of this paper is the Pierce sheaf representation of an algebra, see {35, 7,
8, 17, 20]. A description of the Pierce sheaf, and the properties we require, will
comprise the remainder of this section.

DEFINITIONS. For an algebra A whose congruence lattice is distributive, the com-
plemented elements of the congruence lattice of A form a Boolean sublattice B of
the congruence lattice of A. The collection of prime ideals of B is denoted by 5(B).
A topology is constructed on 8(B) from the basis of open sets {3(z) : = € B},
where 3(z) is the set of all prime ideals of B containing z. The topological space
B(B) is customarily called the Stone space [5] of B. Note that for each point
P in B(B), P is an updirected family of congruences on A. Therefore |J P is a
congruence on A which we will denote also by P. The system consisting of 3(B)
and the indexed family of algebras (A/ P)pep(p) is collectively referred to as the
Pierce sheaf [20] of A.

It will save a good deal of essentially useless notation if we assume that A/ P is
disjoint from A /@ for distinct points P and @ of 3( B). Of course, this assumption
is quite harmless. Setting S = U{A/P : P € §(B)}, the usual Cartesian product
is given by

II A/P={f:8(B)— $:f(P)isin A/P foreach P € 5(B)}.
Peg(B)

For an element a of A, we define a function & in [ A/ P by setting @(P) equal to
a/ P for each point P of 3( B). We refer to such an d as a constant function. The
situation is depicted in the figure below.
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In the following we assume that A is an algebra whose congruence lattice is
distributive and B is the Boolean algebra of complemented congruences of A.

PROPOSITION 1. (Pierce).
1. {a]|8(z)] : a € A,z € B} is a basis for a topology on S.

2. With respect to this topology, a function f € ] A/ P is continuous at a point P
of B{B) if and only if there is some open neighbourhood 3(z) of P and some a in
A so that f agrees with a on B(z).

3.{f € [1A/P: fiscontinuous } is a subalgebra of [] A/ P which we denote
by T A.

4.Fora,be Aandz € B, @ agrees with b on B(z) if and only if (a,b) € .

5.Themap o . A — U Adefined by a ~» 4 is an embedding. It is an isomorphism

if and only if the congruences in B are pairwise permuting.
_ Proof. 1. If the point a/ P is contained in the intersection of the basic open sets
b(5(z)] and &[B(y)] then P € B(z) N B(y) = B(z + y) and a/P = b/ P = ¢/P.
So for some z € P, (a,b) and (b, c¢) are elements of the congruence z, giving that
a/ P is an element of the basic open set @[3(z + y + 2)] which is contained in the
intersection of b[3(z)] and &[5(y)].

2. From part 1, {@[8(z)] : = € P} is a neighbourhood basis for the point a/ P.
Therefore if f agrees with & on §(z) then f is continuous at each point of §(z).
But if f is continuous at the point P and f(P) equals a/ P, then there is a basic
open neighbourhood () of P so that f{3(x)] is contained ina[3(B)].So f agrees
with & on §(z).

3. To see that T'A is a subalgebra of [] A/ P, suppose f,g € I'A and P is a
binary operation in the language of A. By part 2, for each point P of §(B) there is
an open neighbourhood N of P, and a,b € A so that f agrees withd on N and g
agrees withbon N.Letc = a®b, then as operations in [ [ A/ P are componentwise,
f @ g agrees with ¢ on N. Therefore f & ¢ is continuous at each point of 5(B). The
generalization to operations depending on one or more variables is obvious, and
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for a constant operation g of A, the corresponding constant of I' A is the function
fi.

4. If the pair (e, b) is in the congruence z, then as = € P for each point P of
B(z), we have that @ and b agree on 3(z). Conversely, if (a,b) is not in z, then
isnotin {w € B : (a,b) € w} = F. For 2’ the complement of z in B, we can
extend F'U {z'} to an ultrafilter U over B. The complement of U in B is a prime
ideal P of B which contains z. As a( P) is not equal to b( P), @ and b do not agree
on ().

5. To check that «vis well defined we must only check that @ is continuous for
each a € A, but this is shown in part 2. Also, a is a homomorphism since the
operations in I" A are componentwise and for each P € §(B) the natural map from
A onto A/ P is a homomorphism. That « is an embedding is a special case of part
4. If o maps A onto I' 4, we must show that the congruences in B are pairwise
permuting. Equivalently, for congruences z, y in B, if (g, b) is in the congruence
z + y we must show there is some ¢ € A with (a,¢) € z and (¢, b) € y.If (a,b)
isinz + y then & and b agree on B(z +y) = B(z) N B(y). Define f € [TA/P
so that f agrees with b on 8(y) and agrees with @ otherwise. As 3(y) is clopen, f
is continuous, so f = & for some ¢ € A. Then as & and ¢ agree on 3(z) and ¢, b
agree on 3(y), we have that (a,¢) is in 2 and (¢, b) is in y. Conversely, suppose
the congruences in B permute. For f € T4, using part 2 and the fact that 3( B) is
compact, we can find ay,...,a, € Aand zy,..., 2, € Bsothat ﬁ(zl) o B(2z)
is an open cover of 5( B) and f agrees with @; on () foreach 1 € ¢+ < n. Then
if n > 2, a; and a, agree on B(z; + z2) giving that (a1, az) is in 2 -+— 2. As
congruences in B permute, there is some ¢ € A with (a1, ¢)in z and (¢, a2) in 2.
Then @, ¢ agree on 3(21) and ¢, d, agree on 3(z,),giving that f agrees with ¢ on
B(z1) U B(22). Repeating this procedure we see that f = & for some a € A.

2. The Algebra of Dense Open Sections

We introduce %A, the algebra of dense open sections of A4, and describe some of
its properties in a general setting.

DEFINITIONS. We will refer to a continuous function f in [] A/ P as a global
section of A and call T'A the algebra of global sections of A. We say a function
f € T1A/P is a dense open section of A if the set of all points at which f is
continuous contains a dense open subset of 3(B). As the collection of all dense
open subsets of S( B) is a filter base over 5(B), the set of all dense open sections
is a subalgebra of [ A/ P which we denote by I'p A. The filter base of dense open
subsets of 3( B) naturally gives a congruence ~ over [] A/.P where f ~ gif f and
g agree on a dense open subset of 5(B). The quotient (I'pA)/ ~ is the algebra
of dense open sections of A and we denote it by RA. We say that the algebra A
is Hausdorffif S = |J A/ P is a Hausdorff space, and A is weakly Hausdorff if the
natural map A — R A is an embedding.
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NOTATION. For functions f, ¢ from a topological space X to a topological space
Y, let C f be the set of points at which f is continuous, and let [ f = g¢] be the set
of points at which f and g agree. Note that for f € [] A/ P, part 2 of Proposition
1 gives that C'f is open in §(B). Finally, we let A denote the smallest congruence
on A. Note that S(A) contains all points in 3(B).

PROPOSITION 2.

1. The following are equivalent,

(i) A is Hausdorff.

(ii) Foreacha,b € A, [a = b] is clopen.

(iii) Foreach a,b € A there is a least congruence in B which contains (a, b).

2. The following are equivalent and are implied by each of the above conditions

(iv) A is weakly Hausdor(f.

V) IfT C B and A is the meet of T in B, then A is the meet of T in the
congruence lattice of A.

(vi) All existing meets in B agree with those in the congruence lattice of A.

(vii) The natural map TA — RA is an embedding.

(viii) If two dense open sections of A agree on a dense open set, then they agree
at every point where both are continuous.

Proof 1. To see that the first condition implies the second, note that [& = 5] =

~1{a[B(A)]]is open since b is continuous. But [&@ = 5] is closed if S is Hausdorff.

To see that the second condition implies the third, for ¢, b € A we have by part
4 of Proposition 1 that (, b) is in z if and only if [a = b]] D B(2). As [a = b] is
clopen, [@ = b] = 8(w) for some w € B. Then w is the least member of B which
contains (a, b).

To see that the third condition implies the first, we must show that any two
distinct points in S can be separated by disjoint open neighbourhoods. If P and
@ are distinct, obviously a/ P and b/() can be separated since 3(B) is HausdorfT.
If a,b € A and a/P and b/ P are distinct, let z be the least member of B which
contams (a,b). For 2’ the complement of z in B, as z is not in P we have that
Z' isin P. Then a/P is in @[B(2)] and b/ P is in b[3(2")]. We have only to show
that @[3(2')] and b[8(z")] are disjoint. If ¢/() is a point in their intersection, then
a/@) = b/@Q implying that z is in @, an impossibility.

2. To see that the fourth condition implies the fifth, suppose that T' is a subset of
B and A is the meet of T in B. Then E = J{#(z) : # € T} is a dense open set.
If (a,b) € (T, then & and b agree on E. So if A is weakly Hausdorff, then a = b.

To see that the fifth condition implies the sixth, suppose that T’ is a subset of B
and z is the meet of 7" in B. For 2’ the complement of z in B, A is the meet of
T U {z'} in B. By our assumption (YT N 2’ is also equal to A, and from general
considerations (|7 contains z. Using the modular law and the fact that z and 2’ are
complements we have that ()7 is equal to z.
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To see that the sixth condition implies the seventh, suppose that f and g are
global sections of A4, and f ~ g¢. As f and ¢ are continuous, for a point P in
B(B) there is a basic open neighbourhood 3(z) of P and a,b € A so that f agrees
with @ on 8(z) and g agrees with b on 3(z). As f and ¢ agree on a dense open
set, E = [f = g] N B(z) contains an open set which is dense in B(z). So for
T ={z € B: §(z) C E}, zis the meet of T in B. But & and b agree on () for
eachz € T,s0 (a,b)isin (T Therefore (a, b) is in z, giving f(P) = g(P).

To see that the seventh condition implies the eighth, let f and ¢ be dense open
sections of A which agree on a dense subset of 3( B). If P is a point of continuity
of both f and g,then by part 2 of Proposition 1 there is a basic open neighbourhood

B(z) of P and elements a,b in A so that f agrees with @ on B(z) and g agrees
with b on 8(z). Define & in [T A/ P so that / agrees with bon A(z) and h agrees
with @ otherwise. As 3(z) is clopen A is a global section of A. But h agrees with @
everywhere that f agrees withg,s0 h ~ 4. AsthemapI'A — R A is an embedding,
h equals @, so f(P) = g(P).

It is obvious that the eighth condition implies the fourth, since & is continuous
for each a in A.

That the first condition implies the fourth follows from the general fact that
continuous maps into a Hausdorff space which agree on a dense set are equal.

The equivalence of conditions (i) and (ii) was first shown in [17].

REMARK. For any algebra A, if B is some collection of complemented congru-
ences of A which form a Boolean sublattice of the congruence lattice of A, then
one could proceed as above to produce a sheaf for A over the Stone space of B.
Proposition 1 remains valid in this more general setting as does the first part of
Proposition 2. The second part of Proposition 2 seems to require the modularity of
the congruence lattice of A.

PROPOSITION 3. If A is a weakly Hausdorff algebra which generates a congru-
ence distributive variety, then the natural embedding ' A — RA is an essential
extension.

Proof. We must show that every nontrivial congruence of RA restricts to a
nontrivial congruence of I'A. Suppose that  is a nontrivial congruence on R4,
then there are f and g inTp A with (f/ ~, g/ ~)in 6 and % g¢. So by part (viii)
of Proposition 2 there is a point P at which both f and g are continuous and f(P)
is not equal to g(P). Then there is a clopen neighbourhood K of P and elements
a and b of A so that f agrees with ¢ on K and g agrees with bon K. Define A in
[T A/ P so that h agrees with @ on K and h agrees with b otherwise. Then  is in
T'A. We will show that (h/ ~, b/ ~) isin 6. Let

A= {(p/ ~,q/ ~) : p and ¢ agree on a dense open subset of K}
¢ = {(p/ ~,q/ ~) : p and g agree on a dense open subset of ~K }.
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Then A and ¢ are congruences on R4 and as A is weakly Hausdorff A - ¢ = A.
As A generates a congruence distributive variety,8 = (6 4 ) - (6 + ¢). Obviously
(h/ ~,b/ ~) is in ¢ so we need only show that (h/ =, b/ ~) is in 6 + \. But
(h/ ~, f] ~)and (g/ ~,b/ ~)arein Aand (f/ ~, g/ ~)isiné, so (h/ ~,b/ ~)
isin @ + A.

PROPOSITION 4. Let A be a weakly Hausdorff algebra which has a bounded
lattice as a reduct, and let B be the Boolean algebra of complemented congruences
of A. If there is a dense open subset G of B(B) and a natural number n so that
for each point P in G every chain in A/ P has at most n elements, then RA is the
MacNeille completion of T A.

Proof. As A has a bounded lattice as a reduct,the congruence lattice of A is
distributive ([5], p. 80), and as I'A and A are in the variety generated by A, T'A
and A also have bounded lattices as reducts. As A is weakly Hausdorff, by
Proposition 2 there is a natural embedding of I'A into R A, so the lattice reduct of
T'A is a sublattice of the lattice reduct of ;RA. We must show [3] that the lattice
reduct of RA is complete and that every element of R A is both the join and meet
(of images) of elements of I'A. To show that this lattice is complete, it is enough to
show that for any nonempty set 7' of dense open sections of A, { f/ ~: f € T} has
asupremum in RA. Let C be the set of all points of G at which some member of 7'
is continuous. Choose gin[] A/ P sothatg(P) = Y {f(P): f€ T and P € C f}
foreach Pin C.

CLAIM., g is a dense open section of A.

Proof. For each nonempty open set N of (B ), we must show g is continuous at
some point of V. Consider a tower of nonempty opensets N O M; 2 --- 2 My
which satisfies the following conditions

o foreachl < i kthereis f; € T and a; € A so that f; agrees with @; on M;

e for each point P in My, fi(P), fi(P) + fo(P),..., X%, f:(P) is a strictly
increasing chainin A/ P.

Clearly there is at least one such tower, since T’ is nonempty and a member of T
is dense open section of A. However, any such tower can be of length at most »,
since each nonempty open set intersects G nontrivially, Therefore we can choose
suchatower N O M; 2 --- 2 M, of maximal length, with fi,..., f,in 7" and
ai,...,aq in A satisfying the above conditions.

Leta = 3!, a;, we wish to show that g agrees with @ on M, thereby proving
our claim. Suppose that ¢} is a pointin M, and g does not agree with a at ). Since
fi is continuous at ¢ for each 1 < ¢ < ¢, we have that 4(Q) < ¢(@), so there
must be some f,y; in 7' which is continuous at @ with f,41(@) £ a(Q). By part
2 of Proposition 1 we can find an open neighbourhood 3(z) C M, of Q and an
element a,4; in A so that f,4; agrees with dgq1 on A(z). Set b = Y% a; and
define h in [] A/ P so that h agrees with b on 5(x) and h agrees with @ otherwise.

1
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As () is clopen, h is a global section of A. But k does not agree with a at @,
and as A is weakly Hausdorff h can not agree with @ on a dense open set. The
set where h agrees with @ is given by A~![a[3(A)]] which is open, so there is a
nonempty open set M,; on which h and a differ. From the definition of h, M1,
is contained in (z), which in turn is contained in M. Then for each P in My, 4,
fi(P),..., 3! £:(P)is astrictly increasing chain in A/ P. This contradicts our
choice of a tower of maximal length establishing our claim.

For each f in T and each point P at which both f and g are continuous we
have f(P) < g(P). Therefore (f + g) ~ g and as ~ is a congruence f/ ~ + g/~
is equal to g/ ~ giving that f/ ~< g/ ~ .So g/~ is an upper bound of
{f/ ~: f € T}. Suppose that / is a dense open section of A and h/ ~ is an upper
bound of {f/ ~: f € T}. Then for each fin T, (f + h) ~ h so by part (viii) of
Proposition 2, (f + h) agrees with h at each point where both are continuous. So
F(P) < h(P) for each point P at which f and 4 are both continuous. If P is a
point in C' at which A is continuous then g(P) < h{P). But C and Ch are dense
open sets, 80 (g + h) ~ h giving g/~ < h/ ~. Therefore g/ =~ is the least upper
bound of {f/ ~: f € T}.

We are left to show that each element of R A is the join and meet (of images) of
elements of I'A. Let h be a dense open section of A. For each point P at which &
is continuous we can find a clopen neighbourhood G(zp) of P and an element ap
in A so that h agrees with @p on #(zp). Let fp be the global section of A which
agrees with @p on 3(zp) and agrees with O otherwise, where 0 is the zero of the
lattice reduct of A. Using an argument similar to that of the preceding paragraph it
is easily seen that A is the least upper bound of { fp/ ~: P € Ch}.

3. Applications to Orthomodular Lattices

An ortholattice is abounded lattice (L, +, -, 0, 1) with an additional unary operation
" which is an order inverting complementation of period two. An orthomodular
lattice is an ortholattice which satisfies the following condition known as the
orthomodular law;

forallz,yin L,ifz < ythenz + (2’ - y) = v.

It is not difficult to see that orthomodular lattices can be defined by equations, and
therefore form a variety of algebras.

An element ¢ of a bounded lattice L is called central if ¢ has a complementin L
and for each e, b € L, the sublattice of L generated by {a, b, ¢} is distributive. It is
easily seen that the collection of all central elements of a lattice L forms a Boolean
sublattice of L. An element ¢ of an orthomodular lattice A is called central if c is
central in the lattice reduct of A. For an orthomodular lattice A and ¢ in the centre
of A define

v(e)={(a,b) € A%:a- =b-c'}.
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It is shown in ([16], pp. 73-80) that () is a congruence of A, and in fact v is an
isomorphism between the Boolean algebra of central elements of A and the Boolean
algebra of complemented congruences of A. It follows that an orthomodular lat-
tice is directly irreducible if and only if its centre consists just of the bounds O and 1.

DEFINITIONS. Let S be a set of directly irreducible orthomodular lattices, and ¢
be a first order formula in the language of ortholattices. We say that a term ¢ returns
the truth value of © for S if foreach L in § and each x in L,

i(x) = { 1 if L o(x)

0 otherwise.

We say that a term p(X, y) returns least central upper bounds for ¢ and S if for
each L in § and each x in L with L |= ¢(x)

1 ify#0
0 otherwise.

p(x,y) = {

Such a term p(x, y) is said to be consistent if for any orthomodular lattice L and
anyxin L

p(x,y) =y if yiscentralin L.

The following two theorems were proved in [12].

THEOREM 1. Let S be a set of directly irreducible orthomodular lattices with a
finite uniform upper bound on the lengths of their chains. Then there is a first order
formula o, satisfiable in some member of S, and terms t(x) and p(x,y) so that t
returns the truth value of ¢ for S, while p is consistent and returns least central
upper bounds for ¢ and S.

THEOREM 2. Let S be a set of orthomodular lattices having a finite uniform upper
bound n on the lengths of their chains. Then any directly irreducible algebra A
in the variety generated by S is simple, and each chain in A has at most n elements.

PROPOSITION 5. Let A be an algebra in a variety generated by a set of ortho-
modular lattices having a finite uniform upper bound on the lengths of their chains,
and let B be the Boolean algebra of complemented congruences of A. Then
1. A is weakly Hausdorf}.
2. {P € B(B) : each chain in A/ P has at most n elements } contains a dense
open set.

Proof. Let K be the set of orthomodular lattices generating our variety V.
As every orthomodular lattice has a lattice reduct, the congruence lattice of an
orthomodular lattice is distributive. So by Jénsson’s theorem [15], the subdirectly
irreducibles in V" are in H S P,(K). Then by Lo§’ theorem ([5], p. 280) each chain



292 JOHN HARDING

in a subdirectly irreducible in V' has at most » elements. By Birkhoff’s theorem
([5], p. 58), A is isomorphic to subdirect product of a family (A4;)r of subdirectly
irreducibles in V. For convenience, we identify A withits image in ][] A;. Note that
as each A; is subdirectly irreducible, and therefore directly irreducible, Theorem
2 implies that a chain in A; can have at most n elements. The following simple
observation will be of great use;

cis in the centre of A if and only if ¢(3) € {0,1} foreach i € I.

1. To show that A is weakly Hausdorff, it is enough to verify the equivalent
statement given in part (v) of Proposition 2. Suppose that T is a subset of B, and
the meet of T in the congruence lattice of A is not equal to A. We must show that
the meet of 7" in B is not equal to A. As congruences in an orthomodular lattice
are determined by one of their equivalence classes ([16], pp. 73-80), there is some
nonzero ¢ in A with (0, o) in (" T'. Let U be the set of all central elements c of A
such that y(c) is in T'. As (0, a) is in y(¢) for each ¢ in U, it follows that a is a
lower bound of U.

Having seen that each A; is directly irreducible, and that a chain in A; has at
most n elements, we may apply Theorem 1to the set § = {A; : (i) # 0}. Let ¢,
t, and p be the resulting formula and terms. As ¢ is satisfiable in some member of
S, we can find some x in A so that 4; |= ¢(x(j)) for some A4; in §. Let b be the
element of A given by

b =t(x) - p(x,a).

As b(4) is either O or 1 for each ¢ in I, b is in the centre of A. Also, b(j) = 1, since
Aj = (x(7)). And for each ¢ in I with b(¢) equal to 1, a(%) is nonzero. As a is a
lower bound of U, and U is contained in the centre of A, b is also a lower bound
of U. Therefore the meet of U in the centre of A is not equal to 0, and as v is an
isomorphism, the meet of 7' in B is not equal to A.

2. By Theorem 2, it is enough to show that the set of all points P in 3(B), for
which A/ P is directly irreducible, contains a dense open set. This is equivalent
to showing that beneath each nonzero central element ¢ of A there is a nonzero
central element d of A with A/ P directly irreducible for each P in §(d’).

Let ¢ be a nonzero central element of A. As before, we may apply Theorem 1
to the set 5 = {4; : ¢(i) = 1}. Let ¢, ¢, and p be the resulting formula and terms.
As ¢ is satisfiable in some member of .S, we can find x in A so that 4; = ¢(x(j))
for some A; in S. Let d be the element of A defined by

d=c-tx).
Then d is a nonzero element in the centre of A and further, foreachain 4

p(x,a - d) is in the centre of A.
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We have only to show that A/ P is directly irreducible for each P in 5(d’). Note
that for any ¢ in the centre of A,

_[O/P ify(e)isin P
e/P = { 1/P otherwise.

In particular, d/ P = 1/P.If a/ P is in the centre of A/ P, then as p is consistent
a/P = p(x/P,a/P) = p(x,a-d)/P.

So the centre of A/ P consists of just 0/P and 1/P, giving that A/ P is directly
irreducible.

THEOREM 3. If V is a variety generated by a set of orthomodular lattices having
a finite uniform upper bound on the lengths of their chains, then for each A in'V,
RA is the MacNeille completion of Aand RAisin V.

Progf. It is well known that all orthomodular lattices have permuting congru-
ences ([16], p. 83), so the result follows by part 5 of Proposition 1, Proposition 4
and Proposition 5.

While Theorem 3 gives sufficient conditions for a variety of orthomodular lat-
tices to be closed under MacNeille completions, these conditions are not nec-
essary. Let V' be the variety of orthomodular lattices defined by the identity
v(z,v(y, z)) =~ 0 where y(z, y) is defined by

ey =(e+y)-(z+¢) @ +y)- (e +7).

The term v(z,y) is usually referred to as the commutator of = and y. It can be
shown that V' is closed under MacNeille completions, but is not generated by any
set of orthomodular lattices having a finite uniform upper bound on the lengths of
their chains. The proof of this fact is non-trivial. It is based upon properties of the
algebra RA developed in [6], and the observation that each algebra in V' is weakly
Hausdorft.

An orthomodular lattice A is said to have n commutators if there are n elements
in the image of the map v : A?> — A. The variety of Boolean algebras is generated
by the class of all orthomodular lattices having one commutator, while the variety
V above is generated by the class of all orthomodular lattices having at most two
commutators. This suggests the following question.

PROBLEM. If V is generated by the class of all orthomodular lattices having at
most n commutators, is V' closed under MacNeille completions ?

An encouraging step towards a positive solution to this problem is given in a recent
result of Greechie [9], which states that the MacNeille completion of a commutator
finite orthomodular lattice is a commutator finite orthomodular lattice.
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