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Distributive lattices

Distributive law  for all x,y,z  xVv(yAz)=(xVvy)A(xVz)

Modular law if x<zthen xv(yanz)=(xvy)a(xvz)

Definition The lattices Ms and N5 are as follows:

Ms Ns

Note M5 is Modular, not distributive, and N5 is Non-modular.
Both have 5 elements.

)
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Recognizing distributive lattices
Theorem Let L be a lattice.
1. L is modular iff N5 is not a sublattice of L

2. L is distributive iff neither M5, N5 is a sublattice of L

Proof The “"=" direction of each is obvious. For 1 “<" if L is not
modular, there are x < z with x vV (y Az) < (xVy) A (xVz) (why?)
Then the following is a sublattice of L.

XVy

(xvy)nz

xV(yAz)

YAz
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Exercise

Give the details that the figure on the previous page is a sublattice.
Do the 2 "<" direction.

The lattice N5 is “projective” in lattices, meaning that if L is a
lattice and f : L — N5 is an onto lattice homomorphism, then there
is a one-one lattice homomorphism g : N — L with f o g =id.



Complements

Definition Elements x, y of a bounded lattice L are complements if
xAy=0and xvy=1.

In general, an element might have no complements, or many.



Complements

Theorem In a bounded distributive lattice, an element has at most
one complement.

Pf Suppose y,z are complements of x. Then

y=ynxvz)=(yAx)v(yrz)=ynz

z=zA(xVvy)=(zAx)V(zAy)=y Az

Surprisingly, a finite lattice where each element has exactly one
complement is distributive! But not so in the infinite case.
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Boolean algebras

Definition A Boolean algebra (B, A,Vv,”,0,1) is an algebra of type
2,2,1,0,0 where

1. B is abounded distributive lattice

2. x" is a complement of x for each x € B

Note The difference between a complemented distributive lattice
and a Boolean algebra is what we consider to be a subalgebra. A
subalgebra of a Boolean algebra must include complements.
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Properties of Boolean algebras

Proposition In any Boolean algebra
1. (xany) =x"vy'
2. (xvy) =x'ny
3. x"=x
Note These are called De Morgan's laws.

Exercise Prove these. For (1) show x Ay and x" vy’ are
complements.
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Complements

Definition For L a lattice and a, b € L with a < b the interval [a, b]
is the sublattice of L given by

[a,b] ={x:a<x<b}

Proposition Each interval [a, b] in a complemented distributive
lattice L is complemented with the complement of x being the
element x* given by

x* = (xX'Ab)Vva

We say that L is relatively complemented when its intervals are
complemented. The above result works for modular lattices too.
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Complements

Definition For a bounded distributive lattice L, let its center C(L)
be the set of all complemented elements of L.

Proposition The center of L is a sublattice of L.

Proposition ¢ € C(L) gives an isomorphism ¢ : L - [0,¢] x [0, c’]
where
o(x)=(xnrc,xnc)

Further, each direct product decomposition of L arises this way.

Pf Define ¢ :[0,c] x [0,c"] = L by ¥(p,q) = pV q and show it is
inverse to ¢. For the further comment, if L = Ax B, then ¢ = (1,0)
isin C(L).
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Ideals and Filters

Definition An ideal of a lattice L is a subset / € L where

1. ifyeland x<y, then xe/
2. if x,yelthenxvyel

Definition A filter of a lattice L is a subset F ¢ L where

1. ifxeF and x<y, then ye F
2. ifx,yeFthenxnyeF

Definition Let Z(L) be the set of ideals of L partially ordered by c.

11/44



Ideals and filters

Definition For any L its ideal lattice Z(L) is a complete lattice with
meets given by intersections. The join of two ideals / and J is

IvJ={x:x<avbforsomeacl beJ}

Pf We check that the intersection of ideals is an ideal. Then the
ideals are a closure system, hence a complete lattice. We check
that the description above is an ideal, and then must be the
smallest ideal containing /, J.

Exercise Do the details.
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Ideals and Filters

Definition For a lattice L and a € L, the principal ideal and principal
filter generated by a are la={x:x<a} and ta={x:a<x}.

Proposition ¢(a) = |a is a lattice embedding of L into Z(L).
Pf Clearly lan|b=|(aAb) and tavtb=1(avb)

Definition An ideal of L is trivial if it is either empty or all of L.
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Ideals and Filters

Proposition If L is distributive, so is Z(L).

Pf Let I, J, K be ideals. Always /v (JAK)c (IvJ)a(lvK).

If x € RHS, then

xelvJand xelvK

o exist aj,ax€el, bed, ce Kwithx<ayvband x<ayvc

e g=ajVvayel

x<(avb)a(avec)=av(bac)
x € LHS.
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Ideals and Filters

A fancier version of this shows ...

Theorem For any lattice L, the ideal lattice Z(L) satisfies exactly
the same equations as L.

There are several results constructing Z(L) as a homomorphic
image of a subalgebra of an ultrapower of L.

Note These results are for lattice equations. For a Boolean algebra
B, its ideal lattice Z(B) need not be complemented.
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Ideals and Filters

For certain lattices, ideals play a role similar to that of normal
subgroups for groups.

Proposition For | an ideal of a distributive lattice L, there is a
congruence 6; of L where

0;={(a,b):avx=>bvx for some x €}

If L is sectionally complemented, these are all of its congruences.

Exercise Prove the first statement using the definition of a
congruence. The second is a bit harder.
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Prime ideals

Definition An ideal P of a lattice L is prime if for any a,be L
anbeP = aePorbeP

Proposition An ideal P is prime iff L \ P is a filter.

A prime ideal and its complementary filter split the lattice in two.
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Prime ideals

Definition Let 2 be the 2-element lattice

Proposition For P a prime ideal of a distributive lattice D, there is
a homomorphism ¢, : D — 2 where

() 0 ifxeP
X =
P 1 ifx¢P
Yp Il
s
0
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The Prime ldeal Theorem

Theorem Let | be an ideal of a distributive lattice D, and F be a
filter of D with I n F = @. Then there is a prime ideal P with / ¢ P
and F disjoint from P.
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The Prime ldeal Theorem

Pf Let X={J:/1cJeZ(L) and JNF = &}.

e X is non-empty and closed under unions of chains

By Zorn's Lemma X has a maximal member P
Pisanideal, IcPand PnF =g

Suppose a,b ¢ P

by maximality Jav P,|bv P ¢ X

e exist x3,x0 € Pwithavx;e Fand bvxy e F

e x=x1Vx2€P
(avx)a(bvx)=(anb)vxeF
since PnF =g then anb¢P.
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The Prime ldeal Theorem

If we consider the case of propositional statements ...

An ideal of statements is a collection that we can sensibly decide
to assign value FALSE. A filter is a collection we can sensibly
assign the value TRUE.

The prime ideal theorem says that we can do both together while
assigning TRUE or FALSE to every proposition in a consistent way!
This is a bit remarkable if you think of it.
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Consequences of the Prime ldeal Theorem

Definition For a distributive lattice D, let 3(D) be the set of all
non-trivial prime ideals of D.

Definition For D a distributive lattice and a € D set
B(a)={Pep(D):atP}
Proposition For D a distributive lattice and a,b e D

1. B(anb)=p(a)nB(b)
2. f(avb)=pB(a)up(b)

Exercise Prove this proposition.



Consequences of the Prime ldeal Theorem

Theorem Any distributive lattice D is isomorphic to a sublattice of
the power set P(X) of the set X = (D).

Pf The map B: D — P(X) preserves A and V. It remains to show
it is one-one.

o letazb

Eitheragbor bg a

Assume b ¢ a

Then |a and 1b are a disjoint ideal and filter

There is a prime ideal P with Jlac P and tbn P =
aePand b¢ P

B(a) # B(b)
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Consequences of the Prime ldeal Theorem

Proposition For any set X, the power set P(X) is isomorphic to
the power 2%, all functions from X to 2 with pointwise operations.

Pf Let x be the map from P(X) to 2X sending a subset Ac X to
its characteristic function x4 where

o [0 TxtA
X =
xa 1 ifleA

Theorem Any distributive lattice D is isomorphic to a sublattice of
the power 2% where X = 3(D).
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Prime ideals for Boolean algebras

Exercises Let | be a non-trivial ideal of a Boolean algebra B. Show
that the following are equivalent.

1. [is prime
2. For each x € B exactly one of x,x’ belongs to /.

3. [ is a maximal non-trivial ideal.
Thus B(x') = B(B) ~ B(x).
Pf Exercise.

For Boolean algebras of equivalence classes of logical statements,
prime ideals correspond to consistent assignments of truth and
falsehood to the statements.
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Prime ideals for Boolean algebras

Corollary Let B be a Boolean algebra B and X = 3(B).

1. B is isomorphic to a subalgebra of the power set P(X).
2. B is isomorphic to a subalgebra of the power 2.

Remark This is much like Cayley's theorem for groups that says
every group G is isomorphic to a subgroup of the group of
permutations of a set.

Remark This theorem was proved independently by Stone and
Birkhoff in the 1930's. Stone was an analyst and this result plays a
key role in functional analysis.

26
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Consequences of the Prime ldeal Theorem

The result that each distributive lattice and each Boolean algebra
is a subalgebra of P(X) has useful consequences.

Example To show that the following holds in each Boolean algebra
x<yexAy =0
its enough to verify it for P(X) where itis SC T < SnT' =2.

The result that each is a subalgebra of 2% is also useful. We switch
focus and look at familiar ideas from logic from this perspective.
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Consequences of the Prime ldeal Theorem

Definition A term t(xi,...,X,) in the language of lattices is an
expression built from A,V and the variables xi, ..., x,.

Example t(x,y,z)=((xAy)AX)Vz

Definition For a term t(x,...,x,) and lattice A, the interpretation
of tin Ais the function t*: A" - A where t*(ay,...,a,) is the
value of the term when its inputs are ay, ..., a,.

Example t4(a,b,c) =((anb)ra)vc
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Truth tables

Definition A truth table is an interpretation of a term in 2.
Example For t(x,y,z) = ((xAy)Ax)Vz

t(x,y,z)
0

R RR R OOOOX
— = OO R MFHOOX
_ O ORKFK OKF ON
= = =2, O RO
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Decidability

Definition Terms s, t are equivalent if their interpretations s*, t4

are equal in any distributive lattice A. We then write
s(X1, . yXn) =t(x1,. .y Xn)
Theorem s, t are equivalent iff s? = 2.

Pf “=" is vacuous. “<" For A a distributive lattice, A < 2X.
Evaluating s,t in A is componentwise. As s=tin 2, s=1t in A

Remark One says that the equational theory of distributive lattices
is decidable. It all works for Boolean algebras too.
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Free Algebras
Definition For a set X, a distributive lattice Fp(X) is called a free

distributive lattice over X if

1. Fp(X) is generated by X
2. for any distributive lattice D and set mapping f: X - D

Fp(X)

there is a homomorphism f : Fp(X) — D extending f.
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Free Algebras

This is a key notion in algebra, logic, algebraic topology, and
computer science. Free groups and free Boolean algebras are
defined similarly.
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Constructing Free Algebras

Definition Let 7(X) be all terms for distributive lattices whose
variables are from X, and let = be the relation of equivalence of
terms.

The following theorem from universal algebra holds with obvious
modification for groups, rings, lattices, Boolean algebras, and so
forth.

Theorem Fp(X) is equal to T(X)/ =.

So Fp(X), and its Boolean counterpart Fg(X), are key in logic.
They literally are logical propositions modulo logical equivalence.
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Free Algebras

. X
For the following, note that the elements of 22" are truth tables!
Theorem Let X be a finite set.

1. Fp(X) is isomorphic to a sublattice of 22%
2. Fg(X) is isomorphic to 22"

Pf (1) Define ¢ : (T(X)/ E) — 22 by o(t/=) = ¢

(2) Since every truth table can be realized by a Boolean algebra
term we have that ¢ is onto in the Boolean case.
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Free Algebras

Corollary A subalgebra of a distributive lattice or Boolean algebra
generated by n elements is finite.

Pf Such a subalgebra is generated by n elements, and is therefore
a homomorphic image of a free algebra on n generators.

Open problem Give a formula for the cardinality of Fp(n).

Exercise Give an infinite lattice that is generated by 3 elements.
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Infinite Distributive Laws

The distributive laws say
xA(yvz)=(xAy)V(xnAz)
xV(yanz)=(xvy)Ar(xvz)

Definition A complete lattice D is infinitely meet distributive if it
satisfies (1) and infinitely join distributive if it satisfies (2)

L xAVyyi=Vi(xAyi)
2. XV/\/y,' = /\/(va;)

Exercise Show that any finite lattice, any complete chain, and any
power set P(X) satisfies both.
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Infinite Distributive Laws

Example The lattice below is complete and distributive, but does
not satisfy the infinite meet distributive law.

y3
Y2

Then xAVyi=xAl=xand V(xAy;)=0.
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Infinite Distributive Laws

Proposition The lattice O(X) of open sets of a topological space
X satisfies the infinite meet distributive law but not necessarily the
infinite join distributive law.

Pf In O(X) arbitrary joins are U and finite meets are N, so the
result follows from that for sets.

For the failure of infinite join continuity, consider the topological
space R. Set A=R~ {0} and B, =(-1/n,1/n).

AUAB,=Aug=A  A(AuB,) =R

Here A B, is the interior of its intersection {0}, which is empty.
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Infinite Distributive Laws

There is a stronger version of distributivity involving both infinite

joins and meets. To see its nature, lets return to when we were 7.

(x11 +x12) - (X01 + X22 + X03) - (X31 + X32 + X33 + X34) =
(X11 + X21 'X31) + (X11 + X21 'X32) + o+ (X12 + X23 'X34)
There are 24 = 2 x 3 x 4 terms here, one for each choice function.

Definition A complete lattice L is completely distributive if

//\ \J/ xj = \/ //\ Xi (i)

OCEI—[ J,'
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Infinite Distributive Laws

Exercise Show that every finite distributive lattice, every complete
chain, and every power set P(X) is completely distributive.

Exercise Show that the complete distributive law implies the
infinite join and meet distributive laws.
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Complete Boolean Algebras

Proposition In a complete Boolean algebra B

/
/\X,'
/
\/X,'

Lo(Vxi)
2. (Ax)

This works without completeness if we assume one side exists.

Pf (1) xi <y < y' <x!. So if y is the least upper bound of the x;,
then y’ is the greatest lower bound of the x;. (2) Similar.
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Complete Boolean Algebras

Proposition Every complete Boolean algebra satisfies the infinite
meet and join distributive laws.

Pf Exercise. Hint: for \/(x A y;) = x AV y; trivially LHs < RHs.
For the other way, it is enough to show that LHS’ A RHS = 0.
Then use LHs' < x" v y/ for each j to obtain this.

In the final lecture, one more result will be of key importance.
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Complete Boolean Algebras

Theorem For a complete Boolean algebra B, these are equivalent.

1. B is atomic
2. B is completely distributive

3. B is isomorphic to a power set P(X) for some set X.

Pf (Sketch) (1) = (3) = (2) are an exercise. To show (2) = (1)
enumerate B as x; and set xjp = x; and xj1 = x_.

Xi < NXia(y) = a(j)=1 = x;<x’ = x=0
I
So AJ Xja(iy is either 0 or an atom.

1= //\\2/XU = \/ /\Xia(i)

ae2! 1
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Thanks for listening.

Papers at www.math.nmsu.edu/~jharding



