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A recent paper of Morton and van Alten [7] shows, among other things, that the canonical
extension D? of a bounded distributive lattice D is the free completely distributive lattice
generated by D. This means D° is completely generated by D and for any completely
distributive lattice C' and any bounded lattice homomorphism h : D — C there is a complete
lattice homomorphism h* : D — C' extending h. The purpose of this note is to provide a
short alternate proof of this result, and to show its utility in easily establishing results about
completely distributive lattices, canonical extensions, and complete retractions, both known
and new. We assume familiarity with basics of canonical extensions as given in the first 8
pages of [4].

Theorem 1. For a bounded distributive lattice D, the canonical extension D is the free
completely distributive lattice over D.

Proof. That D has a free completely distributive extension F' follows from a standard ar-
gument using the facts that every bounded distributive lattice can be embedded into a
completely distributive one (its canonical extension), and that the cardinality of a bounded
distributive lattice completely generated by D is at most 22”1 We show that the free com-
pletely distributive extension is the canonical extension. To do so, we must show density and
compactness [4, Def. 2.5]. Density holds since F' is completely distributive and completely
generated by D. For compactness, let A, B ¢ D with AA<V B in F. With f: F - D°
the complete homomorphism extending the identity on D, A f[A] <V f[B]. Compactness
of the canonical extension D? gives finite subsets A’ € A and B’ ¢ B with NA’<VB'. U

Using a standard fact about reflectors [1, Thm. 2, p. 28|, the following is immediate from
Theorem .

Corollary 2. The canonical extension o is a reflector from the category DL of bounded
distributive lattices and bounded lattice homomorphisms to its (non-full) subcategory CD of
completely distributive lattices and complete homomorphisms.

As our second corollary, we obtain the following result of Markowsky [6].

Corollary 3. The free completely distributive lattice over a set X is the canonical extension
of the free bounded distributive lattice over X, hence is isomorphic to the lattice Up(pX) of
upsets of the powerset of X.
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Proof. Let D be the free bounded distributive lattice over the set X. Since D¢ is the free
completely distributive lattice over D, it is the free completely distributive lattice over X. It
is well known [1, p. 90] that as a poset, the Priestley space of D is isomorphic to the powerset
of X. Since D7 is realized as the upsets of the Priestley space of D, the result follows. [

Suppose R and C' are complete lattices and R is a bounded sublattice of C', i.e. the
identical embedding ¢+ : R — C' is a bounded lattice homomorphism. Then R is a complete
retract of C' if there is a complete homomorphism 7 : C' > R with r ot = 1. In this case, r
is called a complete retraction. The following is immediate from Theorem .

Corollary 4. A completely distributive lattice is a complete retract of its canonical extension.

We use the term Raney lattice for a lattice that is isomorphic to the upsets of a poset. There
are many characterizations of Raney lattices. For example, they are exactly the completely
distributive algebraic lattices. Other authors have referred to them as superalgebraic lattices
or perfect lattices. Since the canonical extension D? of a bounded distributive lattice D is
realized as the upsets of its Priestley space, we obtain the following result of Raney [8].

Corollary 5. Completely distributive lattices are the complete retracts of Raney lattices.

Theorem 6. If A is a bounded sublattice of C, both are completely distributive, and A
completely generates C', then A is a complete retract of C.

Proof. Let e : A - A% and f : A - C be identical embeddings. Since A is completely
distributive, freeness of A% provides there is a complete retraction r : A2 — A. Freeness of
A? also provides a complete lattice homomorphism f*: A - C with f*oe = f.
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Since C' is completely generated by the image of f and f* extends f and is complete, it
follows that f* is onto. Since f* is complete, it has both a left adjoint g~ and right adjoint
g™, one of which preserves joins, and the other meets.

Claim: rog =rog".

Proof of claim. Let c € C. Since f* is onto, g~(c) is the least element mapped by f* to ¢ and
g*(c) is the largest. Therefore, g=(c) < g*(c), and so r(g=(c)) < r(g*(c)). For the converse,
since each element of A7 is the meet of the open elements of A7 above it, open elements of
A° are exactly the joins of ideals of A, and g~ (¢) is the meet of all elements of A that are
mapped by f* above ¢, we have

g ()= A\{Ve()|Iisan id;eal of Aand c< f*(\/e(l))}.



Since every element of A7 is a join of closed elements, we obtain a dual expression for g*(¢).
Using the facts that » and f* are complete, that roe =14, and that f* oe = f, we have

r(g(c)) = AN\{V/I|Iis anideal of A and c<\/ f(I)},
r(g*(c)) =\/{\F|F is afilter of A and A f(F) < c}.

Suppose that [ is an ideal of A and F' a filter of A such that A f(F) <c <V f(I). By

general principles, f(AF) <A f(F)and V f(I) < f(VI). So f(NF) < f(VI). Since f is a
lattice embedding, it follows that A F <V I. So r(g*(c)) <r(g~(c)), yielding equality. O

Set s =rog”- =rog*. Since r is complete, g~ preserves joins, and g* preserves meets, it
follows that s is complete. Let a € A. Since f*oe = f, we have

g9 (f(a)) <ea) <g™(f(a)).
Applying r to the terms in this expression yields so f = 14. So s: C' - A is a complete
retraction. O

Example 7. The 2-element chain is a bounded sublattice of the real unit interval but is not
a complete retract. So the complete generation condition in Theorem cannot be removed.

We now use Theorem to establish a result of Johnstone [5, p. 293] that strengthens
Corollary . We assume the reader is familiar with the basics of frames [5]. We use the fact
that each completely distributive lattice is a spatial frame, which follows from Raney’s result
[9] that every completely distributive lattice can be completely embedded into a product of
complete chains.

Corollary 8. If C' is a completely distributive lattice, there is a frame embedding e : C' > R
into a Raney lattice and a complete retraction r: R - C with roe = 1¢.

Proof. Let R be the upset lattice Up(ptC') of the poset of points of C. Since C' is spatial,
there is a frame embedding e : C' > R given by e(a) = {p | p(a) = 1}. For each point p we
have N{e(a) | p(a) = 1} = tp is the upset of ptC' generated by p. It follows that the image of
e completely generates R. The result then follows from Theorem . 0

To further consider complete retractions, recall that Raney duality between the category of
Raney lattices and complete lattice homomorphisms and the category of posets and order-
preserving maps takes a poset to its lattice of upsets and an order-preserving map to its
inverse image. Under this duality order-embeddings correspond to onto complete homo-
morphisms and onto order-preserving maps to one-to-one complete homomorphisms. The
restriction of Raney duality to the Boolean setting is the duality between complete atomic
Boolean algebras and sets known as Tarski duality. Raney duality is largely folklore (see [2]
for details).

Proposition 9. Suppose B is a complete sublattice of a Raney lattice C. If B and C are
Boolean, or are chains, then B is a complete retract of C.

Proof. Raney duality provides that a complete sublattice of a Raney lattice is Raney. Let X

and Y be the Raney duals of B and C| respectively. Then there is an onto order-preserving
3



map f:Y — X. In the case that B and C' are Boolean, X and Y are anti-chains. In the case
when B and C' are chains, X and Y are chains. In either case there is an order-embedding
g: X - Y with fog=1x. Raney duality provides a complete retraction from C to B. U

Corollary 10. Let A be completely distributive, C' a Raney lattice, and A a bounded sublat-
tice of C'. If A and C are Boolean, or are chains, then A is a complete retract of C'.

Proof. Let B be the complete sublattice of C' generated by A. Then B is a complete retract
of C' by Proposition and A is a complete retract of B by Theorem . 0

The following question appears to be open even in the finite setting.

Problem. Characterize when a complete lattice A that is a bounded sublattice of a completely
distributive lattice C' is a complete retract.

Remark 11. Using Birkhoff duality between finite distributive lattices and finite posets,
conditions for a sublattice A of a finite distributive lattice D to be a retract is equivalent to
the following problem for posets. Given an onto order-preserving map f : P - () between
finite posets, determine when there is an order-embedding s : () - P with fos =15. A
related problem for finite posets, determining when an order-embedding s: () - P admits a
retraction f: P — @, has been considered [3].
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