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Abstract We provide a simple formula to compute the Hausdorff dimension of the attractor of
an overlapping iterated function system of contractive similarities satisfying a certain collection of
assumptions. This formula is obtained by associating a non-overlapping infinite iterated function
system to an iterated function system satisfying our assumptions and using the results of Moran to
compute the Hausdorff dimension of the attractor of this infinite iterated function system, thus showing
that the Hausdorff dimension of the attractor of this infinite iterated function system agrees with that
of the attractor of the original iterated function system. Our methods are applicable to some iterated
function systems that do not satisfy the finite type condition recently introduced by Ngai and Wang.
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1 Introduction

Consider an iterated function system (abbreviated: IFS) consisting of similarities S1,..., Sy, :
R? — R? where

I1Si(x) = Si(w)ll = pillz —yll for all 2,y € R,

and 0 < p;<lfori=1,...,m.

Let K be the attractor of this system and let H*(K) and dim K be the s-dimensional Haus-
dorff measure and Hausdorff dimension of K, respectively. The computation of dim K is well
known when the system satisfies the open set condition. Without the open set condition, com-

[1-5] Recently, Ngai and Wang!!

putation of dim K can only be achieved in certain instances
introduced the notion of an IFS of finite type and gave a formula for computing dim K for an
attractor K generated by an overlapping IFS of finite type. Their results include many previous
results as special cases.

In this paper we provide yet another method to compute dim K for an attractor generated
by an overlapping IFS satisfying certain assumptions. This method can be applied in some
instances where the IFS is not of finite type. The basic idea is to decompose the overlapping

finite IF'S into an infinite IF'S satisfying the open set condition whose attractor has the same

Received November 22, 2007; accepted December 27, 2007; published online August 30, 2008
DOI: 10.1007/s11425-008-0055-6
T Corresponding author



120 DENG QiRong et al.

Hausdorff dimension as the original. Thus the computation of dim K can be done through an
open set condition argument.

The idea of decomposing an overlapping IFS into an infinite IFS satisfying the open set
condition is not new. Moran!” has shown that any overlapping IFS of contractive similarities
can be decomposed into an infinite IFS satisfying the open set condition whose attractor has
the same Hausdorff dimension as that of the original. Our contribution is to give conditions on
the overlapping IFS sufficient to provide an explicit description of such an associated infinite
IFS, and thus to provide a simple formula for the Hausdorff dimension of the attractor of the
original overlapping IFS.

It is shown in [7] that if a self-similar set is generated by an infinite IFS, then its Hausdorff
measure may not be positive even if the system satisfies the open set condition, this is in
contrast to the case when the attractor is generated by a finite IFS. In order to obtain a
positive Hausdorff measure for the attractor, we further show that, under our conditions, the
given IFS satisfies the weak separation condition (WSC) introduced in [8, 9], and by a theorem
of Zerner!”!, it implies that the attractor has a positive Hausdorff measure.

This paper is organized in the following manner. We review some preliminaries in the second
section. The main result providing a formula for the Hausdorff dimension of the attractor of
an IFS satisfying certain conditions is given in the third section. In the final section we provide
several examples illustrating the use of our result.

2 Preliminaries

We briefly review some results about finite and infinite iterated function systems, and introduce
our notation and terminology for these matters. For infinite iterated function systems, we follow
[7], but have made several simplifications to his presentation as we do not need the full generality
of his results. The reader should also consult [10, 11] for further details.

An infinite iterated function system over a compact set X C R? is a countable family F =
{fi :i €I} such that each f; : X — X is a similarity with contraction ratio p; and there is an
upper bound p < 1 with p; < p for each i € I.

For F = {f; : @ € Z} an infinite IFS over the compact set X we let F> be the set of all
infinite sequences {f;, } of members of F, and set

Kr= U{ﬁfnfia o fin (XN Fud € foo}'

The set Kr is called the invariant set, or attractor, of 7. We will denote Kz by K if there is
no confusion.

The following result can be found in [11].
Proposition 1.  For an infinite IFS F = {f; : i € I} the invariant set Kz satisfies Ky =
Uiez filKF).

In the case of a finite IFS, it is well known that this invariant set Kz is compact, and is in
fact the unique non-empty compact set satisfying the above property.

A finite or infinite IFS F = {f; : i € I} over the compact set X is said to satisfy the open
set condition (abbreviated: OSC) if there is a non-empty open set V' C X such that

(1) fi(V) CV for each i € Z, and
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(2) fi(V)N f;(V) =0 for each i # j.
The following result can be found in [7].

Proposition 2.  Suppose that F = {f; : i € I} is a relatively compact (in the topology of the

uniform convergence over compact sets) infinite IFS satisfying the OSC, then

dimK}-:inf{tER:Zpﬁ < 1},

il
where p; is the contraction ratio of f;.

In the following section, we place conditions on an IFS sufficient to allow us to give an explicit
definition of an infinite IFS that satisfies the open set condition and whose attractor has the
same Hausdorff dimension as the original one. The above formula then gives us an explicit

formula for the Hausdorff dimension of the attractor.

3 The main theorem

Throughout {S;}7, is an IFS on R¢ with contraction ratios P1,- -, Pm and is considered to be
defined over a large bounded closed ball X. Further, k is an integer with 1 < k < m, and we
set X1 ={1,...,k}, o ={k+1,...,m}and X = {1,...,m}.

For any A C X let A* be the set of all finite sequences whose members belong to A. The
sequence of length 0 is denoted by (). For sequences I = 4y---i, and J = j;---j, in X*
define I.J =iy - -inj1---jr, St = Si, 0S4, ---085,,, and pr = pi, pi, - - - pi,, - Note that Sy is a
contraction and py is its contraction ratio. If I = () is the empty sequence, we let Sy be the
identity map and pp = 1.

The following assumptions on {S;}7; hold throughout this section.

Assumption J#: Assume V is a bounded open subset of X so that

(1) {S;}r_, and {S;}1", ., satisfy the OSC with respect to V,

(2) for each i € ¥y there is some j € Xp with S;(V) N .S;(V) # 0,

(3) for each i € ¥y and j € Xy with S;(V) N S;(V) # 0, there is n;; € Xy and I;; € X3 with

(a) Si(V)NS;(V) C SioSn,(V),
(b) Sio Sy, = 8;081,.

It is convenient to introduce the following notations:

For the IFS {S;}", for each i € ¥; set
1) Bi={j€Xy:S(V)nS;(V) #0},

ii) C; = {n;j : j € B;},

iii) D; = 39\ C,

iv) Fr ={S; :i € X1},

v) Fo={S;:i€ X5},

vi) F3 ={Sr0S;08;: I €Xj,i€Xy,j € D;}.

We let K be the attractor of the IFS {S;}; and let K; and K3 be the attractors of F; and
Fo respectively.

m~ o~ o~ o~ o~ o~

The following two lemmas (Lemmas 3 and 5) are the keys in decomposing an overlapping

IFS into an infinite IFS satisfying the OSC. The crucial step is to repeatedly make use of
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Assumption ¢ (3) to replace Syo S;, where I € ¥* and j € ¥, by a composition of functions
in Fo U F3 and show that the IFS Fy U F3 satisies the OSC.

Lemma 3. The IFS F5 U F3 satisfies the OSC with respect to V.
Proof.  Assumption 57 (1) states that F; and F satisfy the OSC with respect to V, so

Si(V) CV for each i € ¥. It follows that f(V) C V for each f € Fy U F3. It remains to show
F(V)ng(V) =0 for any distinct f, g € Fo U F3. We consider several cases.

Case 1. f, ge Fo.

The result follows as F» satisfies the OSC with respect to V.
Case 2. fe€ Fyandge Fs.
Suppose g = S; o S; 05 where I € X%, 4 € ¥ and | € D;. We show f(V)Nng(V) =0 for
each f € F» by induction on the length of I. If I has length 0 then g = S; 0 S; and as f € F»
we have f = S, for some j € Xo. As g(V) C S;(V) the result is trivial if S;(V)n S;(V) = 0.
Assume that this intersection is non-empty and consider n;; given by Assumption 4 (3). As
l € D; the definition of D; shows | # n;;. Then as n;; and [ belong to ¥o and F satisfies the
0SC, we have S,,,; (V) NS (V) = 0. Assumption # (3) then gives

F(V)ng(V)=5;(V)NS;0S(V)
=5,(V)NS;(V)nS; oS (V)
C Si08n, (V)N S;o8(V)
= 5i(Sn,; (V)N S(V))
= 0.

Suppose that I has the length greater than 0 and let r be the first term of I and J be the
remainder of the sequence. Then g = S, 05;05;08;. As g(V) C S.(V) our result is trivial
if S;(V)NS;(V) =0, so we assume that this intersection is non-empty and consider n,;. A
calculation similar to the one above shows (V)N g(V) C S,.(S,,, (V)N Syo0S;0S8(V)).

The inductive hypothesis gives S, (V)N Sy o S;0 S (V) =0, and our result follows.

Case 3. f,g € Fs.

As f € F3 there is a sequence J = ji---js € X7, some jou1 € Xy and v € Dj; ., with
f=258508j,,, 08, or equivalently f = S;,..;,,, o S,. Similarly g = 5;,...;,., o S; for some
i1,.. . int1 € Xy andl € D;, . Wemay assume s+1 < n+1. As f(V)Ng(V) C S;,(V)NS;, (V)
our result follows trivially unless j; = i1 as F7 satisfies the OSC. Assuming j; = i; we have

f(V) N g(V) = Sjl (S]é"'js+1 o ST(V) n 51'2“-%4—1 o Sl(v))

Our task reduces to showing Sj,...; ., © Sp(V) N Si,.in,, © Si(V) = 0. Repeat the above
argument to eliminate jo, ..., jsy1. If s+ 1 =mn-+ 1 our task reduces to showing S,.(V) N .S (V)
= (), and this follows as F» satisfies the OSC and r # [ as f and g are distinct. If s+1 <n+1,
vigein 080, 051(V) =0, and this follows from Case 2.

Corollary 4. Let f1,..., fr 91,-..,9s € FoUF3 with r < s and

our task reduces to showing S, (V) N.S;

in+1

fro-cofi(V)Ngio---ogy(V) #0.



Hausdorff dimension of self-similar sets with overlaps 123
Then fi=g; fori=1,....,r, and g1 o---0gs(V)C fro---0 f.(V).

Proof.  This is a simple consequence of the OSC.
Lemma5. Foranyl € ¥* and j € ¥o, there exist f1, ..., fi in FolUF3 with SyoS;= fio---of}.

Proof.  As the last term of the sequence Ij belongs to Y5 we can break Ij into segments,
each consisting of an initial (possibly empty) sequence of terms from %; followed by a single
element of 5. Suppose J = i;---iyk is such a sequence where i,...,7, € ¥; and k£ € Y.
We prove by induction on p that S; can be written as a composite of members of Fy U F3. If
p = 0 this is trivial as Si is a member of 5. Suppose p > 0. If k € D;, then by definition
Sy € F3. Otherwise k € C; so there is some j € B; with k = n;,;. Using I;; € ¥3
provided by Assumption 7 (3) we have S;, o Sp = S;, o Sn,;pj =Sjo0 S]ipj. It follows that
Sy =54 ip_1j OSIipJ-- The inductive hypothesis shows that S;,...;,_,; is a composite of members
of Fo U F3 and Sf,ipj is by definition a composite of members of Fs.

For the IFS {S;}, let p. = min{p; : 1 <4 < m}. Then for b > 0 set

)Ty ={Iex* : pr<b<prp;'},

(2) Ay ={Sr: I €Tp}.

For a full account of the following, see [8, 9].
Definition 6.  An IFS{S;}", is said to satisfy the weak separation condition (WSC') if there
exist 1o € R? and v > 0 such that for every 0 < b < 1, every J € ¥* and every x € R?

8{Sr € Ay : S1(Ss(x0)) € By(x)} <,
where By(x) is the ball centered at x with radius b.

Theorem 7.  The IFS {S;}™, satisfying Assumption F satisfies the WSC.

Proof. Fix 20 € Vandl € ¥5. Forany z € R4, J € ¥* and 0 < b < 1, if S; € A,
and S;(Sj(xo)) € By(x), since Sy(zo) € V and pr < b, so S;(V) C Byaqjv))(z). Hence
Sr(S1(Ss(z0))) € S1(V) C By4jv))(), where [V| is the diameter of the bounded set V. Hence

{S1 € Ap : S1(Ss(20)) € By(z)} C {Sr € Ay : S1(Si(S(20))) € Bparyvpy(2)}

set
{Sr € Ay : S1(Si(Ss(20))) € By vy ()} = {Sn, Sppy-...51,}

We need only to show that there is a constant v, not dependent on z, J or b, with ¢ < ~. This
establishes the WSC. We remark that the set above is finite as I € 7;, implies bp, < pr which
gives a bound on the length of I.

For eachi = 1,...,q Lemma 5 gives a family f{,..., f} in FoUFs with S;,08; = f{o---of} .
For convenience, set U; = f{o---o fi  and note that this map has contraction ratio pz, p;. As
S1, € Ay we have pr, < b < pr,p; ', and it follows that the contraction ratio of W; is less than
b. As W;(Sy(x0)) = S1,(S1 0 Ss(20)) € Bpa4|v)) (), it follows that W; (V) N By vy (z) # 0,
since Sy(xo) € V. Hence W;(V) C By1qo)v))().

Suppose i,j < g and I € ¥* is a sequence with ¥; o S; = W;. Then pr,pipr = pr,p1, 80

pr = pr;/pr,- But pr, <b < pjjp;l, S0 px < pr. There are a finite number of sequences I € ¥*
In p.
Inmax; {p; }

with this property (this number is at most ¢ = ). Corollary 4 shows that for each i, j
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with ;(V) N W;(V) # 0 there is a sequence I € X* with either U; 0 Sy = U, or ¥; 0 S; = ;.
So for any ¢ = 1,...,¢q we have §{j : U;(V)NU;(V) # 0} < 2c. It follows that there is a set
S C{1,...,q} of cardinality s > q/2c so that ¥;(V) N W¥;(V) = 0 for any distinct 4,5 € S. We
assume for simplicity that this set is {1,...,s}. Then as the contraction ratio of each ¥, is

greater than bp? we have
S S q
ClBaav@) = £ w0) =320 > L ose)
i=1 i=1

where £(V) is the Lebesgue measure of V. Therefore

2¢L(Bya12v)) () 2¢L(Bgavy(x))
TS weyievy T vy

As L(B(142v))(x)) depends only on the diameter of V' and the dimension of the space, we
have ¢ <« for some universal constant ~.

The above theorem extends Proposition 4.4 in [12], and our proof is also simpler.

We now present the main theorem of the paper.

Theorem 8.  Suppose that the IFS {S;}™, satisfies Assumption . Then the Hausdorff
dimension s = dim K of the attractor K is computed as follows:
(i) If D; =0 for all i € 3, then s is the unique solution to

m
> A=

j=k+1

(ii) If D; # 0 for at least one i € X1, then s is the unique solution to

m k
PICEDILD IS
j=1 i=1

= JEC
In either case (i) or case (ii), 0 < H*(K) < oo.

Proof. (1) As F; satisfies the OSC it suffices to show K = K, or equivalently K C K, since
the reversed inclusion is obvious. Let a € K5 be the fixed point of S,,. As K is the closure of
Usex- S1(a), we need only show Sr(a) € K» for any I € ¥*. For any such I € ¥*, Lemma 5
provides fi,...,f; € FoUF3 with S0 S,, = fio---o f;. But D; =0 for all i € X1, so F3 =0,
hence f1,..., fi belong to F3. Therefore Si(a) = Syo S,(a) = fro---0 fi(a) € K.

(ii) We first show dim K = max{dim K7, dim K5 3} where Ks 3 is the attractor of the IFS
Fo U Fs. Surely K1, K23 C K, so we trivially have dim K, dim K33 < dim K. For the other
inequality note that for an infinite sequence i = iyiy--- € X°° the intersection below is of a
decreasing family of compact sets, hence is a singleton z; = ﬂ?il Siy 008, (X).

By the definition of the attractor, K = {z; : i € ¥°°}. Break K into two pieces. The first
piece, A, consists of those x; where infinitely many terms of i belong to X5, and the second piece,
B, consists of those x; where only finitely many terms of i belong to ¥5. It is not important
whether A and B are disjoint, provided their union is K.

If i has infinitely many terms in Yo, then it can be split into infinitely many disjoint pieces

of the form i; - --i, where i, € ¥a. It follows from Lemma 5 that each S;; o---0.5; is equal
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to a composite of members of F, U F3. From this, one obtains that A is contained in K3 3.
If i has only finitely many terms in ¥, then i = Ij where I is a finite sequence and j is an
infinite sequence whose terms all belong to ;. In this case z; = Sr(z;), and we note that
xj belongs to Ki. It follows that B C (J{S;(K1) : I € ¥*}, and as ¥* is countable, B is
contained in the union of countably many sets all having the same Hausdorff dimension as K;.
So dim K < max{dim K, dim K 3}.

We consider now dim K 3. Set

m
gt)="> o} +Z > PIZ > ninhs
j=k+1 r=0TIexy i=1jeD;

and denote the partial sums of ¢(¢) by

m k

SLES DD BN
j=k+1 r=0Iex;  i=1jeD;
In Lemma 3 we have shown the IFS F,; U F3 satisfies the OSC, it is easy to verify by using
the Arzela-Ascoli theorem that it is relatively compact, therefore by Proposition 2 dim K» 3 =
inf{t € R:q(t) < 1}.

As ¢, (t) involves only a finite sum, it is a continuous decreasing function. It follows that
there is a real number s,, with ¢, (s,) = 1. But s,, is the Hausdorff dimension of a subsystem of
F1UFs, 50 s, < d where d is the dimension of the Euclidean space R?. As the s,, are bounded
above, we may define s = sup{s, : n > 0}.

As gy, is decreasing, ¢,,(s) < ¢n(sn) = 1, and as ¢(s) is the limit of the partial sums g, (s),
q(s) < 1. Noting that ZIGE{ p] = (Ele p3)7, it follows from ¢(s) < 1 that Zle p; < 1. As
the IFS F satisfies the OSC, dim K is the unique solution to Zle pl=1. Sodim Ky < s.

Let I be the open interval (dim K7, 00). Then s € I and for all t € [

m k -1 k
> p§+<1—2p§> SO plot.
j=kt1 i=1 i=1 jED;

This shows ¢(t) is continuous on I. As s, € I for large n and ¢(s,) > ¢n(s,) = 1, then as s is
the limit of the s,,, it follows that ¢(s) > 1. Therefore ¢(s) = 1 and we conclude dim Ky 5 = s.
As we have shown that dim K7 < s, we have dim K = s.

It remains to show s is the unique solution to the equation given in condition (ii). Let

Zﬂ S

i=1j€C;
Then as
m -1 k m
0= 3 s (1-) Yot X A-T8),
j=k+1 i=1 i=1 G=k+1 JjEC;
we have

(1—;2/)2)61@): Emz ph - szzpj

j=k+1 i=1 jeC;
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It follows that
k k
(1= st a0 =nt -1+ (1-300t).
i=1 i=1

Hence h(t) = 1 if and only if ¢(¢t) = 1, and s = dim K is the unique solution of the equation
in (ii).

For the further remark, Theorem 7 shows our IFS satisfies WSC. A result of [9] then gives
0 <H(K) < 0.

4 Examples

We give several examples to illustrate the use of the main theorem.

Example 9. Suppose 0 < p,q < 1 and let K C R be the attractor of the IFS
Si(z) =px+1, So(x)=qx, Ss3(z)=pxr+1/q.

If 2p+qg—pg < 1, then 0 < H*(K) < oo, where s = dim K is the unique solution to
2p° + ¢° — p®°q¢® = 1. Otherwise the attractor K is an interval.

Proof.  Suppose 2p + g — pg < 1. It is enough to show this IFS satisfies Assumption J# with
Y1 ={1}, ¥o = {2, 3} and V = (0,b), where b= 1/¢(1 — p).

The condition 2p + ¢ — pg < 1 implies S3(b) < S1(b) < S3(0) < S3(b) = b and so S;(V) C
fori =1,2,3 and S2(V)NS5(V) = 0, the first assumption. Also S2(0) < S1(0) < Sa(b) < S1(b)
implies By = {2} # (), the second assumption. Note that S1(V)NSz(V) = (1,pb+1)N(0,gb) =
(1,gb). The observation pgb + 1 = ¢b provides S1(V) N S2(V) = S1.52(V), and a computation
shows 5155 = S353. This provides the final assumption with n1o = 2 and I;5 = 3.

Conversely, assume that 2p + ¢ — pg > 1, then we have S1(b) > S3(0) and as Sa(b) = gb >
1 =51(0). Tt follows that S2([0,b]) U S1([0,0]) U S5([0,b]) = [0, b]. Hence [0,b] is the attractor.

<

Remark 10. Example 9 was presented by the third author at a Seminar in Fractals at
the Chinese University of Hong Kong in 2001, and was later studied by Lau and Wang in [12,
Proposition 4.4]. Note that the IFS in the example is related to the well known (0, 1, 3) problem
by letting p = ¢ = 1/3. In this case, the Hausdorff dimension of the attractor s = dim K satisfies
3.-37—-3725 =1, so x ~ 0.87604.

Example 11.  Suppose 0 < 19,74 < 71 < 1/4, r1r3 = rory and let K be the attractor of the
IFS

Si(z) =rma+1, So(z)=rex+1+3r;, Ss(z)=rsx+3, Si(z)=ryz.

Then 0 < H*(K) < oo, where s = dim K is the unique solution to r§ +r§ +r§ +rj —rir§ = 1.
Proof. Tt is enough to show this IFS satisfies Assumption . with 7 = {1}, X5 = {2, 3,4},
By ={2},n12 =3, 1o =4 and V = (0,b), where b = 3/(1 — r3).

Noting that 3 < b < 4 and that b is the fixed point of Ss it follows that f;(V) C V for
each i« = 0,1,2,3 and S4(b) < S2(0) < Sa(b) < S3(0) implying that So(V), S3(V), S4(V)
are pairwise disjoint, providing the first assumption. As S1(V) = (1,1 + rb) and So(V) =
(1437r1,720+1+3r1) we have S1(V)NS2 (V) = (143r1, 1 +71b) and S1(V)NSa (V) = S155(V).

Finally, a computation shows S1.53 = 5254, hence the last two assumptions are satisfied.
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Example 12 (A modified Sierpinski triangle).  Assume that u, v are two independent vectors
in R2. For any I, n € N, let (1 —r)(1 — ,,) >} and let K be the attractor of the IFS:

1 1 1 1 1
Si(z) = 2la:—|— 2(1— 2l>v, So(z) = 2n1;—|—(1—7’)<1— 2n)u,

1 1 1
Ss(x) = o Sy(x) = o + o0 Ss(z) = re + (1 —r)u.

Then 0 < H*(K) < oo, where s = dim K is the unique solution to the equation (})" +
(é)”s + 2@)8 + s — 2(;)(”1)5 — (é)”srs =1 (see Figure 1).
Proof.  Let X1 ={1,2}, X9 ={3,4,5}, By ={3,4}, Bo={5} and V={pv+qu:p > 0,9 > 0,
p+ g < 1}. Then u,v and the origin 0 are fixed points of S5, Sy and Ss, respectively. Fur-
thermore, V' is an invariant open set for our IFS and both {S1, S2} and {S3, 5S4, S5} satisfy the
OSC with respect to the open set V. By the definition of 5;, it is not difficult to check that
S (V)N S3(V) = S183(V) and 153 = 9384, ie., ni3 = 3 and I;3 = 44 ---4 with length [;
S1(V) N Sy(V) = $154(V) and S18; = S4S%, ie.,, nyy = 4 and 14 = 33---3 with length [;
Sa(V) N S5(V) = S255(V) and 5255 = S55%, i.e., nas = 5 and I5 = 33---3 with length n.
Thus Assumption 7 is satisfied. Note that C; = {3,4} and Cy = {5}. So s = dim K is the
unique solution to the equation

B+ () o) (Y10) - 0 (e

This proves the statement.

Example 13. Assume that ' +2r < 1 and 0 < r; < 1/3 for i = 3,4, where [ is a positive
integer. Let K be the attractor of the IFS on the plane:

So(x) = rla + ;(1 —rb1—7rh, Si(zx) = ;x, So(x)=rz+(1—r1-—r),

Ss(z) =rsx+ (0,1 —r3), Si(x) =rsz+ (1 —ry,0).

Then 0 < H*(K) < oo, where s = dim K is the unique solution to the equation r* + (%)S +
415+ i — (3)°r" =1 (see Figure 2).

v

° ° ° °
S- Sa
S ’
° °
° °
° °
S ° L So
° °
S1 [ ]
Ss Ss S
2

0 u ° ° ° °

Figure 2

Figure 1
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Proof. Note A= (0,0), B=(1,1),C =(0,1), D = (1,0) are the fixed points of S1, S, S5, S4
respectively. It is enough to verify that this IFS satisfies Assumption 57 with ¥; = {0},
Yo = {1, 2, 3, 4}, By = {1}, no1 = 1, Ipy = 2---2 with length [ and V the interior of
OABCD. These calculations are left to the reader.

In [6] Ngai and Wang introduced a property which is called the finite type condition and
developed a method to compute the Hausdorff dimension of the attractor of an overlapping IFS
satisfying the finite type condition. Ngai and Wang showed that their methods include many
of the instances where the dimension of the attractor of an IFS can be calculated. We show
that our methods do not lie within the scope of Ngai and Wang’s finite type condition.

We review the definition of the finite type condition as it applies to a family of similarities
S0, ..., Sm on R. Let rq,...,r, be the contraction ratios of these maps and » = minr;. For
i =141,...,ix a sequence of integers from {0,...,m} let r; = ry -+, and Sy = Si, -+ S;,..
Let I'y be the collection of all triples s = (14, Si(0), k) where i is a sequence with ; < r* and
r® < r; for all proper subsequences j of i. For such a triple s define the map Ss by setting
Ss(x) = rix + 5;(0). For V' an open set we put

V(s)={t €Ty :Ss(V)NSe(V) #D}.
The crucial point is that for s € I'y, and ¢t € '), we define V(s) = V() if there is a map
7(z) =" Fr+bwith Sy = ToSs and {Sy : ' € V(t)} = {T0Ss : s € V(s')}. The IFS is said
to be of a finite type if there is a bounded open set V' with S;(V) C V for each i = 0,...,m
such that the equivalence relation = for V' has only finitely many equivalence classes.

If the IFS satisfies the finite type condition, it is easy to show that there are rationals
t1,...,tm such that r; = 7"87, j = 1,...,m. Therefore, the above examples do not satisfy
the finite type condition in general. On the other hand, an IFS that satisfies the finite type
condition does not necessarily satisfy Assumption S as illustrated by the following IF'S defined
onR: Si(z) =x/2+1/7, So(x) = x/4 and S3(x) = /8 + 7/8.
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