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DUALITY THEORY FOR THE CATEGORY OF STABLE
COMPACTIFICATIONS

G. BEZHANISHVILI AND J. HARDING

ABsTrACT. We introduce the category of stable compactifications
of Tp-spaces and obtain a dual description of it in terms of what
we call Raney extensions of proximity frames. These are proximity
frame embeddings of a regular proximity frame into a Raney lat-
tice, i.e. the lattice of upsets of a poset. This duality generalizes
the duality between compactifications of completely regular spaces
involving de Vries extensions given in [7]. It also specializes to give
a duality between Tp-spaces and Raney extensions that are max-
imal in a certain sense. This duality is related to the duality for
To-spaces given in [6] using the notion of a Raney algebra, i.e. a
Raney lattice with a certain type of interior operator.

To the memory of Ralph Kopperman

1. INTRODUCTION

This paper contributes to the study of compactifications of non-Haus-
dorff spaces. It is done through the lens of proximity, a central notion in
the historical development of topology. These represent some of the many
interests in topology that we shared with our colleague and friend Ralph
Kopperman. We were involved in a number of conferences with Ralph. In
particular, he was an invited speaker at the BLAST conference organized
at NMSU in 2009. It is with sadness and many fond memories that we
dedicate this work to him.
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We start, by recalling a classic result of Smirnov [16] that compactifica-
tions of a completely regular space X can be characterized by Efremovic
proximities on the powerset p(X) of X. The definition of an Efremovié¢
proximity on p(X) is not point-free. De Vries [9] provided a point-free
definition of a proximity on the Boolean algebra RO(X) of regular open
sets of X and gave an alternate proof of Smirnov’s result. In doing so
he developed what later became known as a de Vries algebra. This is a
complete Boolean algebra equipped with a binary relation that satisfies
his point-free definition of proximity. This yielded a duality between the
category KHaus of compact Hausdorff spaces and the category DeV of
de Vries algebras.

It is well known that the (equivalence classes of) compactifications of a
given completely regular space X form a poset whose largest element is the
Stone-Cech compactification. In [7] a more general approach was taken by
considering the category Comp of compactifications of completely regular
spaces. Objects of this category are compactifications e : X — Y where
X is completely regular, and morphisms are pairs (f,g) which make the
obvious squares commute. De Vries duality was generalized to a duality
between Comp and the category DeVe of de Vries extensions. The objects
of DeVe are certain embeddings a : A - B in DeV with B complete
and atomic, and the morphisms in DeVe are certain pairs of de Vries
morphisms that make the obvious squares commute. The full subcategory
of Comp consisting of Stone-Cech compactifications is equivalent to the
category of completely regular spaces, thus yielding a duality between the
category of completely regular spaces and a full subcategory of de Vries
extensions. This further restricts to yield dualities for normal spaces,
locally compact spaces, Lindeldf spaces, and so forth [7, 8].

Smyth [17] generalized the theory of compactifications of completely
regular spaces to that of stable compactifications of Ty-spaces. He gen-
eralized Smirnov’s theorem by proving that stable compactifications of
a Tp-space can be characterized by a more general notion of proximity.
The (equivalence classes of) stable compactifications of a given Typ-space
form a poset, whose largest element was described by Smyth and is a
generalization of the Stone-Cech compactification. We call it the Smyth
compactification. We note that even for a completely regular space, the
Smyth compactification is usually different from the Stone-Cech compact-
ification.

In this paper we consider the category StComp of stable compactifica-
tions e : X — Y of Ty-spaces, allowing different base spaces X and using
as morphisms pairs which make the obvious squares commute (see Sec-
tion 3). In particular, we obtain a duality between StComp and a category
of extensions that generalize de Vries extensions. We call these extensions
Raney extensions for reasons that we now describe.
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The duality between the categories of compact Hausdorff spaces and
de Vries algebras can be extended to a duality between the categories of
stably compact spaces and what we call regular proximity frames [4]. A
proximity frame is a point-free description of the proximities developed
by Smyth [17] much as de Vries algebras are point-free description of
Efremovi¢ proximities. Each proximity frame L has a nucleus j: L - L
and a proximity frame is regular if j is the identity. The j-fixed points
of a proximity frame form a regular proximity frame and L is isomorphic
in the category of proximity frames to its regularization [4]. De Vries
algebras are the regularization of compact regular frames.

A Raney lattice is a lattice isomorphic to the lattice of all upsets of a
poset. The name was introduced in [6] in honor of Raney who investi-
gated these lattices extensively in [15]. Equipped with the partial order
as its proximity, Raney lattices are regular proximity frames. A Raney
extension o : L - K is a certain embedding of a regular proximity frame
L into a Raney lattice K. Our main result establishes a duality between
StComp and the category RE of Raney extensions. This duality gener-
alizes the duality of [7] between Comp and DeVe, which utilizes de Vries
duality between KHaus and DeV and Tarski duality between the categories
of complete and atomic Boolean algebras and sets. In turn, our duality
utilizes the duality of [4] between the categories of stably compact spaces
and regular proximity frames and Raney duality between the categories
of Raney lattices and posets.

The duality between StComp and RE can be restricted to obtain a du-
ality for Ty-spaces. This is done by considering certain Raney extensions
which correspond to Smyth compactifications. We call these extensions
maximal Raney extensions for reasons that will be made clear in Section 7.
This approach is similar to the way the duality between Comp and DeVe
is restricted using Stone-Cech compactifications to obtain a duality for
completely regular spaces.

An alternate duality between the category of Tp-spaces and a category
consisting of what we call Raney algebras was established in [6]. A Raney
algebra is a pair (K,0) where K is a Raney lattice and O is a certain
interior operator on K. We show that the category of Raney algebras
is equivalent to the subcategory of RE consisting of maximal Raney ex-
tensions. This shows that the two approaches to a duality for Ty-spaces
essentially coincide.

The duality between StComp and RE can also be restricted to a du-
ality involving spectral compactifications of Ty-spaces. These are stable
compactifications e : X — Y where Y is a spectral space, i.e. the prime
spectrum of a bounded distributive lattice. This duality allows us to place
Raney algebras in the wider setting of dense sublattices of Raney lattices
(see Section 8).
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2. PRELIMINARIES

We assume the reader is familiar with basics of point-free topology,
including the notions of frames, frame homomorphisms, etc (see [13, 14]).
To make the paper relatively self-contained, we recall facts about stable
compactifications [17, 5], proximity frames [4], and Raney duality [15, 6].
We begin with a discussion of stably compact spaces.

Definition 2.1. A subset S of a Ty-space X is saturated if it is an inter-
section of open sets.

It is well known that S is saturated iff it is an upset in the specialization
order on X, where the specialization order is defined by x <y if = belongs
to the closure of {y}. For the following two definitions see [12, Def. VI.6.7,
Def. VI.6.17, and Thm. VI.6.18].

Definition 2.2. A topological space X is stably compact if it is compact,
locally compact, sober, and the intersection of any two compact saturated
sets is again compact.

Definition 2.3. Let (X, 7) be stably compact. The co-compact topology
7% is the topology whose closed sets are exactly the compact saturated
subsets of X. The patch topology m is given by 7 = 7 v 7%; that is, the
smallest topology containing 7 and 7.

It is well known that (X, n) is compact Hausdorff. We recall that a
map f : X — Y between two stably compact spaces is proper if it is
continuous with respect to the patch topologies.

Definition 2.4. Let Top, be the category of Tp-spaces and continuous
maps, and StKSp the category of stably compact spaces and proper maps.

We next turn our attention to a characterization of those frames that
arise as the opens of a stably compact space. We recall a few well-known
notions.

Definition 2.5. Let L be a frame. For a,b € L, we say that b is way-below
a, written b < a, if a <\ S implies b < VT for some finite T" ¢ S. The
way-below relation <« is stable if a < b, ¢ implies a < b A ¢ and the frame
L is stable if « is stable. Also, L is compact if 1 «< 1 and locally compact
if « is approximating, meaning that a = \V/{b: b < a} for each a € L. A
frame homomorphism is proper if it preserves <.

Definition 2.6. [13, Sec. VII.4.6] A frame L is stably compact if it is
compact, locally compact, and stable.

A space Y is stably compact iff its frame of opens is stably compact.
Assuming the axiom of choice, stably compact frames are exactly the
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frames that are isomorphic to frames of opens of stably compact spaces.
In fact, this correspondence yields a dual equivalence of the appropriate
categories.

Theorem 2.7. [12, 13] The category StKSp of stably compact spaces and
proper maps is dually equivalent to the category StKFrm of stably compact
frames and proper frame homomorphisms.

We next turn our attention to stable compactifications of Ty-spaces.

Definition 2.8. [17, Sec. 3] Let X be a Ty-space, Y a stably compact
space, and e : X - Y a homeomorphism from X to a subspace of Y. For U
open in Y, let U be the largest open set of Y whose intersection with the
image of X is contained in U. We call e: X — Y a stable compactification
of X if U<V = U<« V for all U,V open in Y, where U < V means U
is way below V in the frame of open sets of Y.

Theorem 2.9. [5, Thm. 3.5] For a Ty-space X, an embedding e: X —-Y
into a stably compact space Y is a stable compactification of X iff the
image of X is dense in the patch topology of Y.

Definition 2.10. Two stable compactifications e; : X - Y7 and e5: X —
Y5 of a Ty-space X are equivalent if there is a homeomorphism f:Y; - Yo
such that foe; =es.

For two stable compactifications e; : X - Y] and e : X - Y5 of a
To-space X, set e; < ey provided there is a proper map f : Yy - Y
with foey = e;. It is not difficult to show that e; < ey and e; < e
iff e; and ey are equivalent. Thus, < is a quasi-order on the class of
stable compactifications of X, giving a partial ordering of the equivalences
classes of stable compactifications. We refer to this as the poset of stable

compactifications of X.

Remark 2.11. While we do not wish to become too formal in treating
issues of sets versus proper classes, we remark that for any stable com-
pactification e : X — Y, the image of X is dense in the patch topology
of Y. Therefore, there is a bound on the cardinality of Y. Thus, we can
canonically construct representatives of each equivalence class and use
these to form a poset instead.

Smyth [17, Prop. 16] showed that the poset of stable compactifications
of X has a largest element that is constructed as the spectrum of prime
filters of the frame of opens of X. It plays the role of the Stone-Cech
compactification for Ty-spaces.

Definition 2.12. For a Ty-space X, we call its largest stable compacti-
fication the Smyth compactification and denote it by ox : X - 0 X.
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In Smyth’s treatment of stable compactifications of Ty-spaces, he gen-
eralized the notion of (Efremovi¢) proximity on a set to that of quasi-
proximity and proved that stable compactifications of a Ty-space X can
be characterized by the quasi-proximities on X that are compatible with
the topology on X [17]. This motivated the notion of proximity on a
frame given in [4].

Definition 2.13. A proximity on a frame L is a binary relation < on L
satisfying

(1) 0<0and 1<1.

(2) a<bimplies a <b.

(3) a<b<c<dimplies a<d.

(4) a,b<cimplies avb<ec.

(5) a<b,cimplies a<bnaec.

(6) a < b implies there exists c € L with a <c<b.
(7) a=V{beL:b<a}.

If < is a proximity on L, we call the pair (L,<) a prozimity frame, but
refer to it as L.

Remark 2.14. This notion generalizes Banaschewski’s strong inclusions
on a frame [2] and Frith’s proximal frames [11]. For further discussion see
[4, Rem. 7.2].

Definition 2.15. A proximity morphism is a map ¢ : L - K between two
proximity frames that preserves bounds 0, 1, finite meets, and satisfies

(1) a1 <by and as < by imply p(a1 v az) < p(b1) v ¢(b2).
(2) ¢(a) =V{p(b):b<a}.

Definition 2.16. Let PrFrm be the category of proximity frames and
proximity morphisms, where 1; : L. - L is the identity map and the
composite 1 x ¢ of two proximity morphisms ¢ : L - K and ¢: K - M
is given by

(¥ *xp)(a) = \/{p(b) : b<a}.

A stably compact frame L is naturally a proximity frame with the way-
below relation as its proximity. Moreover, proper frame homomorphisms
between stably compact frames are exactly the proximity morphisms be-
tween them. Remarkably, each proximity frame is isomorphic in PrFrm
to a stably compact frame (see [4, Sec. 4] for details). This is possible
because composition in PrFrm is not the usual function composition, and
this allows isomorphisms that are not structure-preserving bijections. In
conjunction with Theorem 2.7, this provides the following.
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Theorem 2.17. StKFrm is a full subcategory of PrFrm that is equivalent
to PrFrm. Therefore, both StKFrm and PrFrm are dually equivalent to
StKSp.

As we have just noted, each proximity frame L is canonically isomor-
phic in PrFrm to a stably compact frame. There is also a different canon-
ical representative in the isomorphism class of L, which we call a regular
proximity frame, and will now describe.

Definition 2.18. For a proximity frame L and S ¢ L define
(1) {S={aeL:a<s for some s€S}
(2) $S={aeL:s<a for some s€S}.

For a € L we write {a and %a for {{a} and ${a}, respectively.

For a proximity frame L, define operations k£ and j on L as follows.
Set k(a) = A fa and then, using Heyting implication — of a frame, set

7(@) = AM(a— k(b)) > k(b) :be L},
Call a € L regular if it is a fixpoint of j, let L; be the set of regular
elements of L, and call the proximity frame L regular if L = L;.

Proposition 2.19. [4, Sec. 5] For a proximity frame L, the restriction
< of < to L; is a prozimity on L;, the prozimity frame L; is regular, and
L is isomorphic to L; in PrFrm.

We call L; the regularization of L. It is again the nature of the com-
position in PrFrm that allows non-structural isomorphisms, and allows a
proximity frame that is not regular to be isomorphic to one that is regular.

Corollary 2.20. [4, Sec. 5| The category PrFrm is equivalent to its full
subcategory RPrFrm consisting of regular proximity frames.

We point out that unlike PrFrm, in RPrFrm isomorphisms are structure-
preserving bijections [4, Prop. 6.5]. The construction of the regularization
via algebraic means through j is mysterious. However, it has a very
natural topological meaning.

Definition 2.21. Let (X, 7) be a stably compact space, int, the interior
in 7 and cl, the closure in the patch topology w. We set

RO(X) = {U: U = int,cl, (U)}.
For U,V e RO(X), define U <V iff cl(U) c V.

Theorem 2.22. [4, Sec. 6] Let X be a stably compact space and L the sta-
bly compact frame of its opens. Then (RO(X),<) is a regular proximity
frame and is the regularization L; of L.
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Remark 2.23. As was pointed out in [4, Rem. 4.19], for each open set
U of a stably compact space X, we have U = U{V ¢ RO(X) : V < U}.
Therefore, RO(X) is a basis for the topology on X. We will utilize this
several times in the paper.

There are a number of subcategories of RPrFrm that will be of interest
to us. To begin, note that if (X,7) is compact Hausdorff, then = = 7
and Definition 2.21 becomes the standard definition of regular open sets.
Thus, RO(X) is a de Vries algebra. This yields the following.

Theorem 2.24. [4, Sec. 7] DeV is a full subcategory of RPrFrm.

For any frame L, its partial ordering < is a proximity on L. It is not
difficult to show that the proximity frame (L,<) is regular. These are
exactly the regular proximity frames whose proximities are reflexive [4,
Sec. 9]. It follows from Definition 2.15 that proximity morphisms be-
tween the proximity frames (L, <) are exactly the frame homomorphisms
between them. This gives the following.

Theorem 2.25. Frm naturally forms a full subcategory of RPrFrm.

We will have particular use for a subcategory of frames in this context.
We use the term Raney lattice for a complete distributive lattice in which
each element is a join of completely join-prime elements. These were first
called Raney lattices in [6] in honor of Raney, who in [15] showed that
a lattice L is a Raney lattice iff L is the lattice of upsets of a poset. It
follows that a Raney lattice is completely distributive, and is in particular
a frame. Thus, Theorem 2.25 yields the following.

Theorem 2.26. The category Ran of Raney lattices and complete lattice
homomorphisms is a (non-full) subcategory of Frm and hence of RPrFrm.

Figure 1 summarizes various categories of proximity frames and their
relationships. Each of the indicated subcategories is full, except the inclu-
sion of Ran into Frm. The inclusions of StKFrm and RPrFrm into PrFrm
are equivalences. The inclusions of StKFrm and Frm into PrFrm are of
a different nature. We view a stably compact frame L as the proxim-
ity frame (L, <), and a general frame L as the regular proximity frame
(L,<). This is why the diagram does not show StKFrm included in Frm.

We need several dual equivalences between categories in Figure 1 and
categories of a topological nature. We begin with Raney duality, an exten-
sion of Tarski duality between sets (discrete spaces) and complete atomic
Boolean algebras, to a duality for the category Pos of posets and order
preserving maps (Alexandroff Tp-spaces).

Theorem 2.27 (Raney duality). There is a dual equivalence between Pos
and Ran.
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StKFrm

Ran ———— Frm \
/

\
DeV /

PrFrm

RPrFrm

FIGURE 1. Subcategories of proximity frames

The contravariant functors U : Pos — Ran and J : Ran — Pos are
defined as follows. For X a poset, U(X) is its lattice of upsets, and for
f: X — X' order preserving, U(f) is the complete lattice homomorphism
f~!. For K a Raney lattice, J(K) is the poset Xx of completely join-
prime elements of K with the ordering of X dual to that of K. For
¢: K - K' a complete lattice homomorphism,

(2.1) T(@) (@) = Nz : 2" <p(2)}.

The natural isomorphisms «y: 1gay > U o J and € : 1pos — J oU are given
by

(2.2) vr(a)={re Xk :x<a} and ex(x) = tz.

For the following result, we first recall that for a proximity frame L, a
filter F' of the underlying frame L is round provided F = $F. An end is
a meet-prime element of the lattice of round filters of L. We topologize
the set Y, of ends of L by taking as a basis all sets {F': a € F'} where a
ranges over elements of L.

Theorem 2.28. [4, Sec. 6] There is a dual equivalence between the cate-
gories StKSp and RPrFrm,

The contravariant functors RO : StKSp - RPrFrm and £ : RPrFrm —
StKSp are defined as follows. For Y a stably compact space, RO(Y) is as
in Definition 2.21, and for f:Y — Y’ a proper map, RO(f) = int.cl, L.
For L a regular proximity frame, £(L) is the stably compact space Y,
of its ends, and for ¢ : L — L’ a proximity morphism, £(¢) = #h~!. The
natural isomorphisms ¢ : 1rprrm = RO o & and 7 : Isiksp = € 0o RO are
given by

(2.3) Cr(a)={FeYr:aeF}and ny(y) ={UeRO(Y):yecU}.
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3. THE CATEGORY OF STABLE COMPACTIFICATIONS

In this section we introduce the category of stable compactifications,
which is our first main category of interest.

Definition 3.1. Let StComp be the category whose objects are stable
compactifications e : X - Y and whose morphisms are pairs (f,g) where
f:X - X' is continuous, g : Y - Y’ is proper, and the following diagram
commutes:

X = Y

1| g

X — =Y
el
Identity morphisms are pairs (1x,ly) of identity morphisms and the

composition of two morphisms (f1,g1) and (fa, g2) is defined to be (fz o
f1,92091).

X, %H

N

es
faof1 Xg——m——>Y 92091

L

X3643>YV3

It is straightforward to check that StComp indeed forms a category,
and that the category Comp of compactifications of completely regular
spaces is a full subcategory of StComp.

Lemma 3.2. For a morphism (f,g) in StComp, the following conditions
are equivalent.
(1) (f,g) is an isomorphism in StComp.
) Both f: X - X' and g:Y - Y’ are homeomorphisms.
) f:X = X' is a bijection and g:Y - Y’ is a homeomorphism.
) f: X > X' is an isomorphism with respect to the specialization
orders on X and X' and g:Y - Y’ is a homeomorphism.

Proof. That (1)<>(2) and (4)=(3) are obvious. That (2)=(4) follows
from the fact that f: X — X’ continuous implies f is order preserving
with respect to the specialization orders on X and X'. Finally, to see
that (3)=(2), since (f,¢) is a morphism in StComp, f is continuous, so
it is sufficient to see that f : X — X' is open. Let U be open in X.
Then there is V open in Y such that U = ¢! (V). Because g is a home-
omorphism, g(V') is open in Y’. We show that f(U) = (¢’)"'g(V). Let
xeX. I xeU,then e(z) €V, so ge(x) € g(V), and hence €' f(z) € g(V).
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Therefore, f(z) € (¢/)"1g(V), which yields that f(U) c (') *g(V). Con-
versely, if f(x) € (¢/)"1g(V), then €/ f(z) € g(V), so ge(x) e g(V). As g
is a homeomorphism, e(x) € V. Thus, z € U, yielding the other inclusion.
Consequently, f(U) = (¢/)"'g(V), so f(U) is open, and hence f is open,
completing the proof. O

Clearly if e: X - Y and €' : X — Y’ are equivalent stable compactifi-
cations of X (see Definition 2.10), then they are isomorphic in StComp.
The converse is not true in general. This for example follows from the
fact that Comp is a full subcategory of StComp, and this result is not
true in Comp (see [7, Exmp. 3.2]). However, if ¢ : X - Y is the Smyth
compactification ox : X — 0X, then the converse is also true. For this,
we first prove a result of some independent interest.

Theorem 3.3. The ideal functor J : Frm — StKFrm is a coreflector.
Hence StKFrm is a (non-full) coreflective subcategory of Frm.

Proof. Let L be a frame. It is well known that JL is a stably compact
frame, where I «< J iff thereisa € J with I ¢ Ja, and \V-: JL — L is aframe
homomorphism. By the dual statement to [1, Thm. 1.18.2] it is enough
to show for any stably compact frame M and a frame homomorphism ¢ :
M — L, that there is a unique proper frame homomorphism v : M — JL
with VV¢(a) = ¢(a) for each a € M. Set

P(a) = {p(b) : b < a}.

It is straightforward to see that i is well defined. Let a,b e M. We have
x ep(a) nip(b) iff z < p(c) for some ¢ « a and z < p(d) for some d < b.
Since y < ¢ and y < d iff y < ¢ A d, the last condition is equivalent
to x < p(e) for some e << a A b, which means that = € ¥(a A b). Thus,
P(a) n(d) = Y(and). Let S ¢ M. Since ¢ is order preserving, we
have VV¢[S] € ¢(V S). For the reverse inclusion, let x € ¢¥/(\V/S). Then
x < @(b) for some b «< \/S. Since M is stably compact, s = V{t:t < s}
for each s € S. So b « V{t:t « s for some s € S}. By the definition of
«, we have b <ty v---Vvt, for some t; < s; € S. Therefore, z < p(b) <
o(t1) v v o(ty). Since o(t;) € ¥(s;), we have x € V[S]. Thus, ¢ is
a frame homomorphism. To see that 1 is proper, suppose a << ¢. Then
¥(a) € lp(a) and p(a) € ¥(c). Therefore, 1p(a) < ¥(c) by the nature of
<« on JL. To see that the diagram commutes, let a € M. Then

Vi(a) =V H{e0) :b<at =\{p®):b<a} =p(\V{b:b<a}) = p(a).

Finally, to see that v is unique, let ¢’ : M — JL be a proper frame
homomorphism such that V¢'(a) = ¢(a) for each a € M. We show that
¥(a) =1’ (a). Let b < a. Since ¢’ is proper, ' (b) < 1'(a), so ¥'(b) € lc
for some c € ¢)'(a). Therefore, p(b) =V ¢'(b) < ce(a), so o(b) €' (a).
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Thus, ¥(a) € ¢'(a). For the reverse inclusion, since a = V{b: b < a}, we
have ¢'(a) = V{¢'(b) : b < a}. So it is enough to show that '(b) € ¢ (a)
for each b «< a. We have b « a implies ¥’(b) € lp(b) € ¢(a), completing
the proof. O

Remark 3.4. When talking about a (co)reflective subcategory B of A,
it is common to assume that B is a full subcategory of A. In this case,
if r: A - B is the (co)reflector, then r(B) is isomorphic to B for each
object B of B. In Theorem 3.3, as well as in Corollary 3.6, we do not
have the fullness assumption. Indeed, in either of these cases, r(B) is not
necessarily isomorphic to B.

Remark 3.5. Banaschewski and Mulvey [3, Prop. 2] proved that the
category of compact completely regular frames is a full coreflective sub-
category of Frm. Theorem 3.3 extends this to the category of stably
compact frames, but without fullness.

Corollary 3.6. The Smyth compactification yields a reflector o : Topg —
StKSp. Hence StKSp is a (non-full) reflective subcategory of Topo.

Proof. Let X be a Ty-space with L its frame of open sets. Since the Smyth
compactification o X is constructed as the prime spectrum of L and JL
is isomorphic to the frame of opens of its prime spectrum, we obtain that
JL is isomorphic to the frame of opens of 0 X. To establish the result, by
[1, Thm. 1.18.2] it is enough to show for a stably compact space Y and a
continuous map f: X — Y, that there is a unique proper map g: X - Y
with goox = f. Using the open set functor from Top, to Frm, this follows
from Theorem 3.3 using the dual equivalence of Theorem 2.7. 0

Remark 3.7. It is well known that KHaus is a full reflective subcategory
of the category of completely regular spaces and continuous maps. The
reflector is the Stone-Cech compactification. Corollary 3.6 generalizes this
result to Topg and StKSp, but without fullness. Its origins can be traced
back to Smyth [17, Prop. 16].

Theorem 3.8. Ife: X - Y is isomorphic to ox : X - 0 X in StComp,
then e is equivalent to ox.

Proof. Since e : X — Y is isomorphic to ox : X - oX there is (f,g)
making the diagram commute, and by Lemma 3.2 both f,g are homeo-

morphisms.
X
|

X

¢ Vv

g
X
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By Corollary 3.6, o is a reflector. So the following diagram commutes.

X 7x oX

|

X— - 5X
ox

Moreover, of is a homeomorphism because ¢ is a functor and f is a
homeomorphism. Let h = g"' oo f. Then h is a homeomorphism since
both ¢! and o f are homeomorphisms. Furthermore,

hoox =(g ' oof)oox =g lo(cfoox) =g lo(oxof)=g'o(goe)=e.
This shows that e: X — Y is equivalent to ox : X —» 0X. O

4. THE CATEGORY OF RANEY EXTENSIONS

In this section we introduce the category of Raney extensions, which
is our other main category of interest.

Definition 4.1. Let K be a complete lattice and S ¢ K. We say that S
is join-meet dense in K if each element of K is a join of meets of elements
from S; that S is meet-join dense in K if each element of K is a meet of
joins of elements from S; and that S is dense in K if S is both join-meet
and meet-join dense in K.

Remark 4.2. If K is completely distributive, then it is easy to see that
S ¢ K being dense, join-meet dense, and meet-join dense are all equiva-
lent.

Definition 4.3. Let L be a regular proximity frame, K a Raney lattice,
and a : L —» K a one-to-one proximity morphism. We call a: L - K a
Raney extension if o[L] is dense in K.

Definition 4.4. Let RE be the category whose objects are Raney ex-
tensions « : L — K and whose morphisms are pairs (y,%) such that
¢ : L - L' is a proximity morphism, ¢ : K - K’ is a complete lattice
homomorphism, and 1) o a = o’ * .
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Identity morphisms are pairs (17, 1x ) of identity morphisms and the com-

position (¢2,12) * (p1,91) of two morphisms (p1,%1) and (p2,12) is
defined to be (2 * p1, 12 0 1)1).

L1$>K1

-

p2*p1 L2 KQ a0ty
l%z sz
Ls K3

a3

Remark 4.5. In the above definition, since ¥ preserves joins, Yoo = ¥+«
[4, Lem. 3.7]. Because RPrFrm is a category, it is then straightforward to
check that RE is a category.

In [7] the category Comp of compactifications of completely regular
spaces and DeVe of de Vries extensions were introduced. The category
Comp is a full subcategory of StComp, and DeVe is a full subcategory of
RE consisting of those Raney extensions o : L - K where L is a de Vries
algebra and K is a complete and atomic Boolean algebra. It was shown
that Comp is dually equivalent to DeVe. Our focus is to extend this result
to a duality between StComp and RE. We begin with the following result
that motivates the definition of a Raney extension.

Theorem 4.6. For e: X —» Y a stable compactification, e : RO(Y) —
U(X) is a Raney extension.

Proof. We have that U (X) is a Raney lattice by Raney duality, and that
RO(Y) is a regular proximity frame by Theorem 2.28. To simplify proof,
we view X as a subspace of Y, so e} (U) = UnX. That e™! is well defined
is clear since U e RO(Y') is open in Y, so U n X is open in X, hence an
upset in the specialization order on X.

To see that ¢! is one-to-one, let U € RO(Y'). Since X is patch-dense
in Y, we have cl (U) = cl,(Un X), so U = int.cl:(U) = int.cl.(UnX).
Thus, for U,V e RO(Y), we have U c V iff Un X ¢ V n X, yielding that
e~! is one-to-one.

To show that e! is a proximity morphism, it clearly preserves the
bounds and finite meets. If U; < Vi and Uy < Vs, then cl,(U;) € Vi and
cl.(Uy) € Vs, Since the join in RO(Y) is Uy v Us = int.cl.(U; uU3), we
have Uy v Uy € cl(Uy) ucl: (Uz). Thus,

(UivU)nX c(c(U)nX)u(cl:(U2)nX)c (VinX)u (Van X).

Since proximity in U(X) is set inclusion, (U; v Us) n X is proximal
to (VinX)u (Van X). For the final condition, suppose U € RO(Y).
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Since U is open in Y, it follows from Remark 2.23 that U = U{V e RO(Y) :
V<UlhsoUnX=U{VnX:V<U}.

Finally, to see that e ![RO(Y)] is dense in U(X), by Remark 4.2 it
is sufficient to see that e *[RO(Y)] is join-meet dense in U(X). Since
every upset is a join of principal upsets fx, it is sufficient to see that each
1z is a meet of elements from e [RO(Y)]. We claim that 1z = N{V X :
x eV e RO(Y)}. The left-to-right inclusion is clear. For the right-to-left
inclusion, if y ¢ fx, there is U open in Y with z € U and y ¢ U. Since
U=U{VeROY):V <U}, thereis Ve RO(Y) with z e V and y ¢ V,
completing the proof. O

The correspondence of Theorem 4.6 extends to a contravariant functor.

Proposition 4.7. Define (-)* : StComp — RE by sending ¢ : X - Y
to et : RO(Y) - U(X) and (f,g) to (RO(g),U(f)). Then (-)* is a
well-defined contravariant functor.

Proof. That (-)* is well defined on objects follows from Theorem 4.6.
That (-)* is well defined on morphisms follows from Raney duality and
Theorem 2.28. Finally, it is easy to see that (-)* sends identity morphisms
to identity morphisms and [(f',¢") o (f,9)]* = (f,9)* » (', ¢')* because
RO and U are functors. Thus, (-)* is a well-defined contravariant functor.

U

5. DUALITY BETWEEN StComp AND RE

In this section we define a contravariant functor (-). : RE — StComp
and prove our main result that this functor and the contravariant functor
(=)* : StComp — RE of Proposition 4.7 yield a dual equivalence.

We begin by showing that each Raney extension naturally gives rise
to a stable compactification. We recall from Section 2 that Y7 is the
space of ends of a regular proximity frame L, and that X is the poset
of completely join-prime elements of a Raney lattice K. Let a: L - K
be an arbitrary proximity morphism. Since the proximity on K is <, we
note that if x € Xg, then 1z is an end of K, so £(a) = $a1[12] is an end
of L. Thus, e, : Xx — Y7, in the next definition is well defined.

Definition 5.1. Let L be a regular proximity frame, K a Raney lattice,
and o : L - K an arbitrary proximity morphism. Define e, : X — Y,
by

ea(x) = fa” [12].
Lemma 5.2. For a: L - K as described above we have:

(1) af[L] is dense in K iff (Vz,ye Xg)(z <y < eq(y) Ceq(x)).
(2) « is one-to-one iff e[ X k] is patch-dense in Yr,.
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Proof. (1) First suppose that o[L] is dense in K. Let z,y € Xg. Clearly
x <y implies e, (y) € eq(x). Suppose that x £ y. Since a[L] is dense
and y is completely join-prime in K, we have that y is a meet of elements
from a[L]. Therefore, there is a € L with x £ a(a) and y < a(a). Because
« is a proximity morphism, a(a) = V{a(b) : b < a}. As y is completely
join-prime, there is b < a with y < a(b) and = ¢ a(a). Thus, a € fa ! [1y]
but a ¢ a"'[tz], so a ¢ }a[1z]. Consequently, e, (y) ¢ eq ().

Conversely, suppose that (Vz,y € Xg)(z <y < ea(y) € ea(x)). To
see that a[L] is dense in K, it is enough to show that each x € Xk is a
meet of elements from «[L]. Clearly < A{a(a) :a € L and z < a(a)}.
To see the equality, since each element of K is a join of completely join-
primes, it is sufficient to show that if y £  in Xk, then there is a € L
with z < a(a) and y ¢ a(a). From y ¢ z it follows from the assumption
that e, () ¢ eq(y). Therefore, there is b € e, () ~ €4 (y). So b ¢ 2a™1[1y]
and there is a < b with = < a(a). Thus, z < a(a) and y £ a(a).

(2) First suppose that « is one-to-one. To see that e,[X k] is patch-
dense in Y7, we must show that each nonempty set that is open in the
patch topology of Y7, has nonempty intersection with e,[Xx]. The patch
topology on Y7, is the join of the stably compact topology and its co-
compact topology. By Remark 2.23, RO(Y7) is a basis for the stably
compact topology on Yr. Since RO(Yr) = (1[L] (see (2.3)), each open
set in the stably compact topology is a union of sets of the form ¢z, (a).
By [4, Rem. 4.22] and Hofmann-Mislove Theorem [12, Theorem II-1.20],
each compact saturated set is an intersection of sets of the form (g (b).
Because open sets in the co-compact topology are complements of com-
pact saturated sets, each open set in the co-compact topology is a union of
complements of sets (1, (b). So to show that e, [ X k] is patch-dense in Y7, it
is sufficient to show that a £ b in L implies (¢r(a) ~ (D)) neq[X k] + @.
Since « is one-to-one, a ¢ b implies a(a) ¢ «(b). Therefore, there is
x € Xg with 2 < a(a) and x ¢ a(b). Because « is a proximity morphism
and z is completely join-prime in K, there is ¢ < a with < a(c¢). Thus,
ea(2) € (Cola) ~ ¢ (D)) M eal Xic).

Conversely, suppose that e,[Xx] is patch-dense in Y7,. To see that
a is one-to-one, let @ £ b in L. Therefore, (r(a) \ ((b) # @. Since
ea[X K] is patch-dense, there is x € Xk such that e, (z) € ¢r,(a) ~ {1 (b).
Thus, a € e, (z) and b ¢ e, (). From a € e, () = $a~[tz] it follows that
r < a(a). From b ¢ fa~![tz], for each d < b we have x ¢ a(d). Since
a(b) = V{a(d) : d < b} and z is completely join-prime, we conclude that
x £ a(b). Consequently, a(a) £ a(b), and so « is one-to-one. O

Definition 5.3. For a : L - K a Raney extension, let 7, be the least
topology on Xy that makes e, : X — Y7, continuous with respect to the
stably compact topology on Y7j.
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For the following result, we remind the reader of the natural isomor-
phism v : 1ran > U o J (see (2.2)).

Lemma 5.4. Let a: L - K be a Raney extension.
(1) vi[a[L]] is a basis for (XK, 7).
(2) The specialization order of T, on X is the dual of the restriction
of the order on K to Xg.

Proof. (1) This follows from the facts that RO(Yr) is a basis for the
stably compact space Y7, that 7, is the least topology on X that makes
e continuous, and that e;!(¢r(a)) = vx(a(a)) for each a € L. To see
the last equality, observe that x € v (a(a)) iff x < a(a). Since a(a) =
V{a(b) : b < a} and z is completely join-prime, the last inequality is
equivalent to the existence of b < a satisfying x < a(b), which is equivalent
to zeet(Cra)).

(2) Let <g denote the specialization order of 7, on Xg. Then x <g y
ift (VU ery)(xeU =yelU). By (1), yx[a[L]] is a basis for (Xg,7,),
so x <g y iff (Vae L)(z € vyg(a(a)) =y € vk(a(a))). This means that
(Va e L)(z < a(a) = y < a(a)). Since a[L] is dense in K and x,y are
completely join prime in K, the last statement is equivalent to y <x. O

Theorem 5.5. If a: L - K is a Raney extension, then e, : X — Y, is
a stable compactification.

Proof. Since L is a proximity frame, Y7, is a stably compact space. As
a[L] is dense in K, it follows from Lemma 5.2(1) that e, is one-to-one.
Because « is one-to-one, e[ Xk | is patch-dense in Yy, by Lemma 5.2(2).
Finally, it follows from the definition of 7, that e, is a topological em-
bedding of X into the stably compact space Y. Thus, e, : Xg — Y7 is
a stable compactification. O

Lemma 5.6. If (p,v) is a morphism in RE, then (J(¥),E(p)) is a
morphism in StComp.

Proof. Since ¢ : L — L' is a proximity morphism, £(p) : Y, - Y7 is a
morphism in StKSp. Because ¢ : K - K’ is a complete lattice homomor-
phism, J(v) : Xk - Xk is order preserving.

(07 (Y
L K XK Yz
J b ] o
L K’ X Y

o Ca
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It is left to prove that £(¢) o ey = €4 0 J (). For this we will use that
1 oa=a'xp, which means that for each a € L,

(5.1) P(ala)) = \V/{d (p(b)) : b<a}.
Let x € Xg. We have

E(p)(ear(x)) =t (") 1]
and
ea(T(W)(2)) =t [t Ak € K - <u(k)}].
Let a € L. Then

(5.2) ac&(p)(ew(x))iff Ib<a,Iec<p(b):z<a(c)
and

(5.3) aceq(J(W)(2)) iff Id<a: N\{keK:x<y(k)}<a(d).

First suppose a € eo(J(¢¥)(z)). By (5.3), there is d < a such that
A{k e K:x<y(k)} <a(d). Since v is a complete lattice homomorphism,
z <YP(a(d)), so by (5.1), z < V{a'(¢(e)) : e < d}. Because x is completely
join-prime, there is e < d with = < a/(¢(e)). We set b = d and ¢ = p(e).
Then b < a, ¢ < p(b), and x < &'(c), yielding a € E(p)(ea () by (5.2).

Next suppose that a € E(p)(ew(x)). By (5.2), there exist b < a and
¢ < (b) such that x < o'(¢). Therefore, z < a'(c) < a'(p(b)) < P(a(a))
by (5.1). Since z < ¥(a(a)), we have that a(a) € {k € K : x < ¢(k)}.
Thus, A{k e K :x<(k)} <a(a). As a is a proximity morphism, a(a) =
V{a(d) : d < a}. By Raney duality, A{k € K : & < 1(k)} is completely
join-prime, so there is d < a such that A{k ¢ K : x < ¥(k)} < a(d).
Consequently, a € e (J (¢)(x)) by (5.3). O

Proposition 5.7. Define (-). : RE - StComp by sending «: L - K to
ea : Xk = YL and (p,0) to (T(),E(v)). Then (-). is a well-defined
contravariant functor.

Proof. That (). is well defined on objects follows from Theorem 5.5.
That (-), is well defined on morphisms follows from Lemma 5.6. Finally,
it is easy to see that (—). sends identity morphisms to identity morphisms

and [(¢,¥") * (w0, )]s = (p, )0 (¢, 1"« because £ and J are functors.
Thus, (-). is a well-defined contravariant functor. O

Theorem 5.8 (Main Theorem). The functors (=)* : StComp — RE and
(=)« : RE = StComp yield a dual equivalence of StComp and RE.

Proof. Recall that € : 1pos - J ol and 7 : lsiksp = £ o RO are natural
isomorphisms. We claim that (£,1) : lsicomp = (=)« © (=)* is a natural
isomorphism. To see this, let e: X - Y be a stable compactification and
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set a = e7!. Using the isomorphism ex : X — Xy (x) and the homeomor-
phism 7y : Y - Yzo(y), it is sufficient to show that the pair (ex,ny)
is an isomorphism in StComp, as naturality follows from the naturality
of ¢ and 7. To show that (ex,7my) is an isomorphism in StComp, by
Lemma 3.2, it is enough to show that e, ocex =ny ce.

X ° Y
axj Lny
Xux)y ——— Yro(v)

To see this, let © € X. Note that e,ex(z) and nye(z) are both ends of
Yro(v)- Therefore, we must show that for each U € RO(Y'), we have
that U € eqex(z) iff U € nye(x). By definition, U € nye(x) iff e(z) € U.
On the other hand,
Ueceaex(z) iff IV <U:Vea'[tex(a)]

iff IWV<U:Vea'[{SeUX :tzc S}

iff W<U:Vea'[{SeUX :zeS}]

iff WV<U:zea(V)

iff WV <U:zee (V)

iff IV <U:e(x)eV.
Since RO(Y) is a basis, U = U{V € RO(Y) : V < U}. So the last
condition is equivalent to e(z) € U. Thus, ny ce=e,0cx.

Recall that ¢ : 1gpirrm = RO o € and 7 : 1ran — U o J are natural
isomorphisms. We claim that ({,7y) : 1re = (-)* o (-). is a natural
isomorphism. To see this, let o : L - K be a Raney extension. Using
the isomorphisms (;, : L - RO(Yr) and vk : K > U(Xk), it is sufficient
to show that the pair ({;,~vk) is an isomorphism in RE, as naturality
follows from the naturality of ¢ and . For this it is enough to show that

-1

L 2 K
CLl l’m
RO(YL) ———— U(XK)

To see this, let a € L. Note that (yx o a)(a) and (e;! » ¢z)(a) are
both upsets of Xg. Therefore, we must show that for each = ¢ Xk,
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we have that = € yga(a) iff z € (e;! * (£)(a). By definition, z € yxa(a)
iff < @(a). On the other hand,

we ey xCo)(a) iff welJ{eg!CL(b) :b<a}
iff wee'¢L(\/{b:b<a})
iff 2ee’Cr(a)
iff  eq(z)e(r(a)
iff acey(x)
iff  aeta[tz]
iff Fv<a:z<ald).

Since a(a) = V{a(b) : b < a}, the last condition is equivalent to z < a(a).
Thus, yx o a = et * (. O

6. ORDERINGS OF STABLE COMPACTIFICATIONS

In Section 2 we considered the poset of stable compactifications of a
Ty-space X. In this section we develop a dual view of this poset in the
category of Raney extensions. This will lead us to consider the poset of
stable compactifications where we fix not the topology of X but rather
its specialization order.

Definition 6.1. Let K be a Raney lattice. A subframe of K that is dense
in the sense of Definition 4.1 is called a dense subframe. Let Den(K) be
the set of dense subframes of K partially ordered by set inclusion.

Recall that X is the poset of completely join-prime elements of K
and that the partial order on X is the dual of the order on K. In order
to not confuse the two, we use £ for the partial order of X.

Definition 6.2. Let Top(X k) be the set of topologies on X i whose spe-
cialization order is c, and partially order these topologies by set inclusion.

Note that each member of Top(Xx) yields a Ty-space since its special-
ization order is a partial order. Further, Top(Xx) has a largest element,
the Alexandroff topology 74 whose open sets are all upsets of (Xg,C).

Theorem 6.3. Den(K) is isomorphic to Top(Xg).

Proof. Define I' : Den(K) - Top(Xx) by I'(S) = vk [S]. Since vk : K —
U(X ) is an isomorphism, v [S] is a topology 7 on X, and is clearly
a coarsening of 74. Let <, be the specialization order of 7. Since 7 € 74,
we have that C is contained in <. For the reverse inclusion suppose that
x¢y. Then y £ x in K. Since S is dense, there is s € S with « < s and
y £ s. Therefore, x € v(s) and y ¢ y(s). Thus, x £, y. So I is well defined,
and it is obviously order preserving.
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Next define A : Top(Xg) — Den(K) by A(7) = v [7]. Since vk :
K - U(Xk) is an isomorphism, v;![7] is a subframe of K. To see that
vt [7]is dense in K let x € X;c. We claim that x = A{y 2 (U):xeUert}.
Clearly x is underneath this meet. Thus, it is sufficient to see that each
y € X underneath this meet is underneath . If y £ « in K, then z ¢ y.
Since c is the specialization order of 7, there is U € 7 with z € U and
y ¢ U, which contradicts that y is underneath the meet. So A is well
defined, and it is obviously order preserving.

Finally, that I" and A are inverses of each other is obvious since v :
K - U(Xk) is an isomorphism. O

Proposition 6.4. For a Raney lattice K, the duals of Raney exten-
sions o : L —» K are stable compactifications of spaces (Xg,T) where
7€ Top(Xk).

Proof. Let a: L - K be a Raney extension and e, : X — Y, the dual
stable compactification. By Lemma 5.4(1), the topology 7, on X is
given by vx[S] where S is the dense subframe of K generated by «o[L].
Then by Theorem 6.3 we have that 7, € Top(Xk). O

Smyth [17] considered the poset of stable compactifications of a Tp-
space. Viewing this from a dual perspective, it is more natural to first con-
sider what amounts to the stable compactifications of all spaces (Xk,7)
where 7 € Top(Xg). This approach is more general in that instead of
fixing a Typ-space, we are fixing a poset (Xg,c) and considering stable
compactifications of all Ty-spaces on X whose specialization order is C.
Dually, this amounts to looking at Raney extensions with the same target.
To avoid issues of working with proper classes, we make the following no-
tion of equivalence. Here we recall that isomorphisms of regular proximity
frames are structure-preserving bijections [4, Prop. 6.5].

Definition 6.5. We say that two Raney extensions o : L - K and o :
L' - K are equivalent, and write o = o', if there is an isomorphism
w: L — L' such that o/ » 4 = a. Let RE(K) be all equivalence classes of
Raney extensions with target K.

We remark that any Raney extension « : L — K is equivalent to one
where the underlying set of L is a subset of K and e : L - K is the
identical embedding. Thus, we can canonically construct representatives
of each equivalence class and use these to form a set instead.

Definition 6.6. Let a: L - K and o’ : L’ - K be two Raney extensions.
We say that o' is less than or equal to o and write o’ < o provided there
is a proximity morphism p: L' — L such that o u=«o/'.
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We next show that < is compatible with equivalence of Raney exten-
sions. For this we require the following result.

Lemma 6.7. FEach one-to-one proximity morphism is a monomorphism.

Proof. Suppose o : L - K and (8,7 : M — L are proximity morphisms
such that a is one-to-one and a3 = axy. We need to show that 3 = . Let
a € M. It is enough to show that 5(a) < y(a) since the reverse inequality
can be proved similarly. Since 8(a) = V{3(b) : b < a} it is sufficient to show
that 3(b) < ~y(a) for each b < a. We have aB(b) < (axB)(a) = (a*v)(a) <
ay(a). Since « preserves finite meets, a8(b) = aB(b) ray(a) = a(Bbrvya).
Then, since « is one-to-one, we obtain $b = SbA~a, so b < va, concluding
the proof. O

Proposition 6.8. For a,o’ Raney extensions with target K, a = o iff
a<a and a<a.

Proof. If o = o’ there is an isomorphism p with o’ ~ u = «, and hence
axpt =a. Thus, @ < o and o < a. Conversely, if o' < a and
a < o, then there are p, ' with ax p = o’ and o’ » ' = a. Therefore,
a*p*pu =ao »p' =a. Since a is one-one by the definition of a Raney
extension, Lemma 6.7 gives that « is a monomorphism. So axpxp’ = ax1y
yields that p+ p' =1p. That u' * u =1y, follows by symmetry. So p is an
isomorphism, and this gives that a = o'. 0

Clearly < is reflexive and transitive, so < is a quasi-order on the class of
Raney extensions with target K. The above result shows that the equiv-
alence associated with this quasi-order is that of Definition 6.5. Thus, <
gives a partial ordering on RE(K). We next look at the corresponding
dual notion. For this, we make use of the notion of equivalence of stable
compactifications of a Ty-space from Section 2.

Definition 6.9. For a Raney lattice K, let StComp(Xg) be all equiv-
alence classes of stable compactifications of spaces (Xg,7) where 7 €
Top(Xk).

In Section 2 a quasi-ordering of the class of stable compactifications of
a Tp-space X was given. We extend this to stable compactifications of
the space X where the topologies are allowed to vary over the members
of Top(Xk).

Definition 6.10. Let ¢ : (Xg,7) > Y and ¢’ : (Xk,7") > Y’ be two
stable compactifications where 7,7" € Top(Xf). We say that e’ is less
than or equal to e and write ¢’ < e provided 7/ ¢ 7 and there is a proper
map ¢:Y — Y’ such that goe=¢'.
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Remark 6.11. In other words, Definition 6.10 provides that ¢’ < e iff
there is a proper map g : Y — Y’ with (1x,,9) a morphism from e :
(Xk,7) > Y toe: (Xg,7") > Y’ in StComp.

Clearly < is a quasi-ordering and it restricts to the quasi-ordering of
Section 2 on the class of stable compactifications of the same space. There-
fore, if e and e’ are equivalent stable compactifications, then e < ¢’ and
e’ <e. Butif e<e’ and €' < e, then they are stable compactifications of
the same space, and hence are equivalent. Thus, < induces a partial or-
dering on StComp(X ). We call this the poset of stable compactifications
affiliated with Xk.

Theorem 6.12. For a Raney lattice K, the functors (). and (=)* of
Theorem 5.8 induce mutually inverse order-isomorphisms between RE(K')
and StComp(X k).

Proof. Let a: L — K be a Raney extension and e: (Xk,7) > Y a stable
compactification where 7 € Top(Xg). To avoid cumbersome notation,
we denote by «, the stable compactification e, : (Xg, 7o) - Yz and by
e* the Raney extension e™! : RO(Y) » U(Xg). By Proposition 6.4,
Ta € Top(X ). Using the isomorphism v : K - U(Xk), we have that
Y oe* : RO(Y) - K is a Raney extension by Proposition 4.7. To
establish our result, it is enough to show the following.
(1) if a <o/, then a, < ('),
(2) ife<e, then vt oe* <zt o (¢/)*
(3) a=9x o(as)”
(4) e= (v o€
Items (1) and (2) follow from the definitions of the orderings and that
(=)« and (—)* are functors. Since the second diagram in the proof of
Theorem 5.8 commutes, we have (1, : L - RO(YL) is an isomorphism
with @ = 7z * ()" = 1, = (7 0 (0)") * (1, 50 @ = 730 o ()”. This
yields (3).
To see (4), we specialize the first diagram in the proof of Theorem 5.8
to the current situation.

Xk c Y
EXKl LWY
Xu(xx) Yrov)

()«
Since the diagram commutes and 7y is a homeomorphism, e is equivalent
to (e*)« oex, . Therefore, it remains to show that (e*), oex, = d. where
§ =7 oe*. Let x € X and U € RO(Y). By the calculation following the
first diagram in the proof of Theorem 5.8, U € ((e*), o ex, )(x) iff there
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is V < U such that e(z) € V. By Definition 5.1, &,(x) = $6'[tx] where
1z is the upset of z in K. So U € §,(z) iff there is V' < U such that V €
57'[tx]. This last condition is equivalent to z < §(V) = vte ' (V). Since
vk + K - U(X}) is an isomorphism, this means that yx(z) € e (V).
But yx(x) = {y € Xk : y < x} is the principal upset of z in (Xg,C).
Since e71(V) is an upset of (Xg,E), we have that i (x) c e 1(V) iff
zee (V). Thus, (e*).0ex, = 0x. O

We now return attention to the poset of stable compactifications of a
To-space X, and consider this from a dual perspective. This will be a
matter of specializing Theorem 6.12.

Definition 6.13. For a Ty-space (X, 7), let StComp(X,7) be the poset
of stable compactifications of (X, 7). For a Raney lattice K and a dense
subframe S of K, let RE(K, S) be the poset of Raney extensions «: L - K
where the subframe generated by the image «[L] is S.

To consider the stable compactifications of a Tp-space X, we can iden-
tify X with X where K is the Raney lattice of upsets of the specialization
order of X. Then by Theorem 6.3 the topology on X corresponds to a
dense subframe S of K. Specializing Theorem 6.12 gives the following.

Corollary 6.14. Let (X,7) be a Ty-space, K the Raney lattice of upsets
of X under its specialization order, and S the dense subframe of K con-
sisting of open subsets of (X, 7). Then the functors (). and (-)* of The-
orem 5.8 induce mutually inverse order-isomorphisms between RE(K,S)
and StComp(X, 7).

Proof. Let o : L - K be a Raney extension and . : (Xg,74) = Y7, its
dual stable compactification. We have that « € RE(K,.S) iff S is generated
by a[L]. By Lemma 5.4(1), 7, is equal to vx[S]. So a € RE(K,S)
iff o, € StComp(Xg, 7). Therefore, the inverse order-isomorphisms of
Theorem 5.8 between RE(K) and StComp(X ) restrict to inverse order-
isomorphisms between RE(K,S) and StComp(Xgk,7,). Since ex is a
homeomorphism from (X,7) to (Xk,7.), we conclude that there are
inverse order-isomorphisms between RE(K,S) and StComp(X, 7). O

Given a Ty-space (X, 1), Corollary 6.14 provides a characterization of
the poset of stable compactifications StComp(X,7) that is an alternate
to Smyth’s characterization [17, Thm. 2]. Theorem 6.12 considers a more
general situation. It takes as primitive the specialization order of X, and
the resulting Raney lattice K of upsets of this specialization order. It
then provides a characterization of the poset StComp(Xg). This poset
is a disjoint union of the posets StComp(X,7) where 7 € Top(Xg), but
there are additional comparabilities as we see in the following example.
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Example 6.15. For a countable set X, let 7 be the discrete topology and
7' the cofinite topology on X. Clearly the specialization order of 7 is the
identity relation = on X. Therefore, the Raney lattice K of the upsets of
this specialization order is the powerset of X. Since 7’ is a T;-topology,
its specialization order is also the identity relation =. Identifying X with
Xk, we have that 7,7" € Top(Xk) and 7= 7'. Let e: (X,7) » (Y, 7) be
the standard one-point compactification of (X,7) where ¥ = X u {oo}.
Let also 7’ be the topology of cofinite subsets of Y containing co. Then
e € Comp(X,7) ¢ StComp(X,7). It is also not difficult to check that
e’ € StComp(X,7"), and that 7 is the patch topology of both (Y, 7) and
(Y, 7). Thus, the identity map from (Y,7) to (Y,n’) is a proper map
showing that e’ <e.

7. DUALITY FOR 1;-SPACES

In this section, we obtain several equivalences and dual equivalences
for Ty-spaces. We begin with the following category that will play a key
role.

Definition 7.1. We let Smyth be the full subcategory of StComp consist-
ing of Smyth compactifications.

By Corollary 3.6, the Smyth compactification yields a reflector o :
Topg — StKSp. This is the essential ingredient in the following.

Proposition 7.2. Smyth is a coreflective subcategory of StComp that is
equivalent to Topy.

Proof. Suppose oz : Z — 07 is a Smyth compactification and e: X - Y
is a stable compactification. Since ¢ is a reflector, for each continuous
map f: Z — X there is a unique proper map g:0Z — Y with gooy =
eo f. Thus, there is a one-one correspondence between continuous maps
f:Z — X and morphisms (f,g) in StComp from o to e.

For a stable compactification e: X — Y, let é: 0 X - Y be such that
(1x,é) is a morphism from ox to e. To show that this yields a coreflector
from StComp to Smyth, by the dual statement to [1, Thm. 1.18.2] it is
enough to show that for any Smyth compactification oz : Z - ¢Z and
morphism (f,g) in StComp from oz to e, there is a unique morphism
(f',¢") in Smyth from oz to ox with (1x,é)o (f',¢") = (f,9)-

77—  s67
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Surely there is a unique continuous map f': Z - X with 1x o f' = f,
namely f’ = f. By the first paragraph, morphisms f : Z - X are in
bijective correspondence with morphisms (f,¢’) in StComp from oz to
ox- Thus, there is a unique morphism (f,g’) from oz to ox. It remains
to show that éo g’ = g. We have

éog’oo'Z:éoo'Xof:eof,

But g is the unique morphism with gooz =¢eo f, so éog’ = g. This gives
that Smyth is a coreflective subcategory of StComp.

Associating to each Tp-space X its Smyth compactification is functorial
since o is a reflector. Combining this with the forgetful functor that takes
a Smyth compactification ox : X - 0 X to X then provides an equivalence
between Top, and Smyth. O

We next introduce the full subcategory of RE that is dual to Smyth.
Let a: L - K be a Raney extension and S the subframe of K generated
by a[L]. We call « mazimal provided o’ < « for any o’ € RE(K,S). As
an immediate consequence of Corollary 6.14 we have:

Theorem 7.3. A Raney extension « : L — K is mazximal iff the stable
compactification ey : X — Y, is the Smyth compactification.

Let MRE be the full subcategory of RE consisting of maximal Raney
extensions. The above theorem together with Theorem 5.8 and Proposi-
tion 7.2 yield:

Theorem 7.4. MRE is a reflective subcategory of RE that is dually equiv-
alent to Smyth, and hence dually equivalent to Top.

In [6] we obtained a duality between Top, and the category of Raney
algebras. This duality is closely related to the duality of Theorem 7.4.
We recall that a Raney algebra is a pair (K,0) where K is a Raney lattice
and O is an interior operator on K such that its fixpoints form a dense
subframe of K. Since the interior operator is determined by its fixpoints,
Raney algebras can alternately be described as pairs (K, S) where S is a
dense subframe of K. A morphism between Raney algebras (K,S) and
(K',S8") is a complete lattice homomorphism v : K — K’ such that ¢[S] ¢
S’. Let RAlg be the category of Raney algebras and their morphisms. The
situation is shown in Figure 2 where < indicates equivalence, < with d
on top dual equivalence, and ¢ full reflective subcategory.

d d
RAlg +— Top, +— Smyth «— MRE C RE

FIGURE 2. Equivalences, dual equivalences, and containments
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As an immediate consequence we obtain:
Theorem 7.5. RAlg is equivalent to MRE.

Remark 7.6. Since MRE is a reflective subcategory of RE, there is a
functor RE - MRE, and hence a functor RE - RAIg. It is easy to describe
this functor directly. For « : L - K a Raney extension with S the
subframe of K generated by a[L], this functor takes a to the Raney
algebra (K,S). For a morphism (¢,%) from «: L - K to o' : L' > K’,
this functor takes (¢, ) to ¥. The functor RAlg -~ MRE can be described
as a composite of existing functors. It can also be given directly by taking
(K,S) to the largest member of RE(K,.S).

8. FURTHER DUALITY RESULTS

In this final section, we specialize our results to obtain several further
equivalences and dual equivalences. To begin, we recall that the category
Comp of Hausdorff compactifications is a full subcategory of StComp. It
is well known (see, e.g., [10, Thm. 3.5.1]) that a space X has a Hausdorft
compactification iff it is completely regular. We next place the results of
[7] in the context of Raney extensions.

Definition 8.1. A de Vries extension is a Raney extension « : L - K
where L is a de Vries algebra and K is a complete atomic Boolean algebra.
The category DeVe is the full subcategory of RE consisting of de Vries
extensions.

Remark 8.2. In Definition 8.1, we treat the category of de Vries algebras
as a full subcategory of the category of regular proximity frames. While
this is not obvious from the usual definition of de Vries algebras and de
Vries morphisms, it is shown in [4, Prop 7.4].

Remark 8.3. In Definition 8.1, the requirement that K is a complete
atomic Boolean algebra is redundant, and follows already from the as-
sumption that o : L - K is a Raney extension with L a de Vries algebra.
Indeed, taking the dual stable compactification e, : X — Y7, the space
Y}, is Hausdorff because L is a de Vries algebra (see [9, Thm. 1.3.6]).
Therefore, X i is also Hausdorff, hence its specialization order is identity.
Thus, U(X k) is the powerset of X, and hence K is a complete atomic
Boolean algebra.

The following shows that our results extend those obtained in [7].

Theorem 8.4. The duality between StComp and RE restricts to a duality
between Comp and DeVe.
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Proof. By Theorem 5.8, it is sufficient to observe that e € Comp implies
e ! € DeVe and « € DeVe implies e, € Comp. If e: X - Y in Comp, then
the patch topology on Y coincides with the original topology, and hence
RO(Y) is the de Vries algebra of regular opens of Y. Moreover, since Y’
is Hausdorff, so is X. Therefore, the specialization order on X is identity,
and hence U(X) = P(X). Thus, e € DeVe. If a: L - K is a de Vries
extension, then L is a de Vries algebra, so Y is Hausdorff, and hence
e € Comp. 0

Remark 8.5. In [7], a duality was obtained between the category CReg
of completely regular spaces and the category of maximal de Vries exten-
sions. This was established by taking the Stone-Cech compactification of
a completely regular space. This is analogous to the process used here
to establish a duality between Tj-spaces and maximal Raney extensions
using Smyth compactifications. We note that the Smyth compactification
of a completely regular space need not be Hausdorff, so Raney extensions
are not a convenient tool to work with CReg. However, the notion of
Raney algebras applies in a very simple way in this setting. Completely
regular spaces correspond exactly to the Raney algebras (K, S) where K
is a complete atomic Boolean algebra and S is a completely regular sub-
frame of K that is dense. We note that in this case S is spatial since it is
a subframe of a spatial frame. So this amounts essentially to the duality
between completely regular spaces and spatial completely regular frames.

We next turn our attention to a result of Smyth [17, Prop. 20] that
provides a characterization of the spectral compactifications of a Ty-space
X in terms of lattice bases of its topology. We recall that a lattice basis
of X is a basis of X that is a bounded sublattice of the lattice of opens.
A spectral space is a sober space whose compact open sets are a lattice
basis. It is well known, and easy to see, that each spectral space is stably
compact.

Definition 8.6. A spectral compactification is a stable compactification
e: X — Y such that Y is a spectral space.

Smyth provides the following.

Theorem 8.7. [17, Prop. 20| For a Ty-space X, the equivalence classes
of spectral compactifications of X are in bijective correspondence with the
lattice bases of X.

We now place this result in a categorical setting. Let SpComp be the
full subcategory of StComp consisting of spectral compactifications. We
recall (see [4, Def. 8.2]) that an element r of a regular proximity frame L is
reflexive if r < r, and that L is coherent if a < b implies there is a reflexive
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r € L such that a <r <b. We call a Raney extension a: L — K coherent
if L is coherent. Let CohRE be the full subcategory of RE consisting of
coherent Raney extensions.

Theorem 8.8. The duality between StComp and RE restricts to a duality
between SpComp and CohRE.

Proof. In view of [4, Thm. 8.6], Y a spectral space implies that RO(Y")
is a coherent regular proximity frame, and L a coherent regular proximity
frame implies that Y7, is a spectral space. Thus, e : X - Y a spectral
compactification implies that e™ : RO(Y) - U(X) is a coherent Raney
extension, and a : L - K a coherent Raney extension implies that e, :
Xk — Yy is a spectral compactification. Now apply Theorem 5.8. O

The category CohRE can be equivalently given in simpler terms. By [4,
Thm 8.14] there is an equivalence between the category of coherent regu-
lar proximity frames and their proximity morphisms and the category of
bounded distributive lattices and bounded lattice homomorphisms. This
equivalence takes a coherent regular proximity frame L to its distributive
lattice of reflexive elements, and a proximity morphism ¢ : L - L’ to its
restriction to reflexive elements.

Definition 8.9. A Raney lattice extension is a bounded lattice embedding
A: D - K of a bounded distributive lattice D into a Raney lattice K
such that the image A[D] is dense in K. A morphism between Raney
lattice extensions A: D - K and X' : D' — K’ is a pair (u,%) such that
D — D" is a bounded lattice homomorphism, 3 : K - K’ is a complete
lattice homomorphism, and 1 o XA = X" o u. We let RLE be the category of
Raney lattice extensions and their morphisms.

D—2 K

y |

D’ K’

Corollary 8.10. RLE is equivalent to CohRE and dually equivalent to
SpComp.

Proof. That RLE is equivalent to CohRE follows from the equivalence be-
tween the categories of coherent regular proximity frames and bounded
distributive lattices. The second statement then follows from Theorem 8.8.

O

Each Raney lattice extension A : D — K is isomorphic to one where D is
a bounded sublattice of K and the embedding is the identical embedding.
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Therefore, Raney lattice extensions are given, up to isomorphism, by pairs
(K, D) where K is a Raney lattice and D is a dense bounded sublattice

of

K. Viewed in this way, the category RAlg is a full subcategory of RLE.

The situation is shown in Figure 3 where < indicates equivalence, and <
with a d indicates dual equivalence.

d
RAlg +—— MRE <+—— Smyth

N N N

d
RLE +—— CohRE <+—— SpComp

FiGure 3. Equivalences, dual equivalences, and containments

Thus, Raney lattice extensions provide a natural generalization of the

Raney algebras introduced in [6].

REFERENCES

[1] R. Balbes and P. Dwinger, Distributive lattices, University of Missouri Press,

Columbia, Mo., 1974.

B. Banaschewski, Compactification of frames, Math. Nachr. 149 (1990), 105-115.
B. Banaschewski and C. J. Mulvey, Stone-Cech compactification of locales. I,
Houston J. Math. 6 (1980), no. 3, 301-312.

G. Bezhanishvili and J. Harding, Prozimity frames and regularization, Appl.
Categ. Structures 22 (2014), 43-78.

, Stable compactifications of frames, Cah. Topol. Géom. Différ. Catég. 55
(2014), no. 1, 37-65.

, Raney algebras and duality for To-spaces, Appl. Categ. Structures 28
(2020), no. 6, 963-973.

G. Bezhanishvili, P. J. Morandi, and B. Olberding, An eztension of de Vries
duality to completely reqular spaces and compactifications, Topology Appl. 257
(2019), 85-105.

, An extension of de Vries duality to normal spaces and locally compact
Hausdorff spaces, J. Pure Appl. Algebra 224 (2020), no. 2, 703-724.

H. de Vries, Compact spaces and compactifications. An algebraic approach, Ph.D.
thesis, University of Amsterdam, 1962.

R. Engelking, General topology, second ed., Sigma Series in Pure Mathematics,
vol. 6, Heldermann Verlag, Berlin, 1989.

J. L. Frith, The category of uniform frames, Cah. Topol. Géom. Différ. Catég. 31
(1990), no. 4, 305-313.

G. Gierz, K. H. Hofmann, K. Keimel, J. D. Lawson, M. Mislove, and D. S. Scott,
Continuous lattices and domains, Cambridge University Press, Cambridge, 2003.




DUALITY THEORY FOR STABLE COMPACTIFICATIONS 31

[13] P. T. Johnstone, Stone spaces, Cambridge University Press, Cambridge, 1982.

[14] J. Picado and A. Pultr, Frames and locales, Frontiers in Mathematics,
Birkhiuser/Springer Basel AG, Basel, 2012.

[15] G. N. Raney, Completely distributive complete lattices, Proc. Amer. Math. Soc. 3
(1952), 677-680.

[16] Y. M. Smirnov, On prozimity spaces, Mat. Sbornik N.S. 31(73) (1952), 543-574,
(Russian).

[17] M. B. Smyth, Stable compactification. I, J. London Math. Soc. 45 (1992), no. 2,
321-340.

(Bezhanishvili and Harding) DEPARTMENT OF MATHEMATICAL SCIENCES; NEW
MEexico STaTE UNIVERSITY; Las Cruces, NM 88003

Email address, Bezhanishvili: guram@nmsu.edu

Email address, Harding: hardingj@nmsu.edu



