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JOHN HARDINGJ �o n s s o n and T a r s k i [5]. Unfortunately, the operations '; are order in-verting, and will not be well behaved under canonical extensions. Instead, weconsider the maps '� ,  � de�ned by setting '�x = ('x)� and  �x = ( x)� .These maps are order preserving, and are easily seen to be conjugates in thesense of [5]. Further, their canonical extensions are also conjugates [5], hencegive rise to a Galois connection on B� . The Galois closed elements of B� thenprovide a completion of L , which we call the canonical completion.It is our purpose here to give a purely order theoretic characterization of thiscompletion, and to investigate its properties. This completion preserves distribu-tivity, hence reduces to the usual canonical completion in the case of a Booleanalgebra, but unfortunately preserves neither modularity nor orthomodularity.2. Lattices of closed elementsIn this section we show that every bounded lattice, and every ortholattice,is isomorphic to the closed elements of some Galois connection on a Booleanalgebra. These results are probably not new, but we cannot �nd them in print.As they are easy consequences of M a c N e i l l e 's [9] original work, we attributethe credit to him.We begin by describing the familiar result that every bounded lattice can beembedded into the lattice of closed elements of some such Galois connection.Let M be a bounded lattice, and set B to be the power set of M . De�ne unarymaps '; on B by setting 'A to be the collection of all upper bounds in Mof the subset A � M , and  A to be the collection of all lower bounds in Mof A . One easily checks that ('; ) is a Galois connection on B , and the Galoisclosed elements are the normal ideals of M . As every principal ideal is normal,M can be embedded into the lattice of closed elements of B .Example 2.1. Letting ! denote the natural numbers with the usual ordering,and !d denote the dual of ! , consider the lattice M de�ned to be the ordinalsum of ! � ! and !d . In other words, M is the product of two copies of thenatural numbers with an inverted copy of the natural numbers placed on top.With B and '; de�ned as above, the closed elements of B are isomorphicto the MacNeille completion of M . To �nd an isomorphic representation of M ,it is natural to consider the subalgebra B0 of (B;+; �;�; ';  ) generated bythe principal ideals of M . Clearly, the restrictions of '; will form a Galoisconnection on B0 . Let A be the principal ideal �(0; 0); (1; 0)	 . Then as 'A is theset of upper bounds of A , we have ('A)� = �(0; n) : n 2 !	 . So '�('A)�� = ! .As  gives lower bounds, we have that  '�('A)�� = ! � ! . Thus, the closedelements of B0 again comprise all normal ideals of M .86



CANONICAL COMPLETIONS OF LATTICES AND ORTHOLATTICESThis example shows that the obvious approach to representing a boundedlattice as the closed elements of a Galois connection will not work without somemodi�cation. However, only a small amount of repair needs be done.Theorem 2.2. Let M be a bounded lattice. Then there is a Boolean algebraB and a Galois connection ('; ) on B such that M is isomorphic to the Galoisclosed elements of B .P r o o f . Consider the Boolean subalgebra BI of the power set of M gener-ated by the collection of all principal ideals of M , and the Boolean subalgebraBF of the power set of M generated by all principal �lters of M . For a subsetA �M , de�ne UA to be the collection of all upper bounds of A in M , and LAto be the collection of all lower bounds of A in M .First, we show that if A 2 BI , then UA is a principal �lter of M . LetT denote the collection of all elements of BI which are �nite intersections ofprincipal ideals, or their set complements. We need at most one principal ideal inthis representation as a �nite intersection of principal ideals is principal, and asour lattice has a greatest element, we may assume there is at least one principalideal in the representation. Using a # for the principal ideal generated by aand a #� for its set complement, every element of T is of the form (a0 #) \(a1 #)� \ � � � \ (an #)� for some 0 � n . Note that if such an element is non-empty, it has a largest element, namely a0 , and therefore the collection of upperbounds form a principal �lter of M . But every element of BI is a �nite union ofelements of T , and as the upper bounds of a union of sets equals the intersectionof upper bounds of the individual sets, our claim follows.Now set B = BI �BF and de�ne maps '; on B by setting'�(X;Y )� = (M;UX) ; �(X;Y )� = (LY;M) :Clearly both maps are order inverting, and as X � LUX and S � ULY for allsubsets X;Y of M , it follows that the composites  ' and ' are increasingmaps. So ('; ) is a Galois connection on B . The Galois closed elements of Bare exactly the ones of the form (LUX;M) , where X 2 BI . But we have shownthat X 2 BI implies UX is a principal �lter of M , and hence that LUX isa principal ideal of M . Clearly every principal ideal arises in this fashion, sothe map a (a#;M) is an isomorphism from M to the lattice of Galois closedelements of B .We should note that the assumption of boundedness cannot be removedfrom the above result as the Galois closed elements of a Galois connection on aBoolean algebra necessarily form a bounded lattice. The least element is  '0and the greatest element is  '1 = 1. The following result is due to B i r k h o f f[1, p. 123]. 87



JOHN HARDINGTheorem 2.3. If (';') is a Galois connection on a Boolean algebra B whichsatis�es 'x � ''x = ''0 for all x 2 B , then ' is an orthocomplementation onthe lattice of closed elements of B .P r o o f . Note �rst that for any x we have 'x is closed. So ' is certainlya map from the closed elements to themselves. As ' is order inverting on allof B , it is also order inverting for closed elements. If x is closed, then x = ''x ,so on the closed elements ' is period two. If x is closed, then x = ''x , so'x �x = ''0. But meets in the lattice of closed elements agree with meets in B ,so if x is closed, then the meet of x and 'x in the lattice of closed elements isthe smallest element in this lattice ''0. By [7, p. 17], this is su�cient to showthat ' is an orthocomplementation on the lattice of closed elements.Corollary 2.4. If (';') is a Galois connection on a Boolean algebra Bwhich satis�es x � 'x = 0 for all x 2 B , then ' is an orthocomplementation onthe lattice of closed elements of B .Theorem 2.5. Let M be an ortholattice. Then there is a Boolean algebra Band a Galois connection (';') on B which satis�es x � 'x = 0 for all x 2 B ,such that M is isomorphic to the ortholattice of closed elements of B .P r o o f . Let C be the subalgebra of the power set of M generated by thecollection of all principal ideals of M . In the proof of Theorem 2.2 we showedthat for any A 2 C the upper bounds of A form a principal �lter of M , andhence fx0 : x 2 UAg is a principal ideal of M . Therefore we can de�ne a map' on C by setting 'A = fx0 : x 2 UAg . Clearly ' is order inverting, and it iseasily checked that '' is increasing, so (';') is a Galois connection on C .It is easy to show that 0 2 'A for every A 2 C , and therefore A �'A � f0g ,with equality if and only if 0 2 A . Consider the principal �lter B consisting ofall elements of C which contain 0, and note that B forms a Boolean algebraunder the partial ordering inherited from C . As remarked above, ' is a mapfrom C into B , and therefore the restriction of ' is a map from B to itself.As ' is order inverting on C , it is also order inverting on B . And as A � ''Afor all A 2 C , this holds as well for all elements of B . Thus (';') is a Galoisconnection on the Boolean algebra B , and now A � 'A is equal to the zero ofthe Boolean algebra B for all A 2 B . But the Galois closed elements of B areprincipal ideals of M , and it is clear that every principal ideal arises this way.It then follows easily that a  a # is an ortholattice isomorphism from M tothe ortholattice of closed elements of B .3. Canonical extensionsIn [5] J �o n s s o n and T a r s k i introduced the notion of a canonical extension88



CANONICAL COMPLETIONS OF LATTICES AND ORTHOLATTICESof a Boolean algebra with operators. We briey describe that fragment of thetheory needed for our purposes. The canonical extension of a Boolean algebra Bis the embedding of B into the power set of its Stone space, which we denote asB� . We identify B with its image in B� , and freely speak of the open and closedelements of B� with the obvious meaning. Given a monotone unary operationf on B we de�ne a unary operation f� on B� by settingf�x = [x�y2K \y�a2B fa ;where K denotes the collection of all closed elements of B� , and S, T denotejoin and meet in the B� .Given a unary operation f on a Boolean algebra B , we say that f is additiveif it preserves binary joins, i.e., f(x + y) = fx + fy , completely additive ifit preserves all existing joins, and an operator if it preserves binary joins andsatis�es f0 = 0. For a unary map f , the unary operation f� is de�ned by settingf�x = (fx)� , and the dual fd of f is de�ned by setting fdx = �f(x�)�� .Two unary maps f; g on B are called conjugates if fx � y = 0 if and only ifx � gy = 0. The key point is that f; g are conjugates if and only if (f�; g�) is aGalois connection on B .Proposition 3.1. Let f; g be monotone unary operations on a Boolean al-gebra B .(1) If a 2 B , then f�a = fa .(2) If y is closed, then f�y = Tffa : y � a 2 Bg .(3) If U is an up-directed subset of B , then f��SU� = Sffu : u 2 Ug .(4) If U is a down-directed subset of B , then f��TU� = Tffu : u 2 Ug .(5) If f is an operator, then f� is completely additive.(6) If f; g are conjugates, then both are operators.(7) If f; g are conjugates, then so are f� ; g� .(8) If f is an operator, then �fd�� = �f��d .P r o o f . With the exception of the third and fourth, the �rst seven state-ments appear in [5]. The third and fourth are well known and easy to verify. The�nal statement appears in [4, Lemma 5.6].We say that (B; f; g) is a conjugated algebra if B is a Boolean algebra,and f; g are unary maps on B which are conjugates. For any such conjugatedalgebra, (f�; g�) is a Galois connection on B , and therefore we may speak ofthe Galois closed elements of a conjugated algebra. Note that by part (7) ofthe above proposition, the canonical extension (B�; f� ; g�) is also a conjugatedalgebra, and so we may consider its lattice of closed elements as well. 89



JOHN HARDINGTheorem 3.2. Let L be the lattice of closed elements of a conjugated algebraB and L� be the lattice of closed elements of the canonical extension B� .(C1) L� is a completion of L .(C2) Each element of L� is a meet of joins of elements of L .(C3) Each element of L� is a join of meets of elements of L .(C4) If S; T � L and QS � PT , then QS0 � PT 0 for some �nite S0 �S; T 0 � T .(C5) QI PJi aij = P� QI ai�(i) if each faij : j 2 Jig is an up-directed subsetof L .(C6) PI QJi aij = Q� PI ai�(i) if each faij : j 2 Jig is a down-directed subsetof L .P r o o f . We use P , Q for joins and meets in L� and S , T for joins andmeets in B� .(1) The underlying Boolean algebra of B� is complete, so the Galois closedelements form a complete lattice. The meet of x; y in L is given by their meetin the Boolean algebra underlying B , and the join of x; y in L is given bygdf(x [ y) . But B is a subalgebra of B� , and hence L is a sublattice of L� .Claim. If T is an up-directed subset of L , then PT = ST .By de�nition, PT = �g��df�(ST ) . From the above proposition, f is anoperator, hence f� is completely additive, and �g��d = �gd�� . So PT =�gd���Sfft : t 2 Tg� . As T is up-directed, so also is fft : t 2 Tg . By part(3) of the above proposition PT = Sfgdft : t 2 Tg . But T � L , so gdft = t ,and our claim follows.(2) Each element of L� is Galois closed, hence of the form (g�x)� for somex 2 B� . But (g�x)� = \x�y2K [y�a2B(ga)� :Each (ga)� is Galois closed in B , hence in L . But �(ga)� : y � a 2 B	 isup-directed, and the result follows from the claim.(3) Each element of L� equals �g��dx for some x 2 B� . But �g��d = �gd��and �gd��x = [x�y2K \y�a2B gda :Each gda is Galois closed in B and hence in L , and meets in B� agree withmeets in L� . So �gd��x is a join (in B� ) of meets of elements of L . As �gd��xis in L� , it must also be the join of this family in L� .90



CANONICAL COMPLETIONS OF LATTICES AND ORTHOLATTICES(4) We may assume that T is up-directed. Then QS = TS and by our claimPT = ST . Our result then follows directly from the corresponding result forthe canonical extension B� of the Boolean algebra B .(5) By the above claim QI PJi aij = TI SJi aij . Using the fact that B� is com-pletely distributive, we may write this as S� TI ai�(i) . This is a join (in B� ) ofelements of L� . But it lies in L� , and therefore is the join in L� as well.(6) By the manner in which joins in L� are formed,XI YJi aij = �g��df��[I \Ji aij� :Parts (4) and (5) of the above proposition yieldXI YJi aij = �g��d�[I \Ji faij� :Using the fact that B� is completely distributive and that �g��d is completelymultiplicative (as g� is completely additive), we haveXI YJi aij =\� �g��d�[I fai�(i)� :Using again that f� is completely additive givesXI YJi aij =Y� �g��df��[I ai�(i)� ;which yields our result.Theorem 3.3. Assume L is a sublattice of L� , M is a sublattice of M� ,and both couples satisfy (C1) through (C6) of the previous theorem. If L isisomorphic to M , then there is a unique isomorphism between L� and M�extending the one between L and M .P r o o f . Let h : L!M and m : M ! L be mutually inverse isomorphisms.Set h�x = Xx�y2K Yy�a2L ha ;where K is the collection of all elements of L� which are meets of elements of L .We call K the closed elements of L� . Similarly, we de�ne a map m� using theclosed elements K 0 of M� . Clearly h�;m� are monotone and extend h;m .Next, we show that h�;m� restrict to mutually inverse isomorphisms betweenK and K 0 . This will follow from symmetry and the de�nition of closed elements91



JOHN HARDINGif we show for y 2 K and a 2 L that y � a i� h�y � ha . One direction is clearas h� is monotone. Conversely, if h�y � ha , then Qfhb : y � b 2 Lg � ha . Bythe compactness property (C4) we have hb � ha for some y � b 2 L , and hencey � b � a .Finally, we show that h�;m� are mutually inverse isomorphisms between L� ,M�. By property (C3), elements of L� and M� are all joins of closed elements.Using symmetry, it is enough to show that for x 2 L and y 2 K that y � xi� h�y � h�x . One direction follows from monotonicity. For the other, assumeh�y � h�x . Enumerating fy 2 K : y � xg as (yi)I and enumerating eachfa 2 L : yi � ag as (aij )Ji the de�nition of h�x givesh�y �XI YJi haij :Then by property (C6) h�y �Y� XI hai�(i) :So for each � , the compactness property (C4) provides a �nite subset I� � Iwith h�y �XI� hai�(i) :But m� is monotone, restricts to a lattice homomorphism on M , and is aninverse of h� on K 0 . So for each �y �XI� ai�(i) :Therefore y �Q� PI ai�(i) . Applying (C6) y �PI QJi aij , which by property (C3)is equal to x .Thus every bounded lattice L has a completion which satis�es (C1) through(C6), and this completion is determined up to isomorphism by these properties.We call such a completion a canonical completion of L , and use L� to denoteone such canonical completion. It follows from theorem 2.5 that every ortholat-tice can be represented as the Galois closed elements of some conjugated algebra(B; f; f) which satis�es x � fx . As the canonical completion (B�; f� ; f�) isalso a conjugated algebra which satis�es x � f�x , its closed elements form anortholattice as well. So each ortholattice has an ortholattice completion satis-fying (C1) through (C6), and this completion is determined up to isomorphismby these properties. So we may speak of the canonical completion L� of anortholattice L as well.92



CANONICAL COMPLETIONS OF LATTICES AND ORTHOLATTICESProposition 3.4.(1) L� is atomic, but need not be atomistic.(2) L� need not be meet continuous or algebraic.(3) If L is distributive, then L� is completely distributive and doubly alge-braic.(4) L� need not be modular, even if L is a modular lattice, or modularortholattice.(5) L� need not be orthomodular, even if L is orthomodular.P r o o f . (1) To show atomicity, it is enough to show each non-zero closedelement of L� has an atom beneath it. Suppose y 2 L� is closed. Then fa 2L : y � ag is a proper �lter of L . Extend this to a maximal proper �lter F of L .Then QF is non-zero by the compactness property, lies beneath y , and is anatom by the maximality of F . That elements of L need not be joins of atomsis easily provided by the fact that the canonical extension of a �nite lattice isitself.(2) Construct a lattice L as follows. The underlying set of L consists ofthe elements 0; 1; a and the set of all ordered pairs of integers (m;n) such thatm+n � 0. We de�ne a partial ordering on L such that 0; 1 are the bounds of L ,a is incomparable to all but the bounds, and (m;n) � (m0; n0) i� m � m0 andn � n0 . It is easy to verify that L is a lattice. Set I to be the collection of allintegers, and for each i 2 I , set Ji = fj : j � �i g . Choose a map � such that�(i) 2 Ji for each integer i . Setting n = �(0) we have that the join of (0; n)and �1 � n;�(1 � n)� in L is equal to 1. It follows from condition (C6) thatPI QJi (i; j) = 1. But a �QJi = 0 for each i 2 I . So L� is not meet continuous,and hence not algebraic.(3) It is enough to provide a completion of a distributive lattice which iscompletely distributive, doubly algebraic, and satis�es (C1) through (C6). Suchis provided by the collection of all order ideals of the Priestly space. See [2] fora complete account.(4) Let L be the modular ortholattice of all �nite or co�nite dimensional sub-spaces of a Hilbert space. From Ka p l a n s k y 's result that a complete modularortholattice is a continuous geometry, L cannot be embedded into a completemodular ortholattice [7, p. 182]. Thus L� is not modular, and as the latticereduct of L� must be the canonical completion of the lattice reduct of L , thisestablishes the claim for modular lattices as well.(5) Let L be an orthomodular lattice containing two increasing sequences�xn�! and �yn�! such that for all natural numbers n we have (i) xn � yn , (ii)x0n+1 � yn = 0, and (iii) y0 6� xn . Such an L is provided by applying Kalmbach's93



JOHN HARDINGconstruction [3, 6] to the lattice (! + 1) � 2. De�ne elements x; y of L� byx = P! xn and y = P! yn . Obviously x � y , with the inequality strict by (iii)and the compactness property (C4). Then x0 � y is equal to Qn x0n �Pn yn , whichis a meet of joins of up-directed subsets of L (all but one such subset being asingleton). Applying (C5) yields x0 � y equal to Pn Qm x0m � yn , which by (ii) isequal to 0. So L� is not orthomodular.4. MiscellaneousThe hope of �nding an orthomodular completion for orthomodular latticeswas the author's original motivation for this study. The results of the previoussection show that the canonical completion is not a candidate. However, thefollowing digression shows that any hope of �nding an orthomodular completionmust necessarily abandon regularity. (Recall that an embedding is regular if itpreserves all existing joins and meets.) The origins of this result lie in a paperby P a l k o [10].Proposition 4.1. Any regular embedding of an orthomodular lattice into acomplete orthomodular lattice factors, as a pair of regular embeddings, throughthe MacNeille completion.P r o o f . Suppose ' is a regular embedding of L into a complete orthomod-ular lattice C . For each normal ideal N of L de�ne �N = P'[N ] . Clearly' = � � i , where i is the regular embedding of L into its MacNeille completion.We need only show � is a regular embedding.For a normal ideal N , the orthocomplement N 0 = fu0 : u 2 UNg . It followsthat �(N 0) � (�N)0 . Equality will follow from the orthomodularity of C if wecan show �(N 0) +�N = 1. But this term is equal to '[N 0 [N ] , and as the joinof N 0 [N in L equals 1, and ' is regular, equality in the above follows.For a family of normal ideals Ni (i 2 I ) the obvious monotonicity of � shows��TI Ni� � QI �Ni . Again, equality will follow from orthomodularity if we canshow ��TI Ni�+�QI �Ni�0 = 1. As � is compatible with orthocomplementation,this term is equal to ��TI Ni�+PI �(N 0i) , which in turn is equal to P'�TI Ni[SI N 0i � . From the regularity of ' this join equals 1, so � preserves arbitrarymeets, and hence is regular.Finally, to see that � is an embedding, suppose that M;N are normal ideals.If �M = �N , then for every u 2 UM and n 2 N , we have iu �M and N � in .As � is monotone, �iu � �M = �N � �in . Then as � � i equals the embedding94



CANONICAL COMPLETIONS OF LATTICES AND ORTHOLATTICES' , we have u � n . As this holds for each n 2 N , it follows that u 2 UN . Bysymmetry, UM = UN , and as these are normal ideals, M = N .Corollary 4.2. A variety of orthomodular lattices admits a regular com-pletion i� it is closed under MacNeille completions.As a �nal comment, we note the following.Theorem 4.3. There is a modal algebra which has no completion in thevariety it generates.P r o o f . Let L be a modular ortholattice which cannot be embedded into acomplete modular ortholattice (see the proof of Proposition 3.4 part 4). We haveseen that there is a conjugated algebra (B; f; f) , which satis�es x � fx , suchthat L is isomorphic to the ortholattice of Galois closed elements of (B; f; f) .Clearly such a conjugated algebra may be considered as a reexive modal alge-bra. As the operations in the ortholattice of Galois closed elements of (B; f; f)are de�ned in terms of the operations of (B; f; f) , we may express the modular-ity of the ortholattice of Galois closed elements as an identity in the languageof (B; f; f) . Any other algebra in the variety generated by (B; f; f) will haveits Galois closed elements form a modular ortholattice. As the Galois closedelements of a complete conjugated algebra form a complete lattice, our resultfollows.An example of K r am e r and Ma d d u x [8] is of a similar nature, but theyonly consider completions in which the operations are completely additive.REFERENCES[1] BIRKHOFF, G. : Lattice theory, Third ed., Amer. Math. Soc. Colloq. Publ. XXV, Provi-dence (1967).[2] GEHRKE, M.|J�ONSSON, B. : Bounded distributive lattices with operators, Math. Japon.40 (1994), 207{215.[3] HARDING, J. : Orthomodular lattices whose MacNeille completions are not orthomodular,Order 8 (1991), 93{103.[4] J �ONSSON, B. : The preservation theorem for canonical extensions of Boolean algebraswith operators, Proc. of the International Conference honoring Garrett Birkho� (K. Baker,E. T. Schmidt, R. Wille, eds.), Springer-Verlag, Darmstadt, Germany, June 13{17, 1991,pp. 121{130.[5] J �ONSSON, B.|TARSKI, A. : Boolean algebras with operators, Amer. J. Math. 73 (1951),891{939.[6] KALMBACH, G. : Orthomodular lattices do not satisfy any special lattice equation, Arch.Math. (Basel) 28 (1977), 7{8.[7] KALMBACH, G. : Orthomodular Lattices, Academic Press, 1983. 95
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