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ABSTRACT. For a modal algebra (B, f), there are two natural ways to ex-
tend f to an operation on the MacNeille completion of B. The resulting
structures are called the lower and upper MacNeille completions of (B, f).
In this paper we consider lower and upper MacNeille completions for vari-
ous varieties of modal algebras. In particular, we characterize the varieties
of closure algebras and diagonalizable algebras that are closed under lower
and upper MacNeille completions. We also introduce the variety of Sierpin-
ski algebras, and show that although this variety is not closed under lower
or upper MacNeille completions, it follows from the axiom of choice that
each Sierpinski algebra has a MacNeille completion that is also a Sierpinski
algebra, and that this result implies the Boolean ultrafilter theorem.

1. INTRODUCTION

For a modal algebra (B, f), there are two natural ways to extend f to an
operation on the MacNeille completion B of B. Define f , f : B — B by setting

im:\/{fa|aeBanda§a:}

and
fr= /\{fa|a € B and = < a}.

We call (B, f) and (B, f) the lower and upper MacNeille completions of (B, f),
respectively. Lower MacNeille completions of modal algebras were first studied
by Monk [33]. Givant and Venema [18] investigated the identities preserved under
lower MacNeille completions when the modal operator is conjugated. Lower and
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upper MacNeille completions of lattices with additional operations were discussed
by Gehrke, Harding, and Venema [17].

In this note we investigate varieties of modal algebras closed under lower and
upper MacNeille completions. We show that none of the varieties of all modal al-
gebras, all weakly derivative algebras, all derivative algebras, all closure algebras,
all Grzegorczyk algebras, or all diagonalizable algebras are closed under lower
MacNeille completions. We also characterize which varieties of closure algebras
and diagonalizable algebras are closed under lower MacNeille completions.

We show that the variety of all modal algebras, the variety of all weakly de-
rivative algebras, the variety of all derivative algebras, the variety of all closure
algebras, and the variety of all monadic algebras are closed under upper Mac-
Neille completions. We also characterize which varieties of closure algebras and
diagonalizable algebras are closed under upper MacNeille completions.

We introduce Sierpinski algebras and Boolean triples and show that the cate-
gory of Sierpinski algebras is equivalent to the category of Boolean triples. From
our results on lower and upper MacNeille completions it follows that the variety
of Sierpinski algebras is closed under neither lower nor upper MacNeille comple-
tions. Nevertheless, we imply from the axiom of choice, using the equivalence
of the categories of Sierpinski algebras and Boolean triples, that each Sierpinski
algebra has a MacNeille completion that is a Sierpinski algebra as well. Finally,
we show that this result implies the Boolean ultrafilter theorem.

The paper is organized as follows. Section 2 consists of preliminaries, and in
it we recall the basic definitions used throughout the paper. In Section 3 we dis-
cuss the lower and upper MacNeille completions of modal algebras. In particular,
we establish that several basic varieties of modal algebras are closed under upper
MacNeille completions, but not under lower MacNeille completions. We also char-
acterize which varieties of closure algebras and diagonalizable algebras are closed
under lower MacNeille completions. In Section 4 we characterize which varieties
of closure algebras are closed under upper MacNeille completions, and in Section 5
we characterize which varieties of diagonalizable algebras are closed under upper
MacNeille completions. In Section 6 we first introduce Sierpinski algebras and
axiomatize the variety of Sierpinski algebras; it follows from our earlier results on
lower and upper MacNeille completions that the variety of Sierpinski algebras is
closed under neither lower nor upper MacNeille completions; then we introduce
Boolean triples and show that the category of Sierpinski algebras is equivalent
to the category of Boolean triples; and finally, using this equivalence, we show
that the axiom of choice implies that every Sierpinski algebra has a MacNeille
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completion that is a Sierpinski algebra as well. We finish the paper by showing
that this fact implies the Boolean ultrafilter theorem.

2. PRELIMINARIES

Definition 1. A modal algebra is a pair 2 = (B, f) where B is a Boolean algebra
and f is a unary operation on B that satisfies
(1) f0=0,
(2) flavbd)= faV fb.
A modal algebra is called a weak derivative algebra if it satisfies
3. ffa<aV fa.

A modal algebra is called a derivative algebra if it satisfies
4. ffa < fa.

A derivative algebra is called a closure algebra if it satisfies
5. a < fa.

A closure algebra is called a monadic algebra if it satisfies

6. fa<—f— fa.

A closure algebra is called a Grzegorczyk algebra if it satisfies
7. a < fla— f(fa—a)).

A derivative algebra is called a diagonalizable algebra if it satisfies
8. fa< fla— fa).

We use MA, wDA, DA, CA, Mon, Grz, and Diag for the varieties of modal
algebras, weak derivative algebras, derivative algebras, closure algebras, monadic
algebras, Grzegorczyk algebras, and diagonalizable algebras, respectively.

Remark. These definitions of derivative algebras and closure algebras were given
by McKinsey and Tarski [31] to conduct an algebraic study of topological spaces.
Given a topological space (X, 7), if one considers the power set P(X) with the
topological closure operator C, then the pair (P(X), C) forms a closure algebra.
Similarly, if the space (X, 7) is T1, then P(X) with the derived set operator § forms
a derivative algebra (P(X),d). Esakia has shown [16] that for any topological
space (X, 7), that (P(X),d) is a weak derivative algebra, and that (P(X),9) is
a derivative algebra if, and only if, the space (X, ) satisfies the Tp separation
axiom (i.e. every point is the intersection of an open set and a closed set).
Monadic algebras were introduced by Halmos [20] for an algebraic study of the
one variable fragment of predicate logic. Grzegorczyk algebras were introduced



358 J. HARDING AND G. BEZHANISHVILI

by Esakia [14] for an algebraic study of Grzegorczyk’s modal system, and diag-
onalizable algebras were introduced by Magari [27] for an algebraic study of the
Godel-Lob provability logic.

Due to the topological connections mentioned above, we will often use C for
the operation of a closure algebra and  for that of a derivative algebra.

Remark. There is a well-known duality theory for modal algebras [37]. To each
modal algebra (B, f) one associates a pair (X, R) consisting of a Stone space X
and a binary relation R on X that satisfies (i) for each x € X, the set R[z] = {y €
X|zRy} is closed, and (ii) for each clopen A C X, the set R~1[A] = {y € X|yRa
for some a € A} is clopen. The dual spaces of weak derivative algebras are
exactly those (X, R) where R is weakly transitive (zRy and yRz and = # z imply
xRz) [16], and the dual spaces of derivative algebras are those (X, R) where R
is transitive [24]. The dual spaces of closure algebras are those (X, R) with R
reflexive and transitive [24], and the dual spaces of monadic algebras are those
(X, R) where R is an equivalence relation [20]. Unfortunately there is no first-
order characterization of the dual spaces of diagonalizable algebras or Grzegorczyk
algebras [4, pages 130-132].

A diagram of portions of the lattice of varieties of modal algebras is given
below.

Triv

Figure 1
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This diagram is intended to show only containments between varieties. It is
not the case that DA is the join of the varieties CA and Diag. However, it
does happen that CA and Diag intersect in the trivial variety, and that Grz and
Mon intersect in V7.

The varieties V1, Vo, R, and S are the varieties generated by the following
algebras.

A I NN
dod NS

In each case, the action of the additional unary operation on the (two or four
element) Boolean algebra is indicated by arrows.

It is known that every subvariety of MLA other than the trivial variety contains
either V; or Vo [28]. It is also known that any variety of closure algebras that is
not contained in Mon contains the variety R [29]. Consequently, every nontrivial
variety of Grzegorczyk algebras different from V; contains R. Similarly, every
nontrivial variety of diagonalizable algebras different from V5 contains S [30].
We call the variety S the variety of Sierpinski algebras. This variety will play an
important role in our considerations.

Definition 2. For any weak derivative algebra 2l = (B,d) we define auxiliary
operations C, I on B by setting

Ca=aVda and Ia=-C—a.
The following basic facts are well-known [16, 32].

Proposition 2.1.
(1) IfA = (B,9) is a weak derivative algebra, then (B, C) is a closure algebra.
(2) If A = (B, C) is a closure algebra, then H = {Iala € B} forms a Heyting
algebra where a — b =1I(—a Vv b).
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These facts form the basis of various connections between the categories of
weak derivative algebras wDA,, closure algebras CA, and Heyting algebras HA.
There is a well-developed theory of the connections between the categories CA
and HA [5, 6, 15], and to a lesser extent that of connections between wDA and
CA [16, 26]. The particular facts we will need are given below.

Theorem 2.2. There are functors F : wDA — CA and G : CA — HA where
F(B,0) = (B,C) and G(B,C) = {Ia|a € B}. Further

(1) The functor F' commutes with the class operators H, P, but not S.

(2) The functor G commutes with the class operators H, S, P and therefore

provides a complete lattice homomorphism from the lattice of subvarieties
of CA to the lattice of subvarieties of HA.

Remark. It can further be shown [5, 13] that G provides an isomorphism between
the lattice of subvarieties of Grz and the lattice of subvarieties of HA.

3. LOWER AND UPPER MACNEILLE COMPLETIONS

Definition 3. For 2 = (B, f) a modal algebra, we let B be the MacNeille
completion of the Boolean algebra B and define maps f ,f : B — B, called the
lower and upper extensions of f, by setting

fr= \/{fa\a € B and a < z},
and
fr= /\{fa\a € B and z < a}.

We call 2 = (B, f) the lower MacNeille completion of 2 and A = (B, f) the upper
MacNeille completion of 2.

Lower MacNeille completions were introduced by Monk [33] and later studied
by Givant and Venema [18]. Upper and lower MacNeille completions of lattices
with additional operations were discussed by Gehrke, Harding, and Venema [17].

Remark. For A = (B, f) a modal algebra with dual space (X, R), one may recover
an algebra isomorphic to (B, f) by taking the Boolean algebra Clopen(X) of
clopen subsets of X and the unary operation R~! on this algebra. One may
also realize algebras isomorphic to the lower and upper MacNeille completions
of A through the dual space. For the lower MacNeille completion we take the
Boolean algebra Reg(X) of regular open subsets of X with additional operation
ICR™!, and for the upper MacNeille completion we take Reg(X) with additional
operation IR"'C.
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To see this we note that joins in Reg(X) are given by taking IC of the union
and meets in Reg(X) are given by taking I of the intersection. Then for any
regular open set U, \/{R™*K|K clopen and K C U} is equal to IC{R™'K|K
clopen and K C U}, and this equals ICR™! [ J{K|K clopen and K C U}, which is
equal to ICR™!U. Also A{R™'K|K clopen and U C K} isequal to I J{{R'K|K
clopen and U C K'}. By Esakia’s Lemma (see, e.g., [8, page 350]) this is equal to
IR"!N{K|K clopen and U C K}, which is equal to IR"!CU.

The following definition, closely related to the notion of residuation [7], is due
to Jonsson and Tarski [24].

Definition 4. We say a unary operation f on a Boolean algebra B is conjugated
if there is a unary operation g on B such that for all a,b € B we have

fanb=0 if, and only if, aNgb=0.

Givant and Venema [18] proved the following result, although in somewhat
different terminology.

Theorem 3.1. If A = (B, f) is a Boolean algebra with a conjugated unary oper-
ation f, then A = 2.

ProOF. Using f? to denote the operation given by fa = —f — a, Givant and
Venema proved [18, Lemmas 18 and 21] that if f is conjugated then the lower
extension of f¢ is equal to (f)?. (Note, the notation f* of Givant and Venema

corresponds to our f.) One can then easily show, directly from the definitions,

that the lower extension of f? is equal to (f)%. So (f)* = (f)?, and therefore
f=r O

Remark. Suppose (B, f) is a modal algebra whose operation f has a conjugate
g. Then it is well-known that g is also an operator on B (i.e. preserves finite
joins), see [24], and therefore the dual space can naturally be considered as a triple
(X, R, S) where S is the relation corresponding to the operator g. Moreover, the
conjugacy of f,g implies [24] that S is the converse of R. Therefore R[K] is
clopen for each clopen K, and it can then be shown that R~! commutes with the
topological closure operation C. Therefore ICR™! = IR™!'C, providing a dual
method to show that f and f coincide when f is conjugated.

Lemma 3.2. FEvery subvariety of Mon is closed under lower MacNeille comple-
tions.

PrOOF. Every subvariety of Mon can be defined by strictly positive identities
[22], that is, identities that do not use the Boolean negation. As the operator
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of any monadic algebra is conjugated [22], it then follows from results of Givant
and Venema [18] that these strictly positive identities are preserved under lower
MacNeille completions. (]

In conjunction with this result, the following theorem completely determines
which subvarieties of CA and Diag are closed under lower MacNeille completions.
There are rather few of them.

Theorem 3.3.

(1) If a subvariety of MA contains R, then it is not closed under lower
MacNeille completions.

(2) If a subvariety of MA contains S, then it is not closed under lower Mac-
Neille completions.

(3) The varieties V1 and Vo are closed under lower MacNeille completions.

(4) If A is a monadic algebra, then 2 = 2.

PROOF. (1) Let B be the Boolean algebra of all finite and cofinite subsets of the
natural numbers w and consider the algebra 2 = (B x 2, f) where f(a,b) = (a,0)
if a is a finite subset of w and b =0, and f(a,b) = (a,1) in all other cases.

For each natural number n let ¢,, be the map from 2 to the two-element closure
algebra (2,id) defined by ¢, (a,b) = 0if n ¢ a and ¢,(a,b) = 1if n € a. Tt is
routine to check that each ¢, is a homomorphism.

Next, let R be the four-element closure algebra ({0, p, q,1}, C) where C0 = 0,
Cp = p, and Cq = C1 = 1. As mentioned in the preliminaries, R generates the
variety R. Define ¢, : 2 — P by setting ¢, (a,b) = 0 if a is finite and b is 0,
vu(a,b) = pif a is finite and b is 1, ¢, (a,b) = q if a is cofinite and b is 0, and
w(a,b) =1if a is cofinite and b is 1. One can check that ¢, is a homomorphism
and that the set of maps {p,|n € w} U {p,} separates points. Therefore 2 is a
subalgebra of the product of copies of the two-element closure algebra, which is
a subalgebra of R, and R, so /A belongs to R.

One sees easily that B x 2 is the product of the power set of w and 2. Let Odd
and Even be the sets of odd and even natural numbers, respectively. Then

£(0dd, 0) = \/{f(a,b)|(a,b) € B x 2 and (a,b) < (Odd,0)},

f(Even,0) = \/{f(a,b)|(a,b) € B x 2 and (a,b) < (Even,0)}.
Therefore f(Odd,0) = (0dd,0) and f(Even,0) = (Even,0). But f(w,0) =
f(w,0) = (w,1). So the lower MacNeille completion 2 is not a modal algebra.
As any subvariety of MA that contains R will contain the algebra 2, our result
follows.
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(2) Again let B be the Boolean algebra of all finite and cofinite subsets of w
and consider the algebra B = (B x 2,g) where g(a,b) = (0,0) if a is finite and
g(a,b) = (0,1) if a is cofinite. We note that for f(a,b) the function from Part 1,
that f(a,b) = (a,b)Vg(a,b). Using the same maps ¢,, and ¢, as in Part 1, we can
see that each ¢, is a homomorphism from % to the two-element diagonalizable
algebra (where the operation § must satisfy 61 = 40 = 0), and that ¢, is a
homomorphism from B to the algebra & = ({0,p,q,1},d) where 60 = op = 0
and d¢ = 1 = p. As mentioned in the preliminaries, the algebra & generates
the variety S. As the set of maps {¢,|n € w} U {p,} separates points, and the
two-element diagonalizable algebra is a homomorphic image of &, the algebra B
belongs to the variety S.

If we again compute the action of the lower MacNeille extension g on (Odd, 0)
and (Even,0) we obtain that g(Odd,0) = (0,0) and g(Even,0) = (0,0). As
9(w,0) = g(w,0) = (0,1), we see that B is not even a modal algebra. Again, it
follows that if a subvariety of MA contains S, then it is not closed under lower
MacNeille completions.

(3) One sees easily (and it is well-known [28]) that the variety V7 is defined
by the Boolean algebra identities and the identity fa = a; and the variety Vo
is defined by the Boolean algebra identities and the identity f1 = 0. Clearly
if A satisfies fa = a, then 2 satisfies for = 2z since each z € B is equal to
\V{a € Bla < z}. And obviously if  satisfies f1 = 0, then 2 satisfies f1 = 0. So
V; and V5 are closed under lower MacNeille completions.

(4) This follows from Theorem 3.1 as the unary operation of any monadic
algebra is conjugated [22]. O

Corollary 3.4.

(1) None of the varieties MA, wDA, DA, CA, Grz, R, Diag, S are closed
under lower MacNeille completions.

(2) A subvariety of CA is closed under lower MacNeille completions if, and
only if, it is a subvariety of Mon.

(3) A subvariety of Grz is closed under lower MacNeille completions if, and
only if, it is equal to the trivial variety or the variety V.

(4) A subvariety of Diag is closed under lower MacNeille completions if, and
only if, it is equal to the trivial variety or the variety V.

PROOF. (1) Each of these varieties contains either R or S, so the result follows by
the first and second parts of Theorem 3.3. (2) Any subvariety of Mon is closed
under lower MacNeille completions by Lemma 3.2. Any subvariety of CA not
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contained in Mon contains R [29] so is not closed under lower MacNeille comple-
tions. (3) Clearly the trivial variety is closed under lower MacNeille completions,
and by Part 3 of Theorem 3.3 V; is closed under lower MacNeille completions.
Any subvariety of Grz other than these contains R so is not closed under lower
MacNeille completions. (4) Clearly the trivial variety is closed under lower Mac-
Neille completions, and by Part 3 of Theorem 3.3, so also is V. Any subvariety
of Diag other than these contains S [30] so by Part 2 of Theorem 3.3 is not closed
under lower MacNeille completions. O

Therefore, lower MacNeille completions are of limited use when applied to
varieties of closure algebras or diagonalizable algebras. In fact, the only such
varieties that are closed under lower MacNeille completions are also closed under
upper MacNeille completions, and the lower and upper MacNeille completions of
each algebra in the variety coincide. Matters for upper MacNeille completions are
somewhat better, as is shown in the following result.

Theorem 3.5. Fach of the varieties MA, wDA, DA, and CA is closed under

upper MacNeille completions.

PROOF. Let A = (B, f) be a modal algebra. Then as f0 = 0 we have f0 = 0.
For any z,y € B we have fz V fy is equal to A{fala € B and x < a} Vv A{fblb €
B and y < b}. Using the infinite distributive law for the complete Boolean algebra
B we have fo vV fy = A{faV fbla,b € B and = < a,y < b}. Then as 2 satisfies
faV fo= f(aVb) we have fx V fy = A{f(aVb)|a,b € Band x < a,y < b}. As
{aVbla,b € B and z < a,y < b} is equal to {c|c € B and z V y < ¢}, we have
frV fy=N{fclc€ Band xVy < c}, hence fz vV fy = f(z Vy). So the upper
MacNeille completion of 2 is a modal algebra.

Suppose next that the modal algebra 2 satisfies the identity ffa < a V fa.
Then for any = € B, as « is equal to the meet of the elements of B above it, we
have z V fz = A{ala € B and = < a} vV A{fblb € B and = < b}. Using complete
distributivity, = V fo = A{a V fbla,b € B and = < a,b}. As {c|c € B and = < c}
is down-directed, we then have that z V fr = A{cV fclc € B and = < c¢}. Then
as A satisfies ffa < aV fa we have A{ffclc € B and x < c} <z V fr. But for
any ¢ € B with 2 < ¢ we have f fo < f fc = ffe,so f fx < 2V fz. So the
variety wDA is closed under upper MacNeille completions.

Suppose that the modal algebra 2 satisfies the identity ffa < fa. Then
for any # € B we have f fr < A{ffala € B and = < a} since a € B and
r < aimply f fx < f fa = ffa. Thus as A satisfies ffa < fa, we have
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f fr < N{fala € B and = < a}, so f fr < fx. So the variety DA is closed
under upper MacNeille completions.

Suppose that the modal algebra 2 satisfies the identity a < fa. Then for any
xr € Bwehaver = A{ala € Band z < a},sox < A{fala € B and z < a}, giving
x < fx. As we have already seen the variety DA is closed under upper MacNeille
completions, it follows that CA is closed under upper MacNeille completions. [

Remark. Based on Jonsson’s treatment of the preservation of Sahlqvist identities
under canonical completions [23], Givant and Venema [18] have conducted a study
of which identities are preserved under lower MacNeille completions when the
operators involved are conjugated. Recently Theunissen and Venema [38] have
considered the non-conjugated setting, and among other results have produced a
Sahlqvist-type theorem that encompasses the results in Theorem 3.5 above.

In the next section we will classify those subvarieties of CA that are closed
under upper MacNeille completions. In the fifth section we will show that the
variety Diag is not closed under upper MacNeille completions and classify those
subvarieties of Diag that are closed under upper MacNeille completions.

4. UPPER MACNEILLE COMPLETIONS OF CLOSURE ALGEBRAS

As mentioned in Section 2, there is a close connection between closure algebras
and Heyting algebras. Here we exploit this connection, and existing results about
MacNeille completions of Heyting algebras, to determine which subvarieties of
CA are closed under upper MacNeille completions. We begin with the following
well-known result [3, Page 238, Exercise 11].

Theorem 4.1. The MacNeille completion of the lattice reduct of a Heyting alge-
bra H naturally forms a Heyting algebra we denote H.

We note that the implication — of a Heyting algebra is completely determined
by the underlying lattice structure. So, there is one and only one way to extend
the implication — of a Heyting algebra H to an implication on the MacNeille
completion of the lattice reduct of H.

We next consider the connection between the functor G : CA — HA discussed
in the preliminaries and MacNeille completions. The key result is the following.

Proposition 4.2. For A = (B, C) a closure algebra, GU = G2.

PROOF. Let H = G and H = G be the Heyting algebras of open elements of
2 and A respectively. As 2 is a subalgebra of 2, we have that H is a subalgebra
of H. It is well known, and not difficult to show, that in a complete closure
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algebra, the join of open elements is open. Thus His complete. Using the well-
known abstract characterization of the MacNeille completion as the unique (to
isomorphism) join and meet dense completion [3], to show that H = H it is
sufficient to show that H is join and meet dense in H.

Suppose = € H, so z is open in A = (B,C). For convenience, we use T for
the interior operator of ¥, so I = -C—. As B is meet dense in B we have
2 = MNala € Band z < a}. But a € B and z < a imply Iz < Ia. So
=1z < N{Ia|a € B and z < a} < A{ala € B and z < a} = x. Therefore z is
the meet (in B) of elements of H, and as z € H, it is the meet (in fI) of elements
of H. Set y = —x. Then z = Iz yields y = Cy. By the definition of C we have
Cy = A{Cala € Band y < a},so z = —y = \/{-Cala € B and y < a}. As
each —Ca is open, we have z is the join (in B) of elements of H, and as = € ﬁ,
it follows that z is the join (in ﬁ) of elements of H. O

Definition 5. We let A(CA) be the lattice of subvarieties of CA, and A(HA)
be the lattice of subvarieties of HA.

The following is well known [6, 15].

Theorem 4.3. For any subvariety V of CA the class {GU|2 € V} is a subvariety
of HA.. Moreover, the map ® : A(CA) — A(HA) defined by

(V) ={GUA €V}
is a complete lattice homomorphism.
As @ is a complete lattice homomorphism, the preimage of any point in A(HA)
is an interval in the lattice A(CA). It is known (see, e.g., [9]) that the preimage
of the variety BA of Boolean algebras is the interval [V, Mon] of A(CA) and

that the preimage of the variety HA is the interval [Grz, CA] of A(CA). These
facts are illustrated in the following figure.
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CA
HA
Grz
Mon
BA
Vi
Triv
Triv
Figure 3

Lemma 4.4. If V is a subvariety of CA, then 'V being closed under upper Mac-
Neille completions implies ®(V) is closed under MacNeille completions.

PROOF. Suppose H € ®(V). Then H = G for some 2 € V. By Proposition
4.2 we have H = G. Then as V is closed under upper MacNeille completions,
A€V, hence H € (V). O

Lemma 4.5. FEvery subvariety of Mon is closed under upper MacNeille comple-
tions.

PROOF. Theorem 3.3 shows that the lower and upper MacNeille completions of
monadic algebras coincide. Now apply Lemma 3.2. (|

Lemma 4.6. The only subvariety of CA that contains Grz and is closed under
upper MacNeille completions is the variety CA.

PROOF. Let T denote the countably infinite binary tree with root r where each
node has exactly two children. We consider T to be a poset with least element
r (and no greatest element). Let $ be the collection of upsets of T and B(4)
be the Boolean subalgebra of the powerset P(T') of T generated by 4. One can
easily see that for each ¢t € T the singleton {t} belongs to B(4l), so the MacNeille

completion B(Y) of B(Y) is P(T).
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For any A C T let |[A = {t € T|t < a for some a € A}. It is well known that
2 = (B(4),]) belongs to Grz [14]. Consider the operation | on B({) = P(T).
For any X C T we have | X = (N{|A]A € B({) and X C A}, and this is easily
seen to equal | X. Thus (B(U),]) = (P(T),]). However, it is known (see, e.g.,
[19]) that (P(T), ]) generates the variety CA, and our result follows. O

Theorem 4.7. The only subvarieties of CA that are closed under upper Mac-
Neille completions are the subvarieties of Mon and the variety CA.

PROOF. We have seen in Theorem 3.5 that CA is closed under upper MacNeille
completions, and in Lemma 3.2 that each subvariety of Mon is closed under upper
MacNeille completions. We wish to show these are the only such varieties. Sup-
pose V is a subvariety of CA that is closed under upper MacNeille completions.
Then by Lemma 4.2 ®(V) is a variety of Heyting algebras that is closed under
MacNeille completions. By [21] ®(V) is either the trivial variety, the variety BA,
or the variety HA. In the first two cases V is contained in Mon. In the final
case, Grz C V, so by Lemma 4.6 V = CA. O

Remark. In this section we made use of the homomorphism ® : A(CA) — A(HA)
provided by the functor G : CA — HA to characterize varieties of closure al-
gebras closed under upper MacNeille completions. Key were the facts that G
commuted with HSP, so ®(V) = {G|” € V}, and that G = G2.

For any weak derivative algebra A = (B,§) we similarly have FA = F2L.
Indeed, as FA = (B,C), where Ca = a V da, then for any € B we have
zV oz = Nal|z < a} v A{6blz < b} = N{aV éblz < a,b} = N{eVde|z < e} =
N{Ce|z < e} = Cu.

However, the homomorphism ¥ : A(WDA) — A(CA) provided by the functor
F takes the more complicated form ¥U(V) = S({FUA € V}) as F commutes
with H and P, but not S. This prevents us from duplicating the proof of Lemma
4.4 for varieties of weak derivative algebras and closure algebras. Indeed, as we
will see in the next section, there are varieties V of weak derivative algebras with
V closed under upper MacNeille completions, but ¥(V) not closed under upper
MacNeille completions.

5. UPPER MACNEILLE COMPLETIONS OF DIAGONALIZABLE ALGEBRAS

We begin by reviewing known results [1, 30] about the lattice of subvarieties
of Diag. For this, we need the following definition.
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Definition 6. For each natural number n, let O,, = (P(w™+1), ) where ¢ is the
derived set operator of the interval topology on the ordinal w™ + 1, and let O,, be
the variety generated by O,,.

Definition 7. For each natural number n, let &,, be the subalgebra of O,, gen-
erated by the bounds 0 = ) and 1 = w™ + 1 and let S,, be the variety generated
by &,. Let S, be the variety generated by {&,|n € w}.

Note that Oy and Sy are the two-element diagonalizable algebra depicted
second in Figure 2, so Oy = Sg is the variety we called V4 in Section 2. Also,
G, is the algebra depicted fourth in Figure 2, so S; is the variety we called S in
Section 2. It is not difficult to see, and well known, that S,, is properly contained
in S, 41 for each natural number n. Therefore, the following definition is valid.

Definition 8. For V a subvariety of Diag, we say V is of order n if S,, C V and
Sn+1 € V. If there is no such natural number n, then S,, C V for each n € w,
and we say V is of order w.

Theorem 5.1. Suppose V is a subvariety of Diag. Then
(1) V is of order n if, and only if, S, CV C O,,.
(2) V is of order w if, and only if, S, €V C Diag.

A figure depicting the lattice of subvarieties of Diag is given below. This
diagram is intended only to show containments, and it is not the case that S,, Vv

On—l = On
Diag
S. /

O3
0O,
O,

Triv

Figure 4
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It is worthwhile to note that the variety Diag is generated by {O,|n € w}
hence is the join of the varieties O,, n € w. The following result on equational
definitions of these varieties is known (see, e.g., [30]).

Proposition 5.2. In the presence of the axioms defining Diag,
(1) O,, is defined by the identity 6"*11 = 0.
(2) S, is defined by the identity 5(a — Cb) A §(b — Ca) = 0.
(3) S, is defined by the identities "1 = 0 and §(a — Cb) A (b — Ca) = 0.

We will need the somewhat technical result that each variety O, is defined
by only the wDA axioms and the identity 6”*t'1 = 0. This likely belongs to
folklore, but we cannot find it in the literature. The proof presented below is likely
somewhat novel, as it is based on algebraic techniques, rather than techniques
based on duality.

Definition 9. For 2 = (B, 0) a weak derivative algebra we say an ideal I C B is
a d-ideal if a € I implies da € I.

The definition of é-ideals, and the following well-known result [37] about them,
are valid in the more general setting of modal algebras.

Proposition 5.3. For 2 = (B,d) a weak derivative algebra, there is a bijective
correspondence between congruences of 2 and d-ideals of 2. In particular, a
subdirectly irreducible weak derivative algebra has a least nontrivial §-ideal.

Lemma 5.4. For any n > 1, equations 1—4 imply equation 5.

(1) 60 =0,
(2) 0(aVb)=daV b,
(3) dda < aVda,

)

)
(4) 0”1 =0,
(5) da =d(a —da).

PROOF. For n = 1 this is trivial as da = 0 and §(a—da) = 0. So assume n > 2. It
is enough to show that if equations 1-4 hold in a subdirectly irreducible algebra
2A, then equation 5 holds in 2 as well.

Assume 2 = (B, 0) is subdirectly irreducible and that equations 1-4 hold in
2. Let I be the least non-trivial d-ideal of 2. Note that equations 1-2 imply that
if d € B and dd < d, then |d is a §-ideal. Then as 61 = 0 we have | (6" '1) is
a d-ideal, and assuming 6”11 # 0, we have I C|[(6" !1). Thus da = 0 for each
a € I, and it follows that I C|a for each non-zero a € I, so I is equal to |c for
some atom ¢ of A with dc = 0. We claim ¢ =|(§"~!1). If not, then there is some
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d with cAd =0 and ¢V d=06""11. But then as d < §*'1, we have dd = 0,
hence |d is a d-ideal, so ¢ < d, a contradiction.

So I =[(6""11). As /I satisfies 6" 11 = 0, the inductive hypothesis gives that
for any a € B, §(a/I) = §((a/I)—6(a/I)). Therefore da < §(a—da)Vs"~11. But
for any b € B we have |(bVdb) is a d-ideal as equation 3 gives §(bV db) = bV Idb <
bV éb. So [((a —da) V §(a—da)) is a d-ideal, giving 6"~ 11 < (a —da) V d(a — da).
Therefore as 6a < §(a—da) V5"~ 11 we have da < (a—da)V é(a—da), and taking
the meet of both sides of this equation with da gives da = §(a — da). O

Proposition 5.5. For each natural number n, the variety O, is closed under
upper MacNeille completions.

PROOF. The previous lemma shows that O,, is defined by the wDA identities
and the identity 6”71 = 0. We have seen that the wDA identities are preserved
under upper MacNeille completions. For any weak derivative algebra 2 = (B, J),
as 2 is a subalgebra of 2, we have (§)"*'1 = §"*11. Therefore the identity
d"*t11 = 0 is also preserved under upper MacNeille completions. O

Proposition 5.6. If V is a subvariety of Diag that is closed under upper Mac-
Neille completions and contains S,,, then V contains O,,.

PROOF. Assume V is a subvariety of Diag that is closed under upper MacNeille
completions, and that for some natural number n, that V contains the variety
S,.. Let T be the subalgebra of (P(w™ + 1),d) generated by {|a|a < w™} where
la={p]g < a}.

Claim 1. For each o < w™ the singleton {a} belongs to .

PROOF. For a < w™ we say the degree of « is the largest k for which o € 6*1.
Note that if a is of order k, then as o € §*1 and « is not a limit point of §1,
the set {83 € 6*1 and 3 < a} is either empty or has a largest element . If this
set is empty, then {a} =|a N &1, and if this set has a largest element ~y, then
{a} = (land*1)— |n. 0
Claim 2. (P(w™+1),0) is the upper MacNeille completion of .

PROOF. It follows from the previous claim that the Boolean algebra P(w™ + 1)
is the MacNeille completion of the Boolean algebra underlying ¥. Using § for the
derivative operation on P(w™ + 1) and 4 for the upper MacNeille extension of the
derivative operation d|z on T, we must show & = 6.

For any X C w" + 1, the definition of & gives

6X =({0A|A € T and X C A}.
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It then follows directly that X C 6X. Suppose o ¢ dX. We must show that
there is A € ¥ with X C A and a ¢ §A. As a ¢ §X, the set (XN Ja) — {a} is
either empty or is contained in |§ for some 8 < «. If this set is empty, then for
A=(1- la)U{a} wehave A € T, X C A and « ¢ dA. If this set is contained in
13 for some 3 < a, then for A = (1— |a) U{a}U |3 we have A € T, X C A and
a ¢ dA. O

Claim 3. For each a <w™, I, = {A € T|la ¢ CA} is a 0-ideal of T.

PROOF. Surely [, is a downset, and as C(AU B) = CAU CB we have I, is
closed under finite joins. As w™ + 1 is Hausdorff, hence a Tp-space, we have
COA =86AUS0A CHA C CA, so I, is closed under §. O

Claim 4. ¥ is in the variety S,.

PrOOF. The variety S,, is generated by the algebra &,,, which is the subalgebra
of (P(w™ 4+ 1),6) generated by {0,1}. Note that ({ln|a < w™} = {0} since A
belonging to this intersection implies o ¢ CA for all & < w™. So ¥ is isomorphic
to a subalgebra of the product [[{%/Is]a < w™}.

Consider I, in terms of the generators |3 of ¥. For a, 8 < w" we have § < «
implies a ¢ C(|f), so |5 € I, and therefore | 5/I, = 0/I,. If a < [ then
a ¢ C(l— |f), so 1— |B € I,, and this implies |5/I, = 1/I,. Thus, as T is
generated by {|5]5 < w"}, we have T/1, is generated by {0/1,,1/1,}, so T/1,
is isomorphic to a quotient of &,,. O

To conclude the proof of our proposition, as V contains S,,, we have ¥ € V. Then
as V is closed under upper MacNeille completions, 9,, = (P(w"+1),d) € V. Then
as O, is generated by £,,, we have O,, C V. O

Proposition 5.7. There are no subvarieties of Diag that contain S, and are
closed under upper MacNeille completions.

PROOF. Define an ordering C on the set w of natural numbers by setting m C n
if one of the following holds: (i) m is odd and n is even, (ii) m,n are both odd
and m < n, or (iii) m,n are both even and n < m. Let B be the Boolean algebra
of finite and cofinite subsets of w and define § on B by setting 6(A) = {n|n C
a for some a € A}. Here n C a means n C a and n # a. Using Odd and Even
for the sets of odd and even numbers respectively, if AN Even # () then §A is
cofinite, and if A N Even = (), then as A € B we have that A is a finite subset of
0Odd, so §A is finite. Thus ¢ is a well-defined operation on 8.

Clearly 60 = 0, and from the form of its definition, one sees easily that 6(C' U
D) = §C UD. For any C € B we have 66C C 6C, so (9B,0) is a derivative
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algebra. Note also, for any C' € B, that CC = {n|n C a for some a € C}.
But (w,C) is a chain, so for any C,D € 9B we have that either CC' C CD or
CD CCC.IfCC CCD, then C—CD =0,s0§(C—CD) =0, and if CD C CC,
then §(D — CC) = 0. In any event, 6(C — CD) A (D — CC) = 0, showing that
(9B, 6) belongs to the variety S,,.

Clearly the powerset P(w) is the MacNeille completion of the Boolean algebra
%B. Consider the action of § on the element Odd of P(w). Note that if A € B and
Odd C A, then A is cofinite, so A contains some even number, giving Odd C 0 A.
But for each even n, if we set A,, = {k|k C n} we have A, € B, Odd C A,, and
§A, = Apie. Asd0dd = N{A|A € B and Odd C A}, we then have §Odd = Odd.
But then 6(Odd — 6(0dd)) = 60 = 0, so 0dd £ §(Odd — §(Odd)), showing that
the upper MacNeille completion of (B, 4) is not a diagonalizable algebra.

So if V is a subvariety of Diag that contains S, then 2 = (28, ) belongs to
V, but 2 is not diagonalizable, so does not belong to V. O

Theorem 5.8. The trivial variety and the varieties O,, for n € w are exactly the
subvarieties of Diag that are closed under upper MacNeille completions.

PRrROOF. This follows directly from the previous three propositions and the de-
scription of the lattice of subvarieties of Diag given in Theorem 5.1. O

6. MACNEILLE COMPLETIONS OF SIERPINSKI ALGEBRAS

We call the variety S from Section 2 the variety of Sierpinski algebras, and
we call an algebra 2 € S a Sierpinski algebra. The name, suggested to us by
Leo Esakia, is due to the fact that the algebra & that generates the variety S is
isomorphic to the power set of the Sierpinski space X = {z,y} with open sets
0,{y}, X where the additional operation ¢ is the derived set operator of X.

This section is split into three subsections. In the first subsection we give
axioms defining the variety S. These results likely belong to folklore, but are not
easily found in the literature, and our algebraic proofs are likely novel. In the
second subsection we develop a triple representation for Sierpinski algebras along
the lines of the well-known triple representation of Stone algebras [10, 11]. Key to
this triple representation is the fact that each Sierpinski algebra has a least dense
element. In the final subsection we employ the triple representation to consider
MacNeille completions of Sierpinski algebras.

6.1. Axiomatics.

Theorem 6.1. An algebra A = (B,0) consisting of a Boolean algebra B with
unary operation § is a Sierpinski algebra if, and only if, it satisfies



374 J. HARDING AND G. BEZHANISHVILI

(1) 60 =0,

(2) 6(aVb)=daV b,
(3) 601 =0,

(4) daNd(—a)=0

PROOF. Let V be the variety defined by the above equations. One easily checks
that these equations are valid in &, so & € V, and therefore S C V. To show the
other containment, it is enough to show that every subdirectly irreducible algebra
in V belongs to S.

Suppose 2l = (B, ¢) is a subdirectly irreducible algebra in V. Then as 2 satisfies
equations 1 and 2 above, congruences on 2 correspond to d-ideals of . So, as A
is subdirectly irreducible, it has a least non-trivial d-ideal, say I.

If 41 = 0, then it follows that each ideal of 2 is a d-ideal, so 2 has a least
non-zero element. Hence, 2 is a two-element Boolean algebra with 61 = 0. It
follows that 2( is a quotient of &, so A € S. We therefore assume that 1 # 0 in
2.

Note that for any b € B we have (b V §b) = bV §db by equation 2, and as
equation 3 gives 60b = 0, that §(bV 6b) < bV db. So for any b € B, the principal
ideal |(bV 6b) is a d-ideal. The minimality of I yields I C|(bV 6b) for each b # 0.
Specializing, we obtain

if b# 0 and 6b = 0 then I C b, (+)
if 6b # 0 then I C|(6b). ()

Here () is obtained from (x) as equation 3 gives db = 0.

As 61 # 0, condition (%) gives I C[(d1), hence 6b = 0 for all b € I. Then (x)
gives I C|b for all non-zero b € I. This implies I =]a for some atom a of 2 with
da = 0.

Note next that for any b € B we have 0bV §(—b) = 01 # 0, so at most one of
0b, 6(—b) is zero. We can not have both 6b, §(—b) non-zero as (x*) would give
I C|(6b) and I C|(6(—b)), contrary to equation 4 which gives 6b A §(—b) = 0. So
for any b € B exactly one of 0b, §(—b) is zero. It follows easily that J = {b|éb = 0}
is a maximal ideal of . But condition (%) yields that the atom a is the least
non-zero element of the maximal ideal J, and this implies that J =|a. It follows
that 2 has exactly four elements, 0, a, —a, 1.

We have seen that da = 0 and clearly 60 = 0. Also, we have seen that a < d1,
and as 001 = 0 we have 61 # 1. Thus §1 = a. Finally, as exactly one of da, d(—a)
is zero, we have §(—a) # 0, and as 0(—a) < 61, we have §(—a) = a. Thus A is
isomorphic to &. g
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6.2. Triples and Sierpinski algebras.

Definition 10. For 20 = (B, §) a Sierpinski algebra and a € B we say

(1) ais dense if a V da = 1.

(2) a is closed if a V da = a.

(3) a is clopen if both a and —a are closed.
We use Dense2l and Clopen® for the set of dense elements of 2 and the set of
clopen elements of 2, respectively.

Note, using the auxiliary operations C and I of closure and interior, a being
dense means Ca = 1, a being closed means Ca = a, and a being clopen means
Ca = a and Ia = a.

Lemma 6.2. For 2 = (B, J) a Sierpinski algebra and a € B, these are equivalent.
(1) a is dense.
(2) a > —61.

PrROOF. 1 = 2. If a is dense, then aVda =1, s0 aVél =1, giving that a > —d1.
2 = 1. One checks that —61V §(—d1) = 1 in &, hence —§1 V §(—d1) =1 in all
Sierpinski algebras. Now a > —41 implies a V da > —d§1 V §(—41) = 1. O
Lemma 6.3. If A = (B,0) is a Sierpinski algebra, then

(1) Dense& is a Boolean sublattice of B.

(2) Clopen is a Boolean subalgebra of B.

PROOF. 1. By Lemma 6.2 we have Dense 2l is the interval [—41,1] of B.

2. From its definition, Clopen%| is closed under complementation. Also one
easily sees that both 0, 1 are clopen. Suppose a, b are closed. Then aVbVd(aVd) =
(aVda)V (bVdb) =aVhb, so the join of closed elements is closed. Also as a,b are
closed, da < a and 6b < b, so §(a Ab) < da A db < a Ab, showing a A b is closed.
It then follows easily that Clopen®l is closed under finite joins and meets. O

Definition 11. For 2 = (B,0) a Sierpinski algebra, define a mapping
g : Clopen2l — Dense 2l by

pa(a) =aV —0l.
We recall that by Lemma 6.2, —d1 is the least dense element of .

Lemma 6.4. For A = (B,0) a Sierpinski algebra, g is a Boolean algebra ho-
momorphism.

PROOF. Clearly pg(aV b) = pga V pgb, and pg(—a) = —a V —01 which is the
complement of a V —41 in the interval [—d1, 1]. O
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We have seen that to each Sierpinski algebra 2l one may associate a triple
(Clopen 2, Dense 2, g ) where Clopen®l and Dense®l are Boolean algebras and
g : Clopen® — Dense %l is a Boolean algebra homomorphism. We next consider
abstractly such triples.

Definition 12. A Boolean triple is an ordered triple 7 = (C, D, ¢) where

(1) C, D are Boolean algebras.
(2) ¢ :C — D is a Boolean algebra homomorphism.

A morphism between triples 7 = (C, D, ) and 7' = (C’,D’,¢") is an ordered
pair h = (hy,hg) where hy : C — C’ and hy : D — D’ are Boolean algebra
homomorphisms with ¢’ o hy = ho 0 .

c—>Dp

o

C/LD/

Finally, if 7,7’ and 7" are triples and h : 7 — 7’ and g : 7' — T" are triple
morphisms, we define goh : T — 7" to be (g1 0 h1, 92 © ha).

Definition 13. We let S be the category of Sierpinski algebras and their homo-
morphisms and T be the category of Boolean triples and their morphisms.

The reader will observe that for BA the category of Boolean algebras, T is
none other than the arrow category BA™.

Definition 14. For 2,2’ Sierpinski algebras and f : 20 — 21’ a homomorphism,
define

F2 = (Clopen 2, Dense 2, g ) where pg(c) = ¢V —41.

Ff = (f1, f2) where f; = f|Clopen2 and fo = f|Dense 2.

Definition 15. For 7 = (C,D,¢) and 7' = (C',D’,¢’) Boolean triples and
h:T — T’ a triple morphism define

GT = (C x D, ) where ¢ is given by d(c,d) = (0, ¢c).

Gh is the map hy X hy : GT — GT' given by Gh(c,d) = (hic, had).

Theorem 6.5. F:S — T and G: T — S are functors.
PROOF. Suppose 2 = (B,d) and ' = (B’,d’) are Sierpinski algebras and f :
A — A’ is a homomorphism. Lemmas 6.3 and 6.4 show F2A and FQU' are triples.

As f is a homomorphism, féa = ¢’ fa, and it follows that f maps Clopen%l to
Clopen 2’ and Dense 2 to Dense2l’. Thus f; = f|Clopen®l and fo = f|Clopen %l
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are maps f1 : Clopen®? — Clopen®l’ and f5 : Dense2l — Dense2l’. By Lemma
6.3 Clopen 2l and Clopen 2’ are subalgebras of B and B’ respectively, and as f; is
the restriction of a homomorphism, it follows that f; is a homomorphism. Lemma
6.3 shows that Dense2 is the interval [—d1,1] of 2 and Dense®l’ is the interval
[d'1,1] of 2'. Then as f5 is the restriction of the homomorphism f and f satisfies
f(=61) = —¢'f1, we have that f5 is a Boolean algebra homomorphism. For g :
Clopen 2l — Dense 2l and @g : Clopen2l' — Dense 2’ defined by pga = aV —4d1
and pgra = aV =1 we have gy fia = gy fa = faVv =81 = fa Vv f(=d1) =
flaVv =61) = foaa = fopaa. So o o fi = fo 0 g, and this shows that
Ff = (f1, f2) is a triple morphism from F2 to Fl'. Finally, it is a simple matter
to show that F preserves composition of morphisms and the identity maps. Thus
F:S — T is a functor.

Suppose T = (C, D, ¢) is a triple. Then C' x D is a Boolean algebra and the
map 0 : Cx D — Cx D defined by (¢, d) = (0, ¢c) is a unary operation on C x D.
To show (C x D, 0) is a Sierpinski algebra it is enough to show that equations 1
through 4 of Theorem 6.1 hold. As ¢ is a homomorphism 6(0, 0) = (0, ¢0) = (0, 0),
so equation 1 holds. Also d(c Vv ¢/, dVv d) = (0,0(cV <)) = (0,0c) V (0,0c) =
d(c,d) vV é(c',d'), so equation 2 holds. As 6§(1,1) = 6(0,¢1) = (0,90) = (0,0),
equation 3 holds, and as 6(c, d)Ad(—c, —d) = (0, c)A(0, p(—c)) = (0, pcA—pc) =
(0,0), equation 4 holds. Thus G7T is a Sierpinski algebra.

Suppose 7 = (C, D, p) and T’ = (C', D', ¢') are triples with GT = (C x D, )
and GT7' = (C' x D’,§"). Suppose f : T — T’ is a triple morphism with f =
(f1, f2)- Then it is well known that f; x fo : C x D — C’' x D’ is a Boolean
algebra homomorphism. Then using the definitions of § and ¢, as well as the
facts that f1, fo are Boolean algebra homomorphisms with ¢’ o f; = fo 0 ¢, we
have (f1 x f2)d(c,d) = (f1 x f2)(0,¢c) = (£10, fapc) = (0,4 fic) = &'(f1c, fod) =
0'(f1 x f2)(e,d). Thus Gf = f1 x f is a Sierpinski algebra homomorphism from
GT to GT'. Finally, it is a simple matter to show that G preserves compositions
of morphisms and identity maps. So G : T — S is a functor. O

Lemma 6.6. For 2l = (B,0) a Sierpinski algebra and T = (C, D, p) a triple:
(1) GF2l = (Clopen 2 x Dense®, d") where ¢’'(c,d) = (0,c¢V —41).
(2) FGT = ({(c,pc)|c € C}, {1} x D, ") where ¢’ (¢, oc) = (1, ¢c).

PrOOF. 1. For a Sierpinski algebra 2 = (B,0) we have F2 = (Clopen%,
Dense®, ¢) where pa = a V —d1. Then GF2 = (Clopen® x Dense2l, ") where
0'(c,d) = (0, ¢c), and upon substituting, ¢'(¢,d) = (0,cV —d1).

2. For a triple 7 = (C, D, ¢) we have GT = (C x D, §) where 6(c,d) = (0, ¢c).
Note that (c,d) is closed if, and only if, §(c,d) < (¢,d), which is equivalent to
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requiring that ¢c < d. Thus (¢,d) and — (¢, d) are closed if, and only if, pc < d
and ¢(—c) < —d, or equivalently, if pc = d. So Clopen(G7) = {(c,pc)|c € C}.
Note also that (c,d) is dense if, and only if, (¢,d) V §(¢,d) = (1,1), which is
equivalent to (¢,d) V (0, ¢c) = (1,1), and hence to ¢ = 1. So Dense(G7) is given
by {1} x D. From the above descriptions of Clopen(G7) and Dense(GT ), as well
as the definition of FGT, we have FGT = ({(c,pc)|c € C}, {1} x D, ¢’) where
¢ {(c,pc)|lc € C} — {1} x D is the map pgr described in Definition 14. We
then have ¢'(c, pc) = (¢, oc) V —§(1,1). As the derivative operation ¢ of GT is
given by d(c,d) = (0,¢c), then —4(1,1) = —(0,¢1) = —(0,1) = (1,0), and so
¢'(c, pc) = (1, pc). O

Lemma 6.7. For each Sierpinski algebra A = (B,d), the mapping
o A — GFA defined by

nya = (Cla,a VvV —01)
is an isomorphism. Here C, I are the closure and interior operators of 2.

PROOF. Recall & is the algebra constructed from the Sierpinski space X = {z, y}
with open sets (§, {y}, X. From the earlier description of the derived set operator
0 of & we have that the closure and interior operators C, I of & are given by
Ch=0,Cl{z} ={z}, C{ly} = X, CX = X and I} = 0, I{z} = 0, Yy} = {y},
IX = X. One can then see that in & we have Cla = () if, and only if, a C {z},
and Cla = X if, and only if, {y} C a. Similarly, ICa = 0 if, and only if, a C {z},
and ICa = X if, and only if, {y} C a.

One may then see that the following identities hold in &, and therefore hold
in all Sierpinski algebras: (i) §CIa < Cla, (ii) CI(—a) = —Cla, (iii) CI(a Vb) =
Cla V CIb, (iv) (Cla V 61) A (aV —=601) = a, (v) Cla = ICa, (vi) CIs1 = 0, and
(vii) da V —01 = Cla VvV —§1.

As these identities hold in the Sierpinski algebra 20 = (B, §), we have by (i) that
0CIa < Cla, showing that Cla is closed for any a € B. In particular, CI(—a)
is closed, and by (ii) CI(—a) = —Cla, giving that —Cla is closed, hence Cla is
open. Thus Cla is clopen for each a € B. So a —— Cla provides a mapping
from 2 to Clopen®, and identities (ii) and (iii) show that this map preserves
finite joins and complements. Similarly, Lemma 6.2 shows that a — a V —4d1
is a mapping from 2 to Dense®. This map clearly preserves finite joins, and as
Dense 2 is the interval [—d1, 1] of 2, it preserves complementation as well. Thus
Ny is a mapping from A to GF2 that preserves finite joins and complementations.

Note that if @ € B then ny(da) = (Clda,da V —61). Then as da < d1,
equations (vi) and (vii) give us that ng(da) = (0,CIa V —61). Then by Lemma
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6.6, na(da) = &'(nya) where ¢ is the derivative operation of GF2(. So ny is a
Sierpinski algebra homomorphism.

Next note that equation (iv) implies that each element a € B is uniquely
determined by nga, so ng is one-one. To see that 7y is onto, suppose that
¢ € Clopen® and d € Dense2. We claim that ny((c A —=61) V (d A §1)) = (¢, d).
Using the fact that a — Cla preserves finite joins, meets, and complements, as
well as identity (v) which says CIa = ICa, and identity (vi) which says CIé1 = 0,
we have CI((c A —=d1) V (d A 1)) = (CIc A (—CIé1)) V (CId A CIsl) = Cle.
Then as c is clopen, this expression reduces simply to ¢. Also, (¢ A —301) V (d A
01) vV =01 = d Vv =61, and by Lemma 6.2 this reduces to d as d is dense. Thus
N ((cA—=01)V(dAd1)) = (¢, d) showing that ny is onto, hence an isomorphism. [

Lemma 6.8. For each triple T = (C, D, ) the maps e, : C — Clopen GT and
€1, : D — Dense GT defined by

EnC= (67 Sﬁc)a

€T2d = (17 d)
provide a triple isomorphism e = (e1,,e1,) from T to FGT.

ProOF. Note that by Lemma 6.6, both ¢; : €' — ClopenG7T and ¢7, : D —
Dense GT are well defined, and clearly both €7, and 7, are Boolean algebra iso-
morphisms. Lemma 6.6 also provides FGT = (Clopen GT,Dense GT,¢') where
¢ (e,0c) = (1,¢). Then as ¢’ oer,(¢) = (1,¢9c) = e, o p(c) for each ¢ € C,
we have ¢’ oeq; = €7, 0 p. Thus er = (er,,e7,) is a triple morphism from 7
to FGT. Then as ¢’ oe, = e7, 0 ¢ we have (e7,) Loy’ = po (e1;) !, hence
((e1;) 1, (e1,) 1) is also a triple morphism, and this is easily seen to be the inverse
of e7. Thus e7 is a triple isomorphism. O

Theorem 6.9. The functors F,G provide an equivalence between the categories
S and T withn:1sg — GF and € : 17 — FG as natural isomorphisms.

PROOF. In view of Lemmas 6.7 and 6.8, all that remains is to show the naturality
of n and €. This means that for each Sierpinski algebra homomorphism f : 2 — 5
we must show (GF f)ony = nw o f, and for each triple morphism g : 7 — U that
(FGg)oer =gy og.

From Definitions 14 and 15 we have F'f = (f|Clopen®, f|Dense2) and so
GFf = (f|Clopen®) x (f|Dense2). Thus for any a € A, (GFf) o ny(a) =
(GFf)(Cla,aV —d1) = (fCla, f(aV —061)). Using the fact that f is a homomor-
phism, (GF f)ony(a) = (CIfa, faV —d1) = ny f(a). Thus (GFf)ony =nso f.

Again using Definitions 14 and 15, we have Gg = g1 X g2 where g = (g1, g2),
and so FGg = ((g1 X g2)|Clopen GT, (g1 X g2)|Dense GT ). Suppose T = (C, D, ¢)
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and U = (P,Q,v). So by Lemma 6.8 ex = (e7;,e7,) where er;c = (¢, ¢c)
and er,d = (1,d); and ey = (ey,,eu,) where gy, p = (p,¥p) and e,q = (1,q).
From Definition 12 we have that (FGg) o7 is given by (((g1 X g2)|Clopen GT ) o
e1,, ((g1 X g2)|Dense GT) oe,) and gy o g is given by (g, © g,ey, © g). For any
¢ € C we have that ((g1 X g2)|Clopen GT )oer, (¢) = (g1 X g2) (¢, oc) = (g1¢, gaoC),
and g being a triple morphism gives gs o o = ¥ 0 g. So this expression is equal to
(g1¢,%g1¢) = ey, 0 g1(c). For any d € D we have ((g1 X g2)|Dense GT ) oer,(d) =
(g1 X g2)(1,d) = (1, god) = €y, © g2(d). Thus (FGg)oer =gy 0g. O

Remark. We suspect this triple construction and resulting categorical equivalence
for Sierpinski algebras can be extended to the variety of diagonalizable algebras
whose associated Heyting algebras satisfy Stone’s identity. It would also be worth-
while to determine the relationship between this triple construction other triple
constructions in the literature [10, 11, 35, 25, 36, 12].

6.3. MacNeille completions of Sierpinski algebras. Since the variety of
Sierpinski algebras is a subvariety of Diag, it follows from Corollary 3.4 and
Theorem 5.8 that it is not closed under lower or upper MacNeille completions.
Nevertheless, it is, in a sense, closed under MacNeille completions. We formulate
this statement precisely in the following theorem.

Theorem 6.10. For each Sierpinski algebra 2 = (B,0), there is an operation
8* on the MacNeille completion B of B such that the algebra A* = (B,§*) is a
Sierpinski algebra that contains A as a subalgebra.

PROOF. As every Sierpinski algebra is isomorphic to one of the form G7 for some
triple 7, it is enough to prove this result under the assumption that 2 = G7 for
the triple 7 = (C, D, ). Thus 2 = (C x D, §) where d(c¢,d) = (0, ¢c).

As ¢ : C — D is a Boolean algebra homomorphism and D is a subalgebra of
its MacNeille completion D, we may consider ¢ to be a homomorphism from C to
D. Then as D is a complete Boolean algebra, hence an injective Boolean algebra
[3, Page 113, Theorem 2], and C is a subalgebra of its MacNeille completion C,
there is a Boolean algebra homomorphism @ : C — D with §|C = ¢.

Consider the triple 7 = (C, D, %) and let 2A* be the Sierpinski algebra G7.
So A* = (C x D,d*) where §*(x,y) = (0,5z). Then C x D is the MacNeille
completion of C'x D, and for (¢,d) € C x D we have 6*(¢,d) = (0,5c¢) = (0, ¢c) =
d(c,d). Thus 2 is a subalgebra of 20*, proving our result. O

We have used the axiom of choice, or somewhat weaker statements, in our proof
of Theorems 6.1 and 6.10. In Theorem 6.1, we prove that HSPG is equal to the
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equational class EqY where X is the set consisting of equations 1-4 of Theorem
6.1 as well as the equations defining Boolean algebras. It may be possible to prove
HSPG& = EqX solely from the ZF axioms [2], but this is not our main interest
and we shall sidestep this issue by working directly with Eq¥. We then note that
if we interpret the term “Sierpinski algebra” to mean a member of EqX, then all
of the above results relating Sierpinski algebras and triples remain valid without
any form of the axiom of choice. One must, however, give direct syntactic proofs
of several identities used in Lemmas 6.2 and 6.7 from 3, and this is a somewhat
cumbersome job.

The use of some form of the axiom of choice in Theorem 6.10 is more funda-
mental as the following result shows.

Theorem 6.11. Let X be the set consisting of equations 1—4 of Theorem 6.1 and
the identities defining Boolean algebras, and consider the following statements.

(1) The aziom of choice.

(2) Sikorski’s theorem that complete Boolean algebras are injective.

(3) For any A = (B,0) in EqX there is A’ = (B',d') in EqX with A «
subalgebra of A" and B’ the MacNeille completion of B.

(4) The Boolean ultrafilter theorem.

Then in ZF we have 1 = 2 = 3 = 4.

ProOF. The standard proof of Sikorski’s theorem follows from ZF using choice,
so 1 = 2. Our proof of Theorem 6.10 uses only our results on triples, which
we have noted remain valid without choice when we consider instead algebras in
Eq>, and Sikorski’s theorem. So 2 = 3. It remains only to show 3 = 4. We first
establish the following.

Claim 5. Suppose A = (B,d) and A’ = (B’,d") are members of EqX with A a
subalgebra of A" and B’ the MacNeille completion of B. Then for FA = (C, D, ¢)
and FU = (C', D', ¢") we have C' is the MacNeille completion of C, D’ is the
MacNeille completion of D, and ¢'|C = .

PROOF. To see this, note that g : B — C x D and 7o : B’ — C' x D’
are isomorphisms. So, as B’ is complete, C’/ x D’ is complete, and it follows
that C" and D’ are complete. Also, as 2l < A’ we have Clopen2l < Clopen2l’
and Dense?l < Densel’, so C < C'" and D < D’. Leti: B — B’ and j :
C x D — €' x D' be the identical embeddings. Note that for a € B we have
nua = (Cla,a vV —01) and ngra = (C'Ta,a VvV —d§'1), and as A < A" we have
nya = Ngva. It follows that jong = g o, and hence that j = ny oionil. Then
as 77517 N are isomorphisms and ¢ is join and meet dense, j : C x D — C' x D'
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is join and meet dense as well. So for x € C' and y € D’ we have (z,0) and
(0,y) are joins of elements of C' x D, hence z,y are joins of elements of C,D
respectively, and similarly, x,y are meets of elements of C, D respectively. So
C’ is the MacNeille completion of C, and D’ is the MacNeille completion of D.
Finally, for a € C' we have pa = aV —d1 and ¢’'a = a VvV —§'1. Then as A < A’ we
have ¢’a = pa. Thus ¢'|C = . O

To show 3 = 4, let X be an infinite set, C' be the Boolean algebra of finite and
cofinite subsets of X, and ¢ : C' — 2 be the homomorphism mapping all finite
subsets of X to 0 and all cofinite subsets of X to 1. Then (C,2,¢) is a triple,
and from our discussion of triples, one can construct an algebra 2 = (B,J) in
EqX that has Fl = (C, 2, p) as its triple. By assumption 3 there is 2 = (B’,§’)
in EqY with 21 <2 and B’ the MacNeille completion of B. So, by the claim, if
FA' = (C',D’,¢'), then C’ is the MacNeille completion of C, D’ is the MacNeille
completion of 2, and ¢'|C = ¢. In particular, C’ is the power set PX of X,
D' =2 and ¢’ : PX — 2 is a Boolean algebra homomorphism. Thus, for any
infinite set X we have produced a finitely additive 2-valued measure on PX taking
value 0 on each atom, and by [34, page 328]|, this is equivalent to the Boolean
ultrafilter theorem. O
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